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We analyze a petroleum refinery’s procurement strategy, explaining how risk management affects optimal
sourcing from long-term, spot, and swap contracts. We use time series analysis to model the interaction
between petroleum prices, transportation costs, and gross product worth. These models are then used to
generate the scenarios incorporated in the stochastic program applied to compute the conditional value-at-
risk. We prove the necessary and sufficient conditions for the optimal procurement and risk management
strategies, and show that risk aversion can be better represented by the weighted average between expected
profit and conditional value-at-risk, deriving the respective ISO-curves We estimate that an increase in the
degree of risk aversion decreases the use of swap contracts. Our model is applied to the analysis of a refinery
based in Singapore. Using regression analysis, we show we cannot reject the hypothesis of a statistically
significant relationship between the way Saudi Arabia prices the long-term contracts and the shape of the
forward curve. We then study how risk aversion influences the procurement strategies, profitability and risk-
exposure of the refinery. Finally, we analyze the pricing of long-term (forward) contracts by Saudi Arabia,

and study how the country could benefit from a different pricing policy.

Subject classifications: Manufacturing; Stochastic Processes; Supply Chain Contracts and Incentives;

Supply Chain Risk Management; Time Series Methods.

1. Introduction

The petroleum market is characterized by a very large supply chain based on the shipment of
crude by sea and land, over long-distances, from producers to refineries in different regions of the
planet. In this industry, long-term contracts between refineries and major producers are commonly
used for several reasons: first, the relative sophistication of other financial products (such as swap
contracts) that are associated with extreme risk exposures if not handled appropriately; second,
the conservative nature of petroleum producer firms managed by government officials who may
be made responsible for any perceived losses due to financial derivative contracts; and third, risk
management is not a priority when such control may lead to the loss of the upper side associated

with price volatility, which, in many instances, is created by coordinated curtailment of production.



In this article we discuss the different contracts available to a refinery and how these affect
its expected profits and risk. In particular, we analyze the optimal proportion of crude oil to be
procured from Saudi Arabia’s long-term contracts, considering alternative suppliers in the spot
market, and how crack spread swap contracts can be used by the refinery to increase profit and
reduce risk.

Martinez-de-Albeniz and Simchi-Levi (2005), and Secomandi and Kekre (2014) analyzed a
similar problem in which a firm uses long-term, spot, and option contracts. Our study differs from
theirs in significant ways: a) we consider risk aversion using conditional value-at-risk in a static
model; b) we focus on the interaction between long-term contracts (with an index price) and the
spot market; c) using time series analysis, we study the properties of petroleum prices (and those
of its products) and derive an equation to describe the pricing of Arab Light forward contracts;
and finally, d) we analyze how alternative contract designs affect the producers’ profits.

We focus our analysis on a Singapore based refinery, which can buy its crude from Saudi Arabia,
from South East Asia (Indonesia in our case), and from West Africa (represented by Angola). As
discussed in Zhang et al. (2014), when considering the price of raw materials, there are different
types of contract, such as fixed price, cost reimbursement, procurement control, index-linked pay-
ment and relational. The Arab Light long-term contract is an index-linked payment, as the price
for each shipment depends on the actual spot price of the Oman-Dubai crude. This contract repre-
sents financial hedging by Saudi Arabia, as they avoid being locked into a long-term contract with
possible low prices. From the refinery’s perspective, it reduces quantity risk as it ensures access
to crude oil from a reliable source and product availability (without which the refinery cannot
operate). For this reason, in the problem analyzed in this article, the buyer (the refinery) allocates
proportions of its procurement to long-term and to spot contracts, based not on the speed of the
supply (which will be faster from Indonesia, in our case) but solely on price risk. The ability of
refineries to manage such risk is directly connected to the possibility of passing petroleum price
increases onto the final consumers.

Therefore, long-term contract price indexing reduces risk for both parties. As, in this contract
the income stream is not fixed, some would argue there is no price hedging. This is clearly true.
However, by not fixing the price, the refinery and the producer avoid some of the potential losses
associated with price risk: when the forward price is fixed the refinery suffers a financial loss if the
spot price, at the delivery month, is less than the forward price, but receives a profit otherwise.
By using a forward price indexed to the spot price, the potential for financial loss is no longer a
concern for the refinery.

From a policy perspective, an important research question analyzed in this paper is the impact

of different forward contract designs on the refinery’s procurement strategy. Additionally, we also



study how contract design affects the producer’s profitability as, in order to establish the credibility
of a given contract, we need to show that it is profitable for the producer as well.

The methodologies used in our analysis are twofold. First, we apply time series methods to
analyze the pricing and refining operational data, showing that prices are non-stationary. We
describe how to use this information in the parameterization of the procurement problem. Second,
the refinery optimization model is solved using static stochastic programming, applying Monte
Carlo simulation to generate scenarios. In this procurement problem, the forward contracts are
held for 12 months and involve monthly spot decisions. The static model is an adequate approach
as, each month, the refinery aims to have total purchases in the forward and spot contracts equal
production requirements. For this reason, the spot decisions in one month have no impact on
subsequent months and therefore each month starts from the same basis, i.e., the quantity bought
forward in Arab Light contracts.

In summary, the main contribution of this article is to analyze how different types of petroleum
sources (taking into consideration how quality influences production output), long-term and crack
spread swap contracts, together with risk aversion, influence the procurement plan of a refinery.
We analyze how the degree of risk aversion influences the refinery’s procurement strategy, using
conditional value-at-risk (C'VaR) in a single-period problem (a typical year). We use a static CVaR
as the risk measure as it is better suited to representing the uncertainty associated with operational
risk and it is a coherent risk measure, as defined by Artzner et al. (1999), whereas the variance
or standard deviation are not. Moreover, we estimate empirically the indexing mechanism used by
Saudi Arabia to price the Arab Light contracts, based on the perceived state of the market, and
analyze how the producer benefits from using a different indexing mechanism. This is modeled
using regression analysis based on Oman-Dubai petroleum price data.

This article is organized as follows: in section 2 we review the literature on procurement and risk
management and justify the use of conditional value-at-risk; in section 3 we propose a stochastic
programming model to analyze the refinery’s procurement decisions, including risk aversion, and
apply duality theory to describe the properties of the refinery’s optimal procurement; in section
4 we develop a regression analysis of Saudi Arabia’s current pricing policy and describe the main
computational results of our analysis as applied to a refinery based in Singapore; and section 5

concludes the article.

2. Risk Analysis in the Refinery’s Procurement Problem
Hong et al. (2018) recognized five major sources of risk (demand, price, yield, lead time, and
disruption) and seven major future research directions (multi-item procurement, risk awareness,

risk dependency, lead time risk, yield risk, reactive management, and risk hedging using financial



instruments). Moreover, Pournader et al. (2020) identified as major research topics the increased
interest on behavioral and sustainability related risk management practices. In this article we
address the procurement problem, considering price risk with financial hedging.

Given a set of spot and forward petroleum prices, a refinery’s major decision is the procurement
of the petroleum required to meet demand. Typically, the production structure of the refinery is
optimized for a given type of crude, but it can also refine other types, although less efficiently. The
decision about which type of petroleum to refine depends on the margins per barrel the refinery
can make from the petroleum bought from different sources. This margin is a function of the gross
product worth (GPW), price, refining and transportation cost of a barrel of petroleum, and is
source dependent. The GPWs are the weighted average value of the products refined from a barrel
of petroleum, in which the weights are equal to the proportion of the different products refined:
they represent the requirement of adapting the operations of the refinery to capture the operational
flexibility (and setup costs) of working with different types of petroleum.

The supply disruption literature (e.g., Vakharia and Yenipazarli 2009, Bilser et al. 2011, Kumar
and Park 2019) considers different types of uncertainty, including supplier (e.g., Huang et al. 2016,
Goldschmidt et al. 2020, Li et al. 2020), demand and cost (or price), all of which are important
in the study of supply chain design as they influence the trade-off between cost and reliability,
e.g., Yildiz et al. (2016). Demand uncertainty is associated with consumer behavior. In terms
of cost uncertainty, transportation may be an important component. Obviously, transportation
costs depend on the distance, volumes involved and speed used. However, in petroleum markets
the transportation cost is, in general, a small part of the product cost, and it is the uncertainty
associated with the petroleum price that is crucial. The literature tends to analyze how supply and
cost uncertainty relate to supplier reliability. Supply uncertainty arises in situations in which the
buyer is not certain that the full order will be delivered on time due to quality issues, delays, and
disruptions.

The models used to capture uncertainty include: a) the random yield model (to capture oper-
ational risks), in which the final delivered quantity is a stochastic function of the order volume,
e.g., Burke et al. (2007), Tajbakhsh et al. (2010), Yan et al. (2012); b) an all or nothing model
of the supply disruptions preventing, with some small probability, the order from being met, typi-
cally due to external factors, and assuming the producers have different degrees of reliability, e.g.,
Costantino and Pellegrino (2010), Meena et al. (2011), Sawik (2014); and c¢) models that aim to
capture both operational and disruption risks, e.g., Sawik (2011), Torabi et al. (2015).

The methodologies used to study supplier selection, accounting for uncertainty, are: a) recourse
programs, in which there are two stages and in which the first stage decisions may be adjusted

in the second stage, e.g., Xu and Nozick (2009), Torabi et al. (2015); b) chance constrained



models based on relaxation of the deterministic constraints that the policy maker is allowed to
violate, with some (small) probability, e.g., Bilser et al. (2011), Scott et al. (2015); ¢) single-stage
models that assume risk-neutrality, e.g., Burke et al. (2007), Yan et al. (2012), or risk aversion by
incorporating volatility, e.g., Hong and Lee (2013); and d) conditional value-at-risk models that
capture risk aversion in the buyer’s behavior by allowing the buyer to minimize the expected loss
that may happen with a very small probability in the presence of very unlikely, but extreme events,
e.g., Sawik (2011, 2014), Nejad et al. (2014).

We focus on the CVaR, which has been used, for example, to solve the portfolio optimization
problem (e.g., Rockafellar and Uryasev 2000, Staino and Russo 2020), to analyze production
decisions by risk electricity producers (e.g., Conejo et al. 2010), to choose technology adoption in
fleet management (e.g., Ansaripoor et al. 2016) and commodity and energy operations (Devalkar et
al. 2018, Oliveira and Ruiz 2020), and to study the news-vendor problem (e.g., Chen et al. 2009,
2015, Yang et al. 2018). The value-at-risk (VaR) is a quantile that is a function of the proportion
of observations in the tail, a, and actions, x. The CVaR is the expected profit conditional on being
less than VaR (Definition 1).

DEFINITION 1 (CVAR). Let a be the percentage of observations in the tail of the loss function,
such that the observed loss is larger than VaR; x stand for the decision variables and s for the

scenario index; p(s) be the probability of scenario s and 7 (s, x) be the profit function: CVaR,(z) =

1
a Jr(s,x)<VaRq(x)

(s, x)p(s)ds.
In the linear program (1), we summarize the formulation to compute the CVaR (and the VaR)

of a profit function, based on Rockafellar and Uryasev (2000).

Zs ZS

Mazximai — 1
apimize n g, ()
subject to:
zs > p—m(s,x) LA Vs (1b)
2zs >0 Vs (1c)

In the linear program (1): a scenario is represented by s; S is the number of scenarios; « is the
probability of the profit function being on the tail and z, is the value of this tail in scenario s. The
tail, which is the difference between the value at risk, p, and the actual profit observed, 7 (s, z), is
always non-negative and, accordingly, the program is constrained to ensure this is always the case.
For this reason, the constraints (1b — 1c) determine that for each scenario only the values in the
tail of the possible profits less or equal to p are considered. The A, associated to constraint (1b) is

the respective dual variable (or Lagrangian multiplier). This formulation of the CVaR is basically



the same as described in Chen et al. (2009), Chen et al. (2015), and Yang et al. (2018), but all
require continuity and monotonic profit functions. Additionally, Chen et al. (2009) need twice-
differentiability of the profit function, so as to derive the analytical results. Chen et al. (2015)
work with continuous bounded distributions, and assume the stochastic variable follows a uniform
distribution in some of the analytical results in order to derive a closed-form solution. Moreover,
in their examples, they also assume knowledge of the profit function distribution. The formulation
in Yang et al. (2018), even though general, requires knowledge of the stochastic distribution
function in order to be applied: in their examples, demand is assumed to be known and to follow a
uniform distribution. Instead, as in Rockafellar and Uryasev (2000) and Ansaripoor et al. (2016),
among others, we approximate the CVaR with scenarios, as it has been shown to converge to the
optimal policy and does not require any knowledge about the profit distribution, which may be non-
differentiable and not continuous. We show that, even in this case, we can still derive interesting
analytical results.

Rockafellar and Uryasev (2000) discuss in detail the conditions under which (1) ensures that the
proportion of observations in the tail is . An alternative way of understanding this result, is to
analyze the dual of the linear program (1), which we prove in the Appendix to be the program (2).
For a simple introduction to duality theory in linear programming see, e.g., Bradley et al. (1977,
ch. 4). In this problem the objective function is now dependent on A\, only and, most interestingly,
it is a simple minimization of the expected profit (as the Ay add up to 1), subject to the constraint
that the weight () place on each scenario s cannot exceed g-. For this reason, by minimizing
the expected profit, the program places all its weight on the S« scenarios with the lowest profit.
It is worth noting that due to the transformation of the objective function, the dual problem is, in
general, non-linear. For this reason, the less intuitive, but linear primal, is used instead to compute
the CVaR. Moreover, in general « is an upper-bound on the proportion of scenarios in the tail, as

the constraint may be trivially met with fewer scenarios on the tail.

Mzng:mze Z (8, As) s (2a)
subject to:

> A= (2b)

A< v (20)

s X Sa S C

As >0 Vs (2d)

As the CVaR is a coherent risk measure, as defined by Artzner et al. (1999), i.e., it satisfies the

axioms for: convexity, monotonicity, translation equivariance, and positive homogeneity. Note that



the variance and the standard deviation of the profit are not coherent. The CVaR is monotonic
as higher losses lead to higher risk; this is not the case when using the variance or the standard
deviation. For example, a large but certain loss has zero variance (and zero standard deviation).
The CVaR has the property of translation equivariance, as if the loss increases (decreases) by a
constant value, then the risk increases (decreases) by the same amount. This is not the case with
the variance, which therefore does not have the property of translation equivariance. The CVaR
is a positive homogeneous risk measure as the risk increases in direct proportion to risk exposure
while the variance is not positive homogeneous, but the standard deviation is. Finally, the CVaR
is convex, i.e., the linear combination of two variables decreases risk, as is also the case for the
variance and the standard deviation.

Another important advantage of using CVaR as a risk measure is that, when following the
approach proposed in this article, it is constructed from the bottom-up without having to impose
a statistical distribution on the profit function, or having any knowledge of its nature. We study
the random variables affecting the profit function and model them. From the interaction between
these variables we then obtain, at the same time as solving the risk-management problem, the final
description of the utility function, which includes both the expected profit and the risk compo-
nents. Alternatively, when using the mean-variance approach, we are required to know the different
components of the profit function (the expected profit and variance for each of them) and how they
interact (the profit covariance matrix). The mean-variance model uses a top-down approach, which
is much more demanding in terms of information required, and better suited for simpler problems.

Moreover, another advantage of the CVaR is that it can be readily used when uncertainty is not
symmetrical, and when the underlying risk distribution is unknown, because, as used in this article,
this technique is scenario based. Whereas the VaR is solved using chance-constrained programming
(e.g., Charnes and Cooper 1959, Chen et al. 2010) and therefore is possibly non-convex, the
CVaR, on the other hand, is solved by convex programming (e.g., Shapiro et al. 2009).

3. The Refinery’s Procurement Problem

We start the analysis of the refinery’s procurement problem in section 3.1 by describing the profit
function and how to incorporate the CVaR into the objective function. Then we provide the linear
programming formulation to solve the problem. In section 3.2 we apply duality theory to derive the
analytical results on the impact of risk aversion on the optimal procurement policy. In section 3.3 we
conclude the analytical results by studying the relationship between risk aversion and procurement

from spot, long-term and crack spread swap contracts.



3.1. Integrating Expected Profit Maximization with Risk Aversion

The refinery’s procurement problem has three components: a) a long-term (forward) contract
covering the 12 months in the planning horizon; b) the spot contracts that take into account the
expected demand and spot prices for each month; and ¢) the crack spread swap contracts.

The planning horizon includes 7" months (¢ is the index for a given month). Let j stand for the
petroleum source index. The stochastic parameters are g5, wjis, and 7., representing, respectively,
the gross product worth, the petroleum price, and the transportation cost from source j, in month
t, and scenario s. The refining marginal cost is r per barrel. The GPWs are a function of the actual
technical setup of the refinery (optimized to operate a given type of petroleum).

The refinery decides the amount of petroleum (g;;s) to purchase from each source j, in month
t, and scenario s. There are two possible sources: the spot market, in which the quantity traded
changes every month depending on the requirements of the refinery, and the long-term contract,
which is represented by ¢,, the quantity to be acquired every month during the duration of the
contract. The price paid in any given month for this forward contract is indexed to the spot price.

Moreover, the refinery also decides how many crack spread swap contracts to purchase (k), all
of which are financially settled. Let g; and wy,, respectively, stand for the gross product worth
and price of the benchmark crude h, e.g. Oman-Dubai, in which these swap contracts are traded.
The refinery has the possibility of fixing the crack spreads 12 months ahead to hedge the risk
of exposure to product and crude price uncertainties. All hedging decisions are taken when the
contract is signed and cannot be modified during its life (one year).

The refinery’s profit function in scenario s, is represented in equation (3).

W(Sv qjt$7 Gas kh) = Z (gjts - wjts —-—Tr— njts) ths + Z (gats — Wats — T — nats) da
j#a,t t
(3)
+ Z ((gn = gnes) — (wn — whes)) o
i

Equation (3) has three main components: the first two represent the profits gained from refining
activities, (gjis — Wjts — 7 — Njts) Gjts and Y, (Gats — Wats — T — Nats) da, Which include the refining
margins (gross product worth minus the petroleum price, minus the refining cost per barrel, r), to
which we subtract the transportation cost per barrel from the spot market (7;:) and long-term
contracts (na¢s), respectively; the third stands for the profit received from the hedging actions
((gn — gnes) — (W, — wpes)) kn, which include the gains made by fixing the product prices minus any
costs from fixing the petroleum prices. An alternative representation of the swap profit component
is ((gn — wn) — (Gnes — Whes)) kn, which represents the difference between the swap crack spread and

the observed crack spread in month ¢ and scenario s. Note that the refinery registers a profit in



the swap contracts when the crack spread in month ¢ and scenario s, gnss — Whes, decreases, and
has a loss when this same crack spread increases.

The problem is solved numerically using the stochastic linear program (4). The objective of the
refinery is to maximize ¢, the weighted average of the expected profit and CVaR, as represented

by function (4a), where /3 is the weight allocated to the expected profit and 1 — 3 is the CVaR

weight.
L. 77(57%‘1557%1,]%) Z Zs
M = — " 4+ (1- — = 4
Magimize  ¢=F) —= g+ 1-p) (n-5 (12)
subject to:
Z 4jts + 4o = C Vis Ets (4b)
j#a
kp—C<0 1 0% (4c)
_Zs+,u_7r(87th57Qa7kh) SO VS 4 s (4d>
—2:<0 Vs 1 s (de)
— Gjts < 0 VJ 7é Cl,vtS 1 O jts (4f)
~qa <0 L x (49
—k, <0 1 (4h)

For every month ¢ in scenario s, the refinery contracts all its requirements guaranteeing
Zj 2a Qjts + 4o = ¢, constraint (4b), to ensure all the quantities are, in effect, proportions of the
purchase requirements at any given time. The ( is the refinery’s available capacity, which we stan-
dardize to 1. (We assume that the refinery is expecting to take the full load. This assumption
represents how the refinery works in reality, as it has enough storage capacity to always take the full
load of petroleum purchased.) All procured quantities are non-negative, as declared by constraints
(4f) and (4g). The proportion of capacity covered by the swap contracts is kj, where 0 < k;, <(, as
imposed by constraints (4c) and (4h).

Constraints (4d) and (4e) are used to ensure the tails, z,, are non-negative. We use these two
constraints to linearize the maximization operator, z, = max(p — (s, ¢jis, 9a, kn),0), which imposes
that only non-negative tails are accounted for computing the CVaR, following Rockafellar and
Uryasev (2000). The z, represents the level of profit in the tail, for each scenario s. In order to get
an accurate measure of the CVaR, a very high number of scenarios needs to be generated. As the
CVaR is assessing the cost associated with events that are very unlikely. This formulation of the
problem has been used in Shapiro et al. (2009, p. 272) and Ansaripoor et al. (2016), Oliveira and
Ruiz (2020), among others, to model different degrees of risk aversion: by changing the 5 from 0
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to 1 you move from risk aversion to risk-neutrality. The level of risk aversion can also be set using
a, as analyzed in Chen et al. (2015), Devalkar et al. (2018) and Yang et al. (2018). Chen et al.
(2015, p. 80) discuss how by considering a negative a, we can model risk-seeking behavior. Equally,
the formulation (4) can be modified to address risk-seeking behavior by changing the tail from the
left to the right of the profit function, i.e., (4d) will become z, — pt — 7(s, ¢jts, G, kn) < 0 and the
objective function will be ¢ =33, M +(1-75) <% — M)- However, even though easy
to model, such behavior would not represent how a refinery behaves in the real world, as discussed
in the Introduction.

Finally, in the linear program (4), the L represents the complementarity condition, which means
that when the respective dual variable is positive the constraint is binding (and if the constraint
is not binding, then the dual variable is equal to zero). See for example Bradley et al. (1977,
ch. 4) for a general introduction to duality in linear programming. &, is the dual variable of the

equality constraint (4b). The dual variables of the constraints (4c), (4d), (4e), (4f), (4g), and (4h)

are, respectively, v, A, 05, 015, X and 60, all of which are discussed in sections 3.2 and 3.3.

3.2. How Risk Aversion Affects Optimal Procurement

In this section we derive analytical results on the impact of risk aversion on the refinery’s optimal
policy by using duality theory. The necessary and sufficient conditions for the uniqueness of the
optimal solution are summarized in Proposition 1. The proofs of all the propositions are provided in
the Appendix. The interpretation of Proposition 1 is the topic of the rest of this section (conditions
A) and B)) and section 3.3 (conditions C), D) and E).) Conditions F) and G) were analyzed in

section 3.1. Conditions H) to L) are the complementarity constraints of problem (4).

PropoOsITION 1 (Necessary and Sufficient Conditions).
A: Y A=1-p

B: )\S—I—(SS:% Vs

C: (S4A) (gjes —Wjes =7 = Njes) —&s+ 050 =0 Vj#a, Vi, Vs
D: 32, (% + )\s) (Gats — Wats — T — Nats) — 2 ;. s + X =0

B: Y0 (4 A) (9 = gnas) = (wn = waes)) =7 +0=0

F: Z#a Qjts + 9o =C Vt, Vs

G:0<zs—pu+7m(S,qjtss qas kn) LA >0 Vs
H:0<2,16,>0 Vs

L 0<qjs Loj >0 Vjts

J:0<q, L x>0

K:0<k,168>0

L:0<¢—ky Ly>0
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The dual variables A, and ¢, are essential to the understanding of the optimality conditions.
From Proposition 1.4), > A, =1—f, it is evident that the sum of the dual variables associated
with non-negative tails, i.e., to scenarios labeled as posing a significant risk, is equal to the weight
put on CVaR. Consequently, these dual variables allow us identify the riskier scenarios. Therefore,
[ influences the weight put on CVaR and on the different scenarios.

From Proposition 1.B), A;+ 0, = g—f, it follows that in a scenario s where the tail is positive, i.e.,
zs >0, the §, =0 and A, > 0, for this reason, only )\, is relevant for calculation of the CVaR. On
the other hand, in a scenario s in which the profit equals the value-at-risk, i.e., 4 =7(s, ¢jis, 9a, kn),
the tail is zero, i.e., z, =0, 65 and A, are both non-negative (it may happen that they are both
positive or zero, simultaneously).

Moreover, in order to fully understand the implications of risk aversion for the way the refinery
optimizes its decisions on the spot, long-term and swap contracts, we need to explain the meaning
of the g + A, term appearing in each one of the necessary and sufficient conditions associated with
these contracts. In Proposition 2 we prove that ) (% +)\5) = 1. Each one of the terms %+ As
represents the risk-adjusted probability a refinery applies to compute the risk-adjusted expected
profits of the different contracts. The é is the risk-neutral probability that is transformed by being
multiplied by 8 and added to A (the shadow variable of binding profit tails) to represent the
risk-adjusted (subjective) probability. Whereas the risk-neutral refinery assigns a probability é to
each scenario s, the risk-averse refinery assigns probability % + A to scenarios in which z, > 0.

Nonetheless, as proved in Proposition 2, these risk-adjusted probabilities also add up to 1.

PROPOSITION 2. For a risk-averse refinery, with 5 <1, for each scenario s, the risk-adjusted

probability % + A, is such that (% + )\S) =1.

It is worth emphasizing that % + A, are subjective probabilities, which depend on the risk profile of
the refinery, as captured both by the § and « (which together determine A). Consequently, in order
to understand the determinants of the objective function, we need to better explain the interaction
between « and ( in determining A, as described by the Iso-A curves derived in Proposition 3. (Iso-d

curves can be derived similarly for all scenarios s such that z; =0.)

PROPOSITION 3. Let 0 < a,a® <1 and 0 < 3 < 1. Assume that a refinery’s risk profile is com-
pletely defined by a 3°=0 and an o°. Let state s be such that z, >0 and therefore \) = 5 and
50 — 5. b) Additionally

let 1>a>1—L82>0, then there is a A= 15% that cannot be replicated by a refinery with ° = 0.

82 =0. a) Every \! can be alternatively obtained by the Iso-\ curve o=

A first interesting insight from Proposition 3 is that A is independent of the specific scenario

s, and it is a linear function of « and 3, as represented in the Iso-A curves. Moreover, it follows
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directly from Proposition 3 that when o> 1 — 3, we can still obtain a solution for problem (4), but
such a situation cannot be represented by using only «. This would represent half of the domain
of the Iso-\ curves depicted in Figure 1, in which the number associated with each ISO-curve is

the respective .

1.0
0.0008 0.0007 0.0005  \0.0002
0.001 0.0001
0.83
0.0012
0.66
0.0015
a 05
0.002
0.33 0.003
0.2 0.005
0.1 0.01
1 1.0
1000
0 0.2 0.3 0.5 08 09 1
B

Figure 1 Iso-A Curves — Example Assuming S = 1000.

In Figure 1, A increases counter-clockwise from A = 0.0001 in the line with coordinates (5 =1,
a=0)-(8=0.9,a=1), to A=1.0 in the line with coordinates (=1, a=0)- (=1, a = ;7). In
this example, the ISO-curves in the range 0.001 > A > 0.0 are only representable by simultaneously
using « and 3, as proved in Proposition 3.

An interesting property of this contour map is that all the Iso-\ curves pass through the same
point (=1, «=0), in which A assumes all possible values from infinitesimally small to infinitely
high. This point is a singularity as « cannot be equal to zero, except when the refinery is risk-

neutral (8 =1), as in this case the actual value of a and A\ no longer feature in the objective

function.

3.3. The Interaction between Spot, Long-Term and Crack Spread Swap Contracts
We now consider the behavior of a refinery when actively trading long-term contracts and explain
the interaction between the three profit sources: spot, long-term and swap contracts, as described
in Proposition 1, conditions C) to E).

It follows from Proposition 2 that: a) the risk-adjusted expected profit of the spot contract (for
all triples jts, such that j # a) is (% 4+ As) (gjts — Wjes — T —1jts); b) the risk-adjusted expected
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profit of the long-term contract is ), (% + )\S) (Gats — Wars — T — Nazs); and c¢) the risk-adjusted
expected profit of the crack spread swap contract is >, (g + )\S) ((gn — gns) — (w, — wps)). Each
one of these profit functions is a weighted average between the expected profit and the CVaR of
the respective contract. In fact these three conditions decompose the the overall objective function
(4a) in its three components, imposing the optimality conditions on each of them.

In Proposition 1.C), for the spot contract j at time ¢ and scenario s, equation
(g + )\S) (Gjts — Wjts — T — Njts) — &us + 0jes = 0 describes the optimality condition. The term gj;s —
Wjts — T — Njts 1S the profit per barrel. &, and ;s are dual variables. When the refinery purchases
from source j at time t and scenario s, the &, stands for the risk-adjusted profit margin per barrel
and ;s = 0. When the refinery does not purchase from source j at time ¢ and scenario s, gj;s =0
and 0, = — (g + )\5) (gjts — wjts — T — Mjrs) > 0 is the risk-adjusted loss per barrel if purchased from
source j.

In Proposition 1.D), for the long-term contract, the optimality condition is described by equation
Sie (B4 X) (Gats — Wars — 7 — Nats) — Dops &ts +x =0. The term >, (2 4+ A,) (Gats — Wats — T — Mats)
is the risk-adjusted expected profit per barrel, which is equal to the sum of the dual variables
> s &ts, as x =0 when the refinery purchases long-term contracts. This means that ), &, =
Do (g + )\S) (Jats — Wars — T — Nazs) stands for the weighted average of profit per barrel and CVaR
(from long-term contracts) a risk-averse refinery expects to earn (in which the weights are subjec-
tively determined by the degree of risk aversion as discussed in section 3.2).

In Proposition 1.E), the optimality condition for the crack spread swap contract is
Do (g + )\s) ((gn — gnes) — (W, —wpes)) — v + 0 = 0. The risk-adjusted expected profit per barrel
from swap contracts is described by the expression ), (% + )\S) ((gn — gnes) — (W, — wpes)), in
which the weights are the same as in the long-term contracts. When k, = ( and 6 =0, v =
> ie (g + )\3) ((gn — gns) — (wp, — wpes)) is the risk-adjusted expected profit per barrel from swap
contracts the refinery would receive if it was to purchase more contracts than its refining capacity.
On the other hand, when k, =0 and y=0,0=—)",_ (% + )\s) ((gn — gnes) — (wp, — wpes)) > 0 stands
for the resulting risk-adjusted expected loss per barrel for the refinery trading swap contracts.

In Proposition 4 we describe the interaction between spot and long-term contracts.

PROPOSITION 4. Let a refinery procure some of the petroleum wusing long-term contracts

and therefore q, > 0 and x = 0. Under these conditions )_,, (% +)\S) (Gats — Wats — T — Nats) —

Zj;&a’ts{(%""AS) (gjts_wjts_r_njts)} _ Zj;ﬁa,ts Ojts
J-1 - J—1 :

From Proposition 4 it follows that the average value of the dual variables associated with pro-
curement in the spot market (o5, for j # a) is equal to the difference between the risk-adjusted

expected marginal profit from long-term contracts and the average of the risk-adjusted expected
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Ej;éa,ts Tjts __ O

marginal profit from the spot contracts over the entire planning horizon. When -

the refinery procures simultaneously in all spot markets and the risk-adjusted expected profit per
barrel from long-term contracts equals the average of the risk-averse expected profit per barrel
from spot contracts.

On the other hand, when w > 0, this term is equal to the marginal profit a refinery
would receive if it was allowed to sell in the spot market the petroleum bought using long-term
contracts. In practice this means that there are some arbitrage opportunities between the long-
term and the spot contracts from which the refinery would be able to profit, at the expense of
the long-term contract seller. This means that the refinery would be able to pay petroleum at
a discount using long-term contracts and sell it in the spot markets elsewhere in the world, at
a profit. Consequently, in order to prevent this type of arbitrage, either the long-term contract
should include a clause preventing the refinery from selling the petroleum in the spot market, and
(or) the long-term contract price should always be higher than the spot prices. This premium is
analyzed in detail in section 4.1, equation (5).

Similarly, by using dual variables, we can analyze how a refinery optimally purchases swap

contracts, as summarized in Figure 2.

0=~
0<k,<(

L 2

v

Figure 2 Policy Implications of the Relationship between 6 and ~.

From Proposition 1 we know that for the crack spread swap contracts
Do (% + )\s) ((gn — gnes) — (W, — wpes)) = v — 0, from which it is clear that the volume of swap
trading depends on the degree of risk aversion, represented by 5 and A, (because it depends on «
and (), and on the difference between crack spread fixed by using swap contracts (g, — wy) and

the risk-adjusted expected crack spreads in the spot market, >, (% + )\3) (ghts — Whys)- If the crack
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spread fixed by using swap contracts (g, — wy,) is higher than the risk-adjusted expectation of the
crack spread in spot market prices, >, (% —1—)\5) (gnts — Whes), then the refinery hedges 100% of
production capacity using swap contracts. In this case, ), (g + )\s) ((gn — gns) — (W, —wpes)) =7y
and 6 = 0. Otherwise, if the risk-adjusted expected crack spreads are higher in the spot markets, i.e.,
gn—wn < X5 (5 +As) (ghts — wats), then =37, (2 +A,) ((gh — gnes) — (W — wies)) =6 and ¥ =0
(the refinery does not purchase any swap contracts). Finally, if the expected crack spreads implicit
in the swap contracts and in the spot prices are equal, i.e., g, —w, =) _,, (% +)\s) (Ghts — Whis),
then ), (g + )\s) ((gn — gnts) — (W, —wpes)) =0, § =~ =0, and the proportion of swap contracts
to be purchased is undetermined, but not zero and less than 100% of capacity. In Proposition 5

we analyze the conditions under which the refinery purchases swap contracts.

PROPOSITION 5. Let 0 <a<1 and 0< B <1, a refinery purchases swap contracts if and only if
(gn —wn) > 5 30, (§+As) (Ghts — o).

We end this formal analysis by considering how [ affects the refinery’s use of crack spread
swap contracts. However, before proceeding, we need to establish the relationship between crack
spread contracts and extreme losses, in the petroleum refining business, which is also illustrated
numerically in Section 4, Tables 6 and 8: the proportion of contracts is directly associated with
extreme losses (i.e., lower CVaR). This is a well known property of financial derivatives see, e.g.,
Hull (2012, ch. 33) for an introduction energy and commodity derivatives.

In the case study presented in section 4, in Table 6, it is overwhelmingly evident that k; increases
with 3, i.e., the closer the risk profile is to neutrality, the higher the proportion of swap contracts
purchased, and the higher the exposure to extreme risk. In order to better understand this empirical
evidence, Proposition 6 analyzes the conditions under which a refinery buys swap contracts. To
include a valid representation of reality in our analysis, Postulate 1 declares that due to the leverage
effect of swap contracts, i.e., as all extreme losses (and profits) are caused by swap contracts and
there is a one-to-one correspondence between the total losses and the total swap contract losses,
the scenarios in the tail of the total profit and swap contracts profit distributions are the same.

POSTULATE 1. Leverage effect. For every scenario s such that z, >0 and p—7(s, ¢jis, G, k) >0,
the corresponding swap contract losses Y, ((gn — gnts) — (Wn — Wpes)) Ky are also in the (1 — fB)

lowest profits.

PROPOSITION 6. Let 0 <a <1 and 0< B < 1. The lower the 8 the lower the optimal proportion

of swap contracts purchased, kjy,, on average.

For the risk-averse refinery (0 < a <1 and 8 < 1) its risk-adjusted expectation is that, during

the lifetime of the contract, the crack spreads bought in the spot market will increase and the
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refinery will lock in a loss. For this reason, the more risk averse the refinery is (5 closer to zero),
the less likely is that it will purchase swap contracts. This is a surprising result as our expectation
was that the risk-averse refinery would be the one using swap contracts to fix the refining margin
and therefore decrease risk. However, this is not what we proved in Proposition 6, and observed in
the simulations reported in section 4.2, Table 6.

Proposition 6 explains why, from the perspective of a risk-averse refinery, fixing the crack spread
is not risk avoidance, but instead is risk-seeking behavior. A risk-averse refinery prefers to avoid
purchasing financial derivatives, even if fixing the crack spread, because in the tail scenarios of the

profit distribution, the possible losses arising from crack spread swap contracts are higher.

4. Procurement Risk Management by a Singapore Based Refinery

In this section we analyze how a Singapore based refinery uses long-term, spot and swap contracts
in procurement risk management. We start in section 4.1 by describing the statistical properties
of petroleum prices, GPWs, and transportation costs, and how they are correlated. This analysis
is extended to estimate how Saudi Arabia prices the Arab Light long-term contracts. With this
information, we can then generate scenarios for the price trajectories of the three different crude
prices considered, 12 months ahead. Finally, we study how the refinery optimizes its procurement
strategy, calculating how much to purchase from different sources of petroleum and how many
crack spread swap contracts to use for risk hedging. We analyze how procurement depends on risk
aversion (section 4.2) and is a function of alternative long-term contract pricing policies (section

4.3).

4.1. An Empirical Study

The relationship between the state of the market, backwardation vs. contango, and petroleum
prices (e.g., Bodie et al. 2003, p. 762) is essential to understanding the current pricing policy
of Saudi Arabia. It is said a market is in normal backwardation (Keynes 1930) when the series
of futures prices for contracts with different duration converges from below to the expected spot
price. The classic explanation for this market state is that the risk-averse producers of petroleum
are willing to offer an expected profit to the refineries who adopt a long position. A different
explanation for the normal backwardation in petroleum markets is that the physical purchase of
petroleum provides a convenience value to the refinery that the acquisition of a forward contract
does not. This value, when expressed as a rate, has been described as a convenience yield, e.g.,
Routledge et al. (2000). This concept was first introduced in the theory of storage (i.e., Kaldor
1939, Working 1948, 1949, Telser 1958), whereby the convenience yield arises from the possibility
of consuming (or selling to a consumer) the petroleum now, or keeping it in storage to be consumed

(or sold to consumers) in the future. A market is said to be in contango if the futures prices for a
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sequence of contracts of different duration converge to the expected spot price from above, as the
contracts get closer to the delivery date. In this case, the risk hedgers are the refineries as they are
willing to pay a premium over the expected spot price in order to lock in a futures price before
delivery.

We start by estimating the stochastic processes describing the petroleum prices and the GPWs
in the different geographical areas considered: Arab Light (Saudi Arabia), Attaka (Indonesia),
Cabinda (Angola), and Oman-Dubai vs. Brent (the benchmark crude) prices. The GPWs reflect the
operational flexibility of the refinery, i.e., its ability to transform the petroleum into final products,
considering both the input and output price uncertainties. Whereas Dong et al. (2014) explicitly
modeled the blending of petroleum products with different degrees of efficiency, we use the GPWs
to account for this same effect, as these are obtained from real-world data and already take into
account how the different sources of petroleum are used by the refinery. The data sources used in
this section are British Petroleum (bp.com) and Platts market data (spglobal.com/platts).

All the prices are highly correlated with each other and non-stationary. We use this correlation,
together with the random walk properties of the different time series, to generate the scenarios in
section 4.2. There are three major reasons for using the random-walk hypothesis in analyzing the
behavior of petroleum prices and GPWs: first, we tested it using time series methods and found the
hypothesis could not be rejected; second, the swap contracts are priced using this hypothesis, so
the time series results and the pricing simulations are internally consistent; and third, the random-
walk hypothesis assumes that all relevant information is already known at the decision time, and
that there is no information to be gained by mining the data. Therefore, it avoids over-fitting the
data by capturing any patterns that only are observable after the event has occurred.

As we have used Brent petroleum as the benchmark crude for both the generation of prices
and GPWs, we need to estimate the monthly rates of change of the different prices (and GPWs)
and the respective correlation with the Brent prices, as summarized in Table 1. There is no price
reported for Arab Light as this crude is priced based on Oman-Dubai; all the prices and GPWs
are highly correlated with the Brent price (the correlations are all above 90%).

Table 1 Standard Deviation, and Coefficient of Correlation to Brent of the Arab Light, Attaka, Brent, Cabinda
and Oman-Dubai Monthly Rate of Change (A) of Prices and GPWs, in %.

Arab Light | Attaka | Brent | Cabinda | Oman-Dubai
A Prices S.D. 8.2 8.0 8.4 7.5
Corr. to Brent 0.957 | 1.0 0.984 0.967
S.D. 7.9 7.9 8.2 7.4 7.7
A GPWS| 0o to Brent | 0.945 0.939 |0.945 | 0.928 | 0.945

In Table 2 we summarize the transportation costs from the three sources (Arab Light, Attaka and

Cabinda) to Singapore as a percentage of the respective petroleum prices. On average, Arab Light
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transportation costs are about 1.12% of the petroleum price (s.d. of 0.55%), whereas transportation

from Attaka and Cabinda is more expensive at 2.28% (s.d. 0.91%) and 2.55% (s.d. 0.97%) of the

petroleum price, respectively.

Table 2

Arab Light

Attaka

Cabinda

Mean
S.D.

1.12
0.55

2.28
0.91

2.55
0.97

Sample Mean and Standard Deviation for the Transportation Costs in % of Petroleum Price.

In Figure 3, to better describe the problem faced by the refinery, we plot the average refining
margins per month in $/bbl. These decrease with increasing petroleum prices. In many of the

months analyzed, the refining margins are negative, especially for higher petroleum prices.
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Figure 3  Average Refining Margins vs. Oman-Dubai Petroleum Price.

To understand how the long-term contracts are priced in Saudi Arabia, we interviewed expert
traders with very long experience in the industry about how the pricing is done. First, we were
told that Saudi Aramco uses an adjustment factor based on the Oman-Dubai spot prices. Second,
this adjustment would be dependent on the state of the market, i.e., the slope of the forward curve.
Third, the adjustment would also be affected by the difference in GPWs between Arab Light and

Oman-Dubai petroleum. Our working hypothesis was that this adjustment factor is dependent on
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the level of backwardation of the petroleum prices (as represented in Figure 4), the past values of
the adjustment factor f;_;, and the difference between the gross product worth of Arab Light and

Oman-Dubai crude in a typical Singapore refinery. We tested all these variables in our analysis.
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Figure 4 Oman-Dubai Petroleum Price vs. the Forward Curve. The Monthly Change in Petroleum price is Equal

to Difference between the Futures Price 1-Month and 2-Months Ahead of the Spot Market.

As a result of these interviews, we then hypothesized that Saudi Arabia prices its crude to take
into account the state of the market (forward curve) and the differences in quality between its own
production and the benchmark crude in each market (difference in GPWs). This adjustment factor,
called the Saudi Arabia offset, is computed specifically for each regional market. We focused on
trying to describe how the Arab Light adjustment factor is computed in relation to Oman-Dubai
crude prices. This is an index-linked payment, as analyzed in Zhang et al. (2014). These were the
basic ideas we tested in order to improve scenario generation for the Arab Light long-term contract
prices. When first tested, this hypothesis seemed correct and to be supported by the statistical
model. However, upon analysis of the residuals, we realized these were heteroskedastic.

We then took the logarithms of the prices so as to reduce the heteroskedasticity issue and tested
again in order to obtain statistical evidence on the way Saudi Arabia prices the long-term contracts.

However, working with the logarithms of prices and GPWs led us to conclude that the difference



20

in GPWs between Arab Light and Oman-Dubai petroleum prices does contribute to explain Arab
Light offsets (i.e., the respective parameter was not statistically significant).

Let w}; stand for the price of the petroleum bought from j at time ¢, and to be delivered in m
months (with m =0 for the spot market). In this equation we compare two different producers:
Oman-Dubai (j =0) and Arab Light from Saudi Arabia (j =a). f; = w?, — w?, represents the
behavior of Saudi Arabia when pricing its crude as a function of the Oman-Dubai spot prices, as
described in equation (5), in which the log represents the natural logarithm. In this equation, log( f;)
stands for the difference between the logarithm of the price of Oman-Dubai and the logarithm

of the price of Arab Light. The residuals of equation (5) are not autocorrelated and are normal

distributed.

E (log(f:)) =0.0073 + 0.639 (log(wi(tfl)) — log(wg(tfl))) +0.4451og(f—1) (5)

Equation (5) describes the expected adjustment factor for Arab Light when compared to Oman-
Dubai prices, as a function of two main components, as follows. (A) Backwardation vs Contango:
this is expressed in the term log(w;, ;) —log(w?,_,), which has an associated parameter of 0.639,
meaning that for each 1% increase in the price difference between the Oman-Dubai contract for one
or two months, the adjustment factor increases by 0.639%. This means that when the inventory is
tighter (abundant), Saudi Arabia increases (decreases) the adjustment factor. (B) The adjustment
factor is autoregressive with an associated parameter of 0.445, which means that for each 1%
increase in the Arab Light offset in the previous month, on average Saudi Arabia charges 0.445%
more in the current month.

From this equation it is evident that Saudi Arabia uses an adjustment process, based on rein-
forcement learning, to change the offsets at any given month. This learning mechanism is based
on the proportion of the adjustment in the previous month, and on the difference between the
Oman-Dubai prices for delivery within 1 and 2 months.

Table 3 describes the regression equation explaining how Arab Light is priced in comparison to
(Oman — Dubai); ;. In the first column, Oman-Dubai stands for log(wg, ,)) — log(w?, ;). All
the parameters are statistically significant. The Adj. R-squared is 79.9%. This means there is a
strong positive correlation between the Oman-Dubai price at time ¢t — 1 and the Arab Light offsets.
However, it does not mean there is causality, even though this is part of the hypothesis raised
based on the interviews with the energy experts. Nonetheless, in order to improve the modeling of
the prices of Arab Light long-term contracts, we only need correlation between the variables; we
do not need causality. So, we can use this equation to approximate statistically how we expect the

Arab Light to be priced, based on the Oman-Dubai price in the previous month. This simulation is
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grounded on significant statistical evidence. In Figure 5 we plot the relationship between the Actual
vs. Expected Arab Light offsets in natural logs, in order to visualize the quality of the regression
analysis. It is clear that the points are clustered around an imaginary line that goes through the
coordinate origin and has a 45 degree angle, as should be the case in a good quality statistical

analysis.

Table 3 Estimation of the Arab Light Offsets.
Dependent Variable: log( f;)

Included observations: 126 after adjustments

Variable Coefficient Std. Error t-Statistic Prob.
C 0.0073 0.0.0008 8.94 0.000
Oman — Dubai,_,; 0.6398 0.063 10.05 0.000
log(fi—1) 0.445 0.052 8.5 0.000
R-squared 0.805 Adj R-squared  0.799
S.E. of regress 0.799 Sum sq. resid 0.003
F-statistic 247.4 Prob(F-statistic) 0.000
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Figure 5 Actual Arab Light Offsets vs. Expected Arab Light Offsets, in Natural Logs.
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4.2. The Refinery’s Optimal Procurement Policy

In this section we summarize the numerical results on the refinery’s procurement problem. In Table
4 we describe the procedure used to generate the scenarios for the prices, GPWs and transportation
costs required to parameterize the profit function (3), explaining how to go from time series analysis
to stochastic programming. In points 1 and 2 we estimate the models for the petroleum prices,
GPWs and Arab Light offsets as described in section 4.1. Then in point 3.a), using the models
estimated and based on Tables 1 and 2, we use Monte Carlo simulation (e.g., Kroese et al. 2011, pp.
143-146; Brandimarte 2014, pp. 278-282) to generate the scenarios for the petroleum prices, GPWs,
and transportation costs from the three different sources, together with the Oman-Dubai prices as
these are the base for Arab Light pricing. Note that we have 126 moving windows (the sample size).
For each one of these, we generate 5000 paths (each one 12 months in duration) representing the
behavior of the random variables. Then in point 3.b), having generated the scenarios required to
compute the profit equation (3), we solve problem (4), for each time window, using the stochastic
variables generated for each of the 5000 scenario paths. This means that by using a scenario based
CVaR, we avoid over-fitting the data as we are not optimizing for a given sample, but rather for a

very wide variety of scenarios.

Table 4  Procedure for Price Scenario Generation and Solution of the Stochastic Model.
1. Model for Petroleum Prices, GPWs and Transportation Costs.
2. Estimation of the Arab Light offsets.
3. Generate Scenarios for the Petroleum Prices, GPWs and Transportation Costs
(Arab Light, Attaka, Cabinda and Oman-Dubai).
For each month b in the sample:

(a) For each month ¢ =1 to 12 in the planning horizon:
(i) Generate the petroleum prices, GPWs and transportation costs for S scenarios;
(ii) Compute the Arab Light offsets, or alternative pricing policies, for S scenarios.
(b) Solve the stochastic program (4) obtaining:
(i) Optimal procurement strategy (petroleum sources and swap contracts);
(ii) CVaR,;
(iii) Expected Profit.

Moreover, another advantage of this methodology is that the scenarios are generated for the
stochastic variables only, without having to compute the profit distribution and covariance matrix
for the different policy decisions, as would be the case if using standard deviation or variance as
risk-measures. Consequently, for problems in which the profit function is not trivial to compute, or
in which the decisions may impact the profit from each source, scenario-based CVaR, optimization

is a simpler and better approach.
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Additionally, still regarding the possible issues with over-fitting the optimal policy to the sample
data, it should be reinforced that the use of scenario paths is necessary but not sufficient to avoid
over-fitting the policy to a specific set of observations; it is also necessary to ensure that only the
information available to the refinery at the start of the planning horizon is used in generating the
scenarios. For this reason, we use the random-walk hypothesis, as otherwise the scenario generation
would be biased by knowledge the refinery, or the Saudi producers in the case of the policy for
pricing long-term contracts, would not have when making their decisions.

For each one of the 126 months in the sample, we analyze the optimal procurement spot market
from alternative producers (in South Asia and West Africa), including the possible purchasing
of swap contracts to fix crack spreads in advance, and the use of a one-year forward contract at
a price indexed to Oman-Dubai petroleum, plus an offset announced monthly. The procurement
problem is solved using a stochastic programming model accounting both for expected profit and
the degree of risk aversion. For the percentage of observations in the tails we set & = 0.05. For each
scenario, the petroleum prices (wjis), GPWs (g,:5), and transportation costs (7;,s) are simulated
as cointegrated random walks. This method is consistent with the theory of efficient markets and
the non-arbitrage argument for pricing swap contracts.

We start in Table 5 by analyzing the impact of 5 on the optimal procurement strategy. The
results depicted in this section, including Table 5, are the averages collected from the simulations
for all 126 time windows in our sample. In these experiments, the average Arab Light offset to
Oman-Dubai crude oil prices was 1.01$/bbl. Independently of the 3, the refinery always buys most
of the petroleum from Saudi Arabia as the optimal proportion for long-term contracts remains in
the 50 — 60% range. Why there appears to be no clear trade-off between the 8 and the proportion
of long-term contracts? To answer this question, in Table 6 we summarize the proportion of crack
spread swap contracts purchased by the refinery. The impact of the 8 on the trading of these
contracts is evident. These results are the averages, for each 3, of the proportions of swap contracts

bought, in the 126 time windows.

Table 5 Proportion Procured from Long-Term vs. Spot Contracts, in %.

B 1.0 0.9 0.75 0.5 0.25 0.0

Arab Light (Long-Term) 52 54 57 58 56 54
Attaka (Spot) 33 33 29 28 30 35
Cabinda (Spot) 15 15 14 14 15 11

First, the risk-neutral refinery (8= 1) bought enough swap contracts to fix the crack spread of
about 85% of its production capacity. The proportion of swap contracts bought decreases directly

with the degree of risk aversion. The refinery with a 8 =0.75 buys a large enough number of swap
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Table 6 Swap Contracts Trading as Proportion of Refining Capacity, in %.
I3 1.0 0.9 0.75 0.5 0.25 0.0
Swap Contracts 85 61 20 20 19 18

contracts to cover 20% of its capacity, in line our analysis in Proposition 6. The main reason for
this behavior is that a refinery with a risk profile closer to neutral (/5 approximating one) purchases
swap contracts (at time zero) in a higher number of time windows than their more risk-averse
counterparts (f closer to zero), even when the non-arbitrage principle holds.

It also follows from the results depicted in Tables 5 and 6 that the degree of risk aversion
mainly affects the proportion of swap contracts purchased by the refinery. On the other hand, the
proportion of long-term and spot trading remains comparatively unaffected by the degree of risk
aversion. The explanation for this result is the very high correlation between the long-term and
spot trading prices (given Saudi Arabia’s price indexing policy), and the low correlation between
refining and swap contract profits.

Second, we still need to explain why the long-term contracts remain in the 50 — 60% range. As
analyzed in Figure 3, the margins the Singaporean refinery makes from Arab Light are higher, on
average, than the margins received from the other types of crude. This occurs for two reasons: the
transportation costs are lower (see Table 2 ) and the GPWs are higher (as the refinery’s production
process has been optimized to work with Arab Light). Consequently, on average, Arab Light is the
most profitable of all the crudes for this specific refinery.

Nonetheless, this explanation is still incomplete as, at any given time, the risk-neutral refinery
should choose only the cheapest source, and not diversify. This is also the case in these experiments.
When the refinery is risk-neutral (8 = 1), everything is bought from Saudi Arabia in 52% of the
moving windows, hence the result. It is also true that, for any given time window, procurement
diversification only happens with § < 1.

By analyzing the refinery’s profitability as a function of risk aversion (), we can better appreciate
how this parameter influences the optimal policy. The expected profit, decomposed into refining
and swap trading, is presented in Table 7. The risk-neutral refinery (5 = 1.0) has a positive expected
total profit, almost all of which is due to refining. The total profit decreases with the degree of risk
aversion (with the decrease in (3), going into loss for a 8 of 0.25 or less. The swap contracts show a
zero expected profit when the refinery has a 8 less than or equal to 0.75 due to a trade-off between
expected profit and CVaR, as described in Table 8.

The main reason the risk-averse refinery (8 =0) has expected losses is due to the very difficult
market in which it was operating during the time covered by our data set, as the refining margins

are negative in many months (see Figure 3). There are several reasons for this outcome. Margins
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Table 7  Decomposition of the Refinery’s Expected Profits per Activity, in $/bbl.
53 1.0 09 075 05 025 0.0
Refining 0.46 0.46 0.30 0.04 -0.14 -1.29
Swaps 0.06 0.05 0.00 0.00 0.00 0.00
Total 0.52 0.51 0.30 0.04 -0.14 -1.29

are very small and therefore an increase in petroleum price may not be passed to the consumer
fast enough, especially as petroleum products are highly regulated in the region. Additionally, for
many companies refining is just a small part of their supply chain operations, with production and
retail being more profitable, thus justifying the maintenance of the refinery, even if operating at a
loss.

Moreover, it is also evident from Table 8, that there is a trade-off between maximization of
expected profit and CVaR. The CVaR of a risk-neutral refinery (5 =1.0) is about 3.5 times higher
than the CVaR of a refinery with a §=0.75.

Table 8 Relationship between Expected Profit and CVaR, in $/bbl.

B 1.0 09 075 05 0.25 0.0
Expected Profit 0.52 0.51 0.30 0.04 -0.14 -1.29
CVaR -27.0 -106 -7.8 -74 -72 -7.2

On the other hand, it is also obvious that extreme risk aversion (5 =0.0) is counterproductive as
the refinery avoids very large losses but it locks in an expected loss. For this reason, we focus the
rest of our analysis on the refinery with a §=0.75, as the expected profit is still positive ($0.3/bbl)
and most of the CVaR decrease is already captured by the optimal policy.

We proceed by analyzing the refinery’s procurement policy. Figure 6 depicts the proportion of
crude purchased by a refinery with a 8 =0.75 from the three different sources, as a function of
the Oman-Dubai petroleum price. This refinery exhibits purchasing behavior in line with what we
observe in practice. The Arab Light long-term contract is still preferred, but when market prices
are above average, a significantly higher proportion is bought from South East Asia and West
Africa, in the spot market.

In Figure 7 we depict the relationship between expected profit ($/bbl) and CVaR, ($/bbl) for a
refinery with a §=0.75. There are a couple of contracts in which the CVaR is positive, meaning
the expected tail profit is still positive. In the large majority of contracts, the refinery is profitable.
However, due to the small margins, the smaller number of contracts with losses end-up destroying
an important portion of the value created by the positive results. The risk faced by the refinery is

still very important, with the expected profit being a small fraction of the possible losses represented
by the CVaR.
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Going back to the profit decomposition between refining and swap contracts, as represented in
Table 7, we would like to better explain the relationship between these two activities. To understand
the role of the swap contracts as part of the refinery’s procurement plan, in Figure 8 we plot the
relationship between the expected profit from refining and from swap contracts for the refinery with
£ =0.75. 1t is clear there is no statistically significant relationship between refining and swap trading
profitability. Moreover, the distribution of trading profits show a high volatility in comparison with

its expected profit of about zero. This reinforces the idea that no value is created from the trading
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activities when the crack spread contracts are priced so that no arbitrage opportunities are present,
as would be expected if the contracts were correctly priced in equilibrium, and in accordance with
finance theory on asset pricing, e.g., Bodie et al. (2003). Consequently, at any point in time, and
independently of the profitability of the refining activities, the expected profit from swap contracts
is zero, from which we infer that the profitability of these activities is not correlated. Nonetheless,
it is well known from portfolio theory that holding onto non-correlated assets reduces the volatility

of portfolio profit.
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Figure 8 Refinery with a 5 =0.75. Relationship between the Refining and Swap Trading Profits.

4.3. Alternative Design for the Arab Light Long-Term Contracts

In this subsection we explore alternative pricing policies to the current Arab Light offsets. This
is an important analysis as contract design is essential to determining the incentives, and the
risk, associated with the long-term contracts. Moreover, in order to establish the credibility of the
different design settings, we need to assess the impact of the different contracts. This will allow us
to rule out any design that decreases the profitability of petroleum production.

In Table 9 we depict the average producers’ revenues in $/bbl. Each column represents a different
pricing policy for Arab Light. The Offsets column is calculated using equation (5). Attaka, Brent
and Oman-Dubai columns apply the prices of the respective types of crude oil as the basis for Arab
Light pricing, without using any offsets.

Of the four different pricing methods analyzed, the best for Saudi Arabia is to set the price of
Arab Light equal to the Oman-Dubai price, which increases the average revenue by 9%/bbl when
compared to the Arab Light offsets policy (55%/bbl under Oman-Dubai pricing minus 46$/bbl
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Table 9  Refinery with a 3=0.75. Average Producers’ Revenues in $/bbl as a Function of Different Pricing
Policies for Arab Light.

Petroleum | Offsets Attaka Brent Oman-Dubai

Arab Light 46 2 24 55
Attaka 26 55 42 19
Cabinda 11 24 16 8

under the current policy). The main explanation for the benefits of using Oman-Dubai as the
price for Arab Light is that, currently, the Arab Light offsets are set too high when the market
is overheated (decreasing demand). For this reason, the average quantity sold from Arab Light to
the refinery is 52% in the current policy, and 69% when using an Oman-Dubai index, instead.
Another interesting insight is related to the way the producers’ profits are affected by Saudi
Arabia’s indexing: an Attaka index would lead the refinery to buy most of its petroleum in the
spot markets (as for risk mitigation it would be the only price not correlated with the other two).
A Brent-based index would also be beneficial for Attaka as the risk mitigation from buying Saudi
Arabia’s petroleum would be reduced. Overall, from the perspective of Saudi Arabia, the Arab

Light offset policy, and the Oman-Dubai price index are the most beneficial.

5. Conclusions and Discussion

In this article we have analyzed the impact of long-term petroleum contracts on a refinery’s pro-
curement policy, taking into account operational flexibility (considering the gross product worth of
the different types of petroleum), price indexation, and degree of risk aversion based on CVaR, for
the one-year planning horizon. The refinery’s problem is deciding the proportion of contracts to
buy forward, in the different spot markets, and additionally, the proportion of crack spread swap
contracts to purchase.

We have proved the necessary and sufficient conditions for the optimal solution to be unique,
analyzing it and interpreting its meaning. We have proved that risk aversion can be better captured
by using an objective function that is the weighted average between the risk-neutral expected profit
and CVaR, and shown that such an objective function is equivalent to the risk-adjusted expected
profit, in which the probabilities associated with each scenario are transformed to incorporate the
subjective degree of risk aversion.

We have proved that when the non-arbitrage condition holds, independently of the degree of risk
aversion, a refinery buys an undetermined number (but strictly positive and less than expected
production) of crack spread contracts. We have also assessed how the proportion of swap trading
is affected by the degree of risk aversion, concluding that, surprisingly, an increase in the degree of
risk aversion leads to the purchase of fewer swap contracts. This result was proved both analytically

(Proposition 6) and using computer simulations parameterized based on real-world data (Table 6).
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We analyzed the data on refining margins in our sample to empirically show that, on average,
these are negatively correlated with petroleum prices, and were negative in more than half of the
observations in our data (see Figure 3). By analyzing the relationship between forward and spot
petroleum prices (Figure 4), we estimated a positive correlation between these variables (which is
stronger when using the logarithm of the prices so as to correct for the heteroskedasticty effect).
We were then able to estimate a statistically significant relationship, using regression analysis
(equation 5), between the adjustment factor used by Saudi Arabia to price the Arab Light when
compared to Oman-Dubai prices (79.9% R-squared Adjusted). In the analyzed data, Saudi Arabia
increases the price of Arab Light by 0.639% for an increase of 1% in the Oman-Dubai petroleum
price. This analysis also showed that there is statistically significant support for the hypothesis
that Saudi Arabia uses reinforcement learning when adjusting the Arab Light prices.

We then tested the model, and the theory, in computing the refinery’s procurement policy. Our
first conclusion from the numerical analysis is that even just a 10% weight on the CVaR (90%
on the expected value) significantly reduces risk exposure without compromising profitability, as
depicted in Table 8. Moreover, the CVaR is able to capture the trade-off between risk and expected
profit, i.e., in order to decrease exposure to high losses, the refinery accepts receiving a lower
expected profit. In the case under analysis, a refinery with a 25% CVaR, weighting captures almost
all possible risk reduction and still has a positive expected profit. However, a refinery that only
aims to reduce risk exposure ends up locking in a negative expected profit. This is irrational, as in
the long-term, without additional external capital, it will not be able to survive.

The low profitability of the refinery business model is actually not unusual in the industry, as
summarized by the profit decomposition depicted in Table 7. We know from the historical data
that refining was not profitable in many of the months (see the negative margins in Figure 3).
The total profits per barrel were $0.46 for the risk-neutral refinery, and a loss of $1.29 for the
risk-averse refinery. This means that in order to break even, the risk-neutral refinery may need to
buy petroleum from riskier sources, whereas the risk-averse refinery diversifies its sources, resulting
in an actual loss, but avoiding a potentially very costly exposure. The swap contracts produced no
significant profits, as they are priced so that there are no arbitrage opportunities.

In exploring the pricing policy of Saudi Arabia, we analyzed several alternatives to the setting
of Arab Light offsets. We found that Saudi Arabia would increase its expected profit by setting

the price for Arab Light equal to Oman-Dubai crude prices, without using offsets.
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Appendix

We start by summarizing in Table A1 the notation used in the article.

Table Al Notation.

Indexes

a: source with a long-term contract, Arab Light, Saudi Arabia

h: a benchmark crude in which swap contracts are traded

j: a petroleum source

m: delivery time in the futures market, in months (0 stands for spot market)
o: Oman-Dubai petroleum market

§: scenario

t: a given month in the planning horizon

Objective function

L: Lagrangian objective function
(s, x); w(s, As); (8, Qjis, Ga, kn): profit function in scenario s
¢: the weighted average of the expected profit and CVaR

Decision variables

ky,: proportion of capacity covered by the swap contract h

Go: quantity of petroleum purchased per month using the long-term contract
g¢jts: quantity of petroleum purchased from source j, in month ¢, and scenario s
z,: the level of profit in the tail, for each scenario s

w: value-at-risk

Dual variables

&;: dual variable of the equality constraint (4b)
~: dual variable of constraint (4c)

As: dual variable of constraint (4d)

J,: dual variable of constraint (4e)

0jts: dual variable of constraint (4f)

x: dual variable of constraint (4g)

6: dual variable of constraint (4h)

Parameters

gn: the gross product worth of the benchmark crude h

gjts: gross product worth from source j, in month ¢, and scenario s

r: marginal cost of refining per barrel

T: number of months in the planning horizon

wy,: the price of the benchmark crude h

wjs: spot petroleum price from source j, in month ¢, and scenario s

wfy: futures petroleum price, from j, at time ¢, to be delivered in m months
«: proportion of observation in the tail

B: expected profit weight (1 — (5 is the CVaR weight)

(: expected available capacity, standardize to 1

N;ts: transportation cost from source j, in month ¢, and scenario s
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Dual Problem (2) - Proof: Let A, >0 be the dual variable of constraint (1b). For the primal problem (1),
let the dual function be defined as 1) =inf (u — Zi +3 A (B —u+m(s, )+, (552'5). Then, by taking
the partial derivatives: from 22 =0 we obtain ) A, =1; and from 61" =0 it follows A, + 0, = =, which as
5, >0, implies A\, < 2 5o And from g—f =0 it follows ), )\SW =0. ThlS function is then used to express x
as a function of A, and to obtain the profit function as a function of A, as well: (s, A,). Therefore, the dual
function simplifies to ¢ =) m(s, A;)As, under constraints ), A, =1, A\, < s% and A, >0, i.e., dual problem
(2. O

Let L in equation (Al) be the Lagrangian of linear program (4). From the Lagrangian, and given the
convexity of the objective function ¢, we derive the necessary and sufficient conditions for uniqueness of the

optimal solution, as summarized in Proposition 1.

L(M7zs7qjt57qa7kh7§ts7’y7Asaasaajt.ﬂXﬂ ¢+Z§t5 <C quts Qa> _Py(kjh_c)

JjFa

=Y A (—za =5, Qs Gar kn)) = Y 8s (=20) = D us (—jes) = X (—da) =0 (=k)

Jts

(A1)

Proof of Proposition 1: The necessary and sufficient conditions for a policy to be a global optimum

of the linear program (4) are derived from the Lagrangian (Al): gL = 0, which is equal to g—i -
> A =0, and as g—fj =1—f, it then follows that > A, =1 — 3. For all scenarios s: % = 0, which
is equivalent to @ + A + 6, =0 and as 8—j = —15_%, we obtain A, + §, = 15_—(!5. For all triples jts,
such that j # a: 82_t =0, this is equivalent to % Eis + s aﬁ(sz’gi‘tq“k“ + 0 =0 and, as a?i =
jts jt jts jts
gaw(s qathjtja Jkn) and I (s, tg;jtja Jkn) = Gjts — Wits — T — Mjtes it follows that, (7 +As) (gjts — Wjs _T_njts) _
&s + 04 = 0. Similarly, for the long-term contract supplier, a: gTL =0 and this is equivalent to % —
S &Y w+x:0’ and as §f B sy, w , we then obtain ﬁz W_

PRI DIDW w + x =0, which simplifies to ) (g + ) w >, & +x =0. Conse-
quently, as w =", (Gats — Wats — T — Nazs), it follows that: >, (g + )\S) (Gats — Wars — T — Nas) —

9qa
Do fts + x = 0. For the crack spread swap contracts, from the necessary condition e?TLh =0, it follows
that + Z A, o (s, thb da kn) — 7+ 60=0, and as 68% _ gzg BW(SVQéz:qa,kh)’ we get gzg ﬂﬂ(sng]:};qaykh) +
Do As 7%(5 ditetokn) oy 4§ =0, which is equivalent to 3, (£ +X,) 7%(5"1;;%“) — 7+ 60 = 0. Subsequently,

ag 276 qét;hqa kh) =3, ((gnh — gnes) — (W, — wes)) it follows that Y-, (2 +As) ((9n — Gnes) — (Wi — Whes)) =7+
0 = 0. From the equality constraint, for all ¢ and for all s, we have Zj sa Qjts T 4o = (. Finally, we require the
complementarity constraints: for all s, 0 < z, — u+ (S, @15, qa, kn) L As >0 and 0 < z, L §, > 0; for all triples
Jts, 0< qjus L 0j1s >0, 0<q, L x>0;0<¢—k, Ly>0and 0<k,=01L60>0. O

Proof of Proposition 2: By summing g + A, for all s, we get >, (g +/\S) =/ +> . A;. Then as from
Proposition 1 we know that ) A, =1— /3, we equivalently obtain ) (g + /\S) =3+ 1— [ and therefore
$(24A)=1 O

Proof of Proposition 3: From Proposition 1 we know that: Y A, =1—3; for all s, A\, + 9, = %; for
all s, 0 <z, —pu~+7(8,Qtsy Qus kn) L As >0 and 0 <z, L d, > 0. We then need to understand which o and

0B pairs lead to the same solutions. As we are analyzing states on the tail of the profit function, such that
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2, >0 and §, =0, as for refinery 0 the risk profile is described by £° =0, then \? + 4% = % is equal to

A0 = ﬁ a) To derive the Iso-A curve, we need to find an o and a 3 such that A\ = ls_—f, which is equivalent

to a= ﬁ - s%gﬁ' b) As A=22 | refinery 0 with 3° =0 can replicate this X if and only if -5 = =2, which
is equivalent to a® = 1o5- However,as 1 > a>1— B3>0, it follows that a® > 1, creating a contradiction with
the initial condition 0 < a® <1. O

Proof of proposition 4: From Proposition 1 we have the following results. For all triples
jts, such that j # a, (g =+ )\S) (gjts — Wits =T —Njes) — &s + 055 = 0, which is equivalent to
(g + )\S) (gjes — Wjes — T —Mjes) + Ojus = &s. Therefore, by summing over all ¢s for a source j #
a, we have Zts{(ng)\s) (Gjts — Wjes =T —Njes) + Ojest = > ,.&s, and by summing over the J — 1
Zj#“'ts{(%+)\s)(gj;':wjm4777'7“)*_0]“} = >,.&s. For the long-term

contract supplier, a: Y, (% +)\S) (Gats = Wars =T —Nazs) — D, &s + X = 0. As x = 0, by plugging in

sources that are not a, we derive

the optimal condition for the sum over the sources j # a into the long-term contract equation,

i ﬁ s jts —Wjts —T— jts Ojts . . .
we get D, (G +Ns) (Gars — Wars =7 = Nas) = Eigan (502 )(gJ;_l sty ) ! which is equivalent to
jzats L(EH2e) (9ts—wjta=r=mjea)}  3jsarsoits
Zts (g +/\S) (gats — Wars _r_nats) _ Zj#ant (s )EiiJ; jt Mt ) — J#Jil its g

Proof of proposition 5: From Proposition 1.E) we know that for the crack spread swap contracts,
D ie (g + )\S) ((gn = gnes) — (W, — wpys)) =y — 6. As explained in Figure 2, we know that a refinery trades crack
spread swap contracts if and only if v — 6 > 0, which is equivalent to ), (g + )\S) ((gn — gnts) — (Wp, — Wpys)) >
0 and to ) _,, (g + )\5) (g —wpn) >3, (g + )\S) (Gnts — Whes), from which we get (g, —ws) ), (g + /\5) >
> e (£ 4 As) (ghes — Wnes). As from Proposition 2 we known that Y (£ + A,) =1, it therefore follows that
(gn —wp) > %Zts (% +)\s) (Gnts —wnes). O

Proof of Proposition 6: From Proposition 5 we know that k; > 0 if and only if (g, —w,) >
% D e (g + )\s) (ghts — Whts). Moreover, given the one-to-one correspondence between the extreme total
and swap contract losses, summarized in Postulate 1, this condition can be decomposed into
three components: (g, —wy) > % Zt,s:zs>0 (% + As) (Gnts — Whes) + % Zt,s:zszo,u_m:o (% + >\s) (Gnts — Whes) +
% Zt,s;zszo,wws<o (g + )‘5) (ghts — Whs)-

From Proposition 1.B) we know that A, +d, = 15_—&5, and from Proposition 2 we know that the probability
associated with a state s is equal to % + A,. There are three possible types of risk-adjusted probabilities, for

any given s: z, > 0 from which we obtain A, = =2 and £+ X, = %; z,=0and pu—7(s, ¢jis; Ga, k) <0,

which implies, from Proposition 1, A\, =0, §, = 137—5 and the weight put on s is equal to g + A= g; 2z, =0
and p — (S, @ ts; ¢as kn) = 0, which implies, from Proposition 1.B), A; + 6, = 15% and g + A= % — 0,

and, consequently, g + A < 1_(;7;“)‘3.

Therefore, to explain how the purchasing of swap contracts depends on 8 we need to analyze the change in
ng As, for a risk averse refinery (8 < 1 and « < 1), as 8 converges to zero. a) When z, > 0, % +A, = 1_(;7:’)5
and }3{1})% = S—la As a < 1, then s—la > %, and %—&— A, increases from é (when f=1 and o =1, risk-
neutral refinery) to <= as 3 converges to 0 (risk-averse refinery). Intuitively, this means that the probabilities
get more concentrated in a small group of scenarios with larger z, as the refinery becomes more risk-averse.
b) When z, =0 and p — (s, @jes: 4a, kn) <0, &+ X, = £ and the ;laii% £ =0. This means that the risk-averse

refinery places less weight on the states that are not in the profit distribution tail.
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Then, as when z, = 0 and p — 7(S,4jts:Gaskn) = 0, g + A < %, a stronger condition is
obtained by using only the two major components: (g, —w;,) > %Zt s12a 30,17y >0 (g + /\s) (Gnts — Whts) +

% Zt,s:zSZO,,ufﬂ'S<0 (g + AS) (ghtS - whtS)’ with Zs )\5 =1- B
From a) and b), this is equivalent to (g, —wp) > F D ti0tza 20,20 % (Gnts — Wies) +

1 . 1—(1— [j _ 1 . _ . .
?Zt,s:zszo,p—ﬂ's<0 % (ghts — Whts). Then, as llili%% = g- and lim £ =0, we obtain, %IL% (gn —wp) >

605
1 1-(1-a)g

. . 1 8 .
[131_)1% T Zt,s:zs >0,u—7s>0 Sa (ghts - whts) + égr(l) T Zt,s:zszoyﬂfﬂs <0's (ghts - whts) and eqU'lvalently

(gn —wp) > %Zt,s;zszo,wmzoi(ghts_whts)- Consequently, as [ converges to 0, the extreme losses
%Zt,s;zszo,#_ﬁszol_(;igam(ghts—whts) receive a higher weight, and the profits (or lower losses), i.e.,
%Ztys;zszoyufﬂ-s<0g(ghts_whts) get a lower weight (and eventually no weight when B = 0). For this
reason, the condition for &k} >0, i.e., (g, —wp) > %Zts (g + )\S) (gnts — Whts ), becomes harder to meet as (3

converges to 0, and the average proportion of swap contracts purchased decreases. [
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