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A B S T R A C T   

The present article examines the micropolar fluid flow with nanofluid suspension across porous stretching/ 
shrinking surfaces with added heat transfer through heat source/sink and radiation. The situation arises in the 
electrolytic fluid flow across fuel-cell membranes in advanced batteries or fuel cells. To understand the flows and 
the efficacy of the fuel cell, we study the fluid dynamics of the flow across such shrinking/stretching membranes 
by converting the non-dimensional governing partial differential equations to ordinary differential equations by 
using suitable similarity transforms. The energy equation is then analytically solved using hypergeometric series. 
It is noted that there is a lack of study on nanofluids in the circumstances of micropolar and radiation with porous 
media. The novelty of the present problem is to examine the influence of micropolar nanofluid flow with heat 
transfer over permeable surfaces. Analyses show that increasing the rate of shrinking/stretching boundary and 
increasing the Darcy number decreases the velocity of the fluid while increasing the Eringen number decreases 
the skin friction decreases dramatically, and increasing the thermal radiation and heat source/sink parameters 
enhances the thermal boundary layer. Other variations of parameters are also studied and explained graphically. 
The current work has many useful implications in efficient fuel-cell developments, developing nanofluid has 
significantly improved the heat transmission process for manufacturing with applications in engineering, bio
logical, and physical sciences.   

1. Introduction 

Nanofluid plays a major role in industrial applications, especially 
when suspended with tiny solid particles in a conventional base fluid. It 
is known to produce good thermal and electrical conductivity which has 
many important applications in the cooling process and instance fuel 
cells. Eringen [1,2] is first to introduce the concept of micropolar fluid 
and give a mathematical model for the behaviour of fluids which pro
vides certain microscopic effects rising from the local structure and 
micro motions of the fluid elements such as liquid crystals, polymeric 
fluids, and animal blood. Mahin et al. [3] documents recent de
velopments in nanofluid flow modeling and simulation. Anusha et al. [4] 
studies the magnetic flow of hybrid nanofluids through a porous 
stretched surface involving mass flow and the Brinkman model. Kim 
et al. [5] focuses on the effects of nanofluids and nanostructured surfaces 
on critical heat flux (CHF) rise while Khan et al. [6] studies the nano
fluids flow across stretched surfaces. Mahabaleshwar et al. [7] in
vestigates the nanofluid flow with a viscosity ratio near an accelerating 

surface. 
The permeable expansion sheet induces a far field suction forward a 

surface and a shrinking surface causes momentum to move away from 
the surface. Wang et al. [8] conducts research on stagnation flow over 
shrinking sheets while Waini et al. [9] studies the hybrid nanofluids 
(HNF) flow, heat transfer with unsteady velocity across stretched sheets. 
Dash et al. [10] explores the analytical method of stagnation point 
boundary layer flow over shrunk sheets. Mahabaleshwar et al. [11] 
studies the influence of radiation and slip on Walter liquid flow across 
stretched sheets. 

Radiation is electromagnetic radiation produced by the thermal 
motion of particles in matter, and this has attracted quite a bit of 
attention from many researchers like Sachhin et al. [12] who studies the 
influence of radiation on ternary nanofluids over porous and mass 
transpiration across the stretched sheet. Shahsafi et al. [13] conducts 
research on temperature-normal thermal radiation while Khan et al. 
[14] focuses on thermal transfer and slip flow on a nanoparticle, dual 
solutions on the shrunk sheet. Nadeem et al. [15] explores the influence 
of thermal radiation on Jeffery fluid on a stretched surface. Kenno et al. 
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[16] focuses on the thermal radiation heat flux of electric thermos in
fluence. Mahabaleshwar et al. [17] explores the magnetohydrodynamic 
(MHD) effect on HNF flow with thermal radiation across a shrinking 
surface. Maranna et al. [18] focuses on MHD nanofluid flow with en
tropy and radiation over the stretched surface. Mohan et al. [19] dis
covers the influence of radiation on by viscous Bingham fluid on a 
nonlinear shrinking sheet. Khan et al. [20] focuses on axisymmetric HNF 
and thermal transfer across permeable shrinking surfaces with heat 
sources. Priyanka et al. [21] conducts research on radiative HNF with a 
heat source/sink on a porous medium. Elshehawey et al. [22] discovers 
the impact of MHD and porous media with radiation over the shrunk 
boundary. Jalili et al. [23] conducts research on ferrofluid flow on 
suction/injection over stretched sheets. A number of works [24–44] 
explores the analytical solutions with an unsteady Brinkman model over 
the stretched sheet. Water-based nanoparticles are used to study the 
surface temperature by flowing nanofluid past a photovoltaic thermal 

system [45–47]. The stability concept of hydrogen production is studied 
by using the combustion of methanal, methane, and octane and calcu
lated conversion efficiency based on their lower heating values using the 
porous medium [48–50]. The physical aspects of natural convection 
magnetohydrodynamic flow of Cu/Ethylene glycol-water nanofluid past 
a porosity vertical stretching sheet under the impact of thermal radiation 
is studied by Refs. [51–53]. 

Usafzai et al. [37] studies the micropolar fluid, and we are concen
trating on adding nano-particles into the micropolar fluid and temper
ature jump with heat and mass transpiration, the goal of this 
investigation is to see the effect of radiation and heat source/sink on 
nanofluid water flow over stretching/shrinking sheet embedded in 
porous medium. In the development of efficient fuel cells, one novel 
approach is to add nanoparticles into the polar fluid base to increase the 
electric and thermal conductivity, and hence increase power delivery 
efficiency. As one understands the flow across the membrane determines 

Nomenclature 

Symbols Description SI unit 
A1,A2,A3,A4 constants (¡) 
a acceleration (m s− 1) 
B temperature slip (K) 
Cp Specific heat capacity (J K− 1 kg− 1)

Da Darcy number (m− 2)

d Stretching/shrinking parameter (¡) 
Er Eringen number (¡) 
f Velocity stream function (m2 s− 1)

g Gravitational acceleration (m s− 2)

h Rotation (¡) 
j Inertia per unit mass (¡) 
k1 Porous media permeability (m2)

l Slip parameter (m s− 1)

n Particle concentration (g m− 3)

N Micro rotation component (s− 1)

N1 Heat source/sink factor (J) 
Nr Radiation factor (Bq) 
Pr Prandtl number (¡) 

Q0 Heat source/sink factor t (J) 
qr Radiative heat flux (W m− 2)

S Mass suction/injection (kg) 
T,θ Temperature (K)
Tw Surface temperature (K)
T∞ Ambient temperature (K) 
u,v (x, y) velocity components (m s− 1)

(x,y) Coordinate (m)

β Solution domain (m)

η Similarity variable (kg)
γ Spin gradient viscosity (m2 s− 1)

κ Thermal conductivity (W m− 1 K− 1)

κ∗ Absorption coefficient (W m− 1 K− 1)

μ Dynamic viscosity (kg m− 1 s− 1)

ν Kinematic viscosity (m2 s− 1)

ρ Density (kg m− 3) 
ψ Stream function (S m− 1)

σ Surface tension (W m− 1 K− 1)

σ∗ Stefan-Boltzmann constant (W m− 2 K− 4)

Fig. 1. Schematic diagram of the stretching/shrinking boundary.  
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the overall performance of the fuel cell. However, there is a lack of study 
on micropolar liquids in the circumstances of velocity slip and radiation 
with permeable media. The current work is to fill this research gap in 
order to assist the development of fuel cells. The innovation is to 
combine the velocity slip and temperature jump to the momentum and 
temperature equations and study the overall flow behaviour of the 
system. The non-dimensional governing equations are obtained by using 

suitable similarity transformations and obtaining unique solutions for 
stretching and shrinking sheets, the results of the current study can be 
used in other applications like the polymer industry concerning 
stretching/shrinking sheets. The conductivity and heat transfer rate 
have a great influence on the performance of the fuel cell and hence 
proper choice of a fluid and understanding of the fluid flow is very 
crucial. 

Fig. 2a. Graph of solution domain with mass transpiration on stretching boundary.  

Fig. 2b. Graph of solution domain with mass transpiration on shrinking boundary.  
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2. Mathematical formulation and solution 

The surface, simulating the flow past the fuel-cell membrane, is 
placed parallel to the x-axis and perpendicular to the y-axis, and 
stretches with a velocity uw(x) = ax, where a is a constant. The surface is 
permeable allowing mass transfer with momentum v = vw(x), the 

temperature of the fluid is growing linearly with respect to x, i.e. 
Tw(x) = Tw + xT0, where Tw is denoted as surface temperature, T0 is a 
reference temperature. 

The governing equations of the current study micropolar fluid with 
radiation and heat source/sink with porous media over a stretching/ 
shrinking surface involve the two-dimensional Navier-Stokes equations 

Fig. 3a. Graph of solution domain with micropolar on stretching boundary.  

Fig. 3b. Graph of solution domain with micropolar on shrinking boundary.  
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[31,37], with all nomenclatures given in the earlier section. 

Continuity equation, ∂u
∂x

+
∂v
∂y

= 0, (1)  

Conservation of momentum, u
∂u
∂x

+ v
∂u
∂y

=

(

νnf +
κnf

ρnf

)
∂2u
∂y2 +

κnf

ρnf

∂N
∂y

−
μnf

ρnf k1
u, (2)  

Angular momentum, u
∂N
∂x

+ v
∂N
∂y

=
γ∗

ρnf

∂2N
∂y2 −

κnf

ρnf j

(

2N +
∂u
∂y

)

, (3)  

Temperature equation, (ρCP)nf

(

u
∂T
∂x

+ v
∂T
∂y

)

= κnf
∂2T
∂y2 + Q0(T − T∞)

−
∂qr

∂y
, (4)  

with the spin gradient viscosity modelled as 

γ =
(

μ+
κ
2

)
j= μ

(

1+
Er
2

)

j, (5)  

where j is the Eringen parameter for micropolar fluid concerned with 
fluids with certain microscopic effects arising from the local structure 
and the micromotions of fluid elements. N is the angular velocity of the 
solution, with the aim of this hypothesis to ensure the desired perfor
mance of the field equations, even in the restrictive case of negligible 
microstructure effects and the total spin becoming the angular velocity 
[36]. 

Using the above the boundary conditions become [37], 

u = duw(x) + l
∂u
∂y
, v = vw

N = − n
∂u
∂y

T = dTw(x) + κ1
∂T
∂y

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎭

as y= 0,

u= 0,N = 0, T = ∞, as y = ∞, (6)  

where l is the velocity slip parameter [37]. It is worth mentioning that 
fluid flow with slip is important in micro-rotational fluids as the flow in 
the system deviates significantly from the traditional no-slip flow 
because of the microscale dimensions. Here vw is the mass flux, vw > 0 is 
mass injection, vw < 0 is the mass suction respectively, d is the wall 
deforming parameter with d > 0 denotes stretching, d < 0 denotes 
shrinking sheet, and κ1 is the temperature jump coefficient, n is the 
concentration of microparticle ranging 0 ≤ n ≤ 1, the linear relationship 
between the micromovements N and the wall shear ∂u

∂y is set for analysing 
the effect of different surface conditions for micro-movements 

Fig. 4. Graph of reduced skin friction variation against mass transpiration for 
different Eringen number. 

Fig. 5. Graph of reduced coupled stress variation against mass transpiration for different Eringen number.  
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The suitable similarity variables are [20,37]: 

ψ = f (η)x
̅̅̅̅̅
aν

√

η =

̅̅̅
a
ν

√

y

N = g(η)ax
̅̅̅
a
ν

√

⎫
⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎭

, (7)  

where the stream function is ψ(x, y) defines the velocity as usual by u =
∂ψ
∂y , and v = −

∂ψ
∂x. details the similarity variable. Hence the momentum 

components become, in terms of similarity variables, 

u = axfη(η), v = −
̅̅̅̅̅
aν

√
f (η)

g(η) = − nfηη(η), θ(η) = T − T∞

Tw − T∞

⎫
⎪⎬

⎪⎭
. (8) 

Based on Rosseland’s approximation, the radiative flux qr is defined 
as [14]. 

qr = −
4σ∗

3k∗
∂T4

∂y
, (9)  

with the ambient temperature T approximated as 

T4 = − 3T∞
4 − 4T∞

3T, (10) 

Fig. 6a. Graph of velocity with variation of suction for shrinking boundary.  

Fig. 6b. Velocity profile with variation of suction for stretching boundary.  
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hence the derivative of heat flux can be obtained by plugging Eq. (10) 
into Eq. (8) as, 

∂qr

∂y
= −

16σ∗T3
∞

3k∗
∂2T
∂y2 , (11)  

and combining Eqs. (11) and (4) we obtain, 
(

u
∂T
∂x

+ v
∂T
∂y

)

=

(
κnf

(ρCP)nf
+

1
(ρCP)nf

16σ∗T3
∞

3K∗

)
∂2T
∂y2 + Q0(T − T∞). (12) 

Using similarity transformations equations (2)–(4) can be simplified 

as, 

(A1 +Er)fηηη(η)+A2
{

f (η)fηη − fη(η)2}
− A1

fη(η)
Da

+Ergη(η)= 0, (13)  

(

A1 +
Er
2

)

gηη(η)+A2{f (η)gη(η) − fη(η)g(η)} − 2Erg(η) − Erfηη(η)= 0,

(14)  

(A3 +Nr)θηη(η)+A4 Pr{f (η)θη(η)}+Ni Pr θ(η)= 0, (15)  

where 

Fig. 7a. Velocity profile with variation of Da− 1 for shrinking boundary.  

Fig. 7b. Velocity profile with variation of Da− 1 for stretching boundary.  
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Da = ka
νf 

is the Darcy number, 
Er = κ

μ is the Eringen number, 

Nr =
16σ∗T3

∞
3k∗κf 

is the radiation term, 

Pr = νf
αf 

is the Prandtl number, 

Ni =
Q0

a(ρCp)f 
is the heat source/sink, 

A1 =
μnf

μf
,A2 =

ρnf

ρf
,A3 =

κnf

κf
,A4 =

(ρCp)nf

(ρCp)f
,

The boundary conditions are modified as [20,37]. 

f (η) = S, fη(η) = d + bfηη(η),
g(η) = − nfηη(η), θ(η) = 1 + Bθη(η),

}

as η→0, (16a)  

Fig. 8a. Velocity profile for different Eringen number for shrinking boundary.  

Fig. 8b. Velocity profile for different Eringen number for stretching boundary.  
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lim
η→∞

fη(η)= 0, lim
η→∞

g(η)= 0, lim
η→∞

θ(η)= 0 as η > 0. (16b)  

3. Analytical solution for momentum 

Solving equations (13) and (14) under modified boundary conditions 
(16), we obtain the exact solution as below [37], 

f (η) = S + d
1 − e− βη
(
β + bβ2) ,

g(η) = naβ
1 + bβ

e− βη,

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

β > 0, (17) 

The reducible skin frictions are followed by differentiating equation 
(17) as, 

fη(η)=
de− βη

(1 + dβ)
, gη(η) =

− β2nαe− βη

(1 + dβ)
, (18a)  

fηη(η)=
− βde− βη

(1 + dβ)
, gηη(η) =

β3nαe− βη

(1 + dβ)
, (18b)  

fηη(0)=
− βd

(1 + dβ)
, gηη(0) =

β3nα
(1 + dβ)

. (18c)  

where β is to be determined, differentiate the above equations, substi
tute in equations (13) and (14), and put n = 1

2 taking as weak concen
tration case shows the anti-symmetric part of the stress tensor 
consequently vanishes [37]. This suggests that in a fine particle sus
pension the particle rotation equals the surface velocity. For n = 0 means 
no spin condition as prescribed by Jena and Mathur [38]. The case n = 1 
it represents the turbulent boundary layer flows [39], leading to the 
following cubic equation, 

(2A1b+Erb)β3 +(2A1 +Er − 2A2Sb)β2 −

(

2A2S+
2A1b
Da

)

β

−

(

2A2d +
2A1

Da

)

= 0, (19)  

which can be simplified as 

ξ1β3 + ξ2β2 + ξ3β + ξ4 = 0, (20a)  

where ξ1 = 2A1b+ Erb,ξ2 = 2A1 + Er − 2A2Sb, 

ξ3 = − 2A2S −
2A1b
Da

, ξ4 = − 2A2d − 2
2A1

Da
. (20b) 

All three possible roots of equation (20) can be solved as 

β1 =
−

ξ2
3ξ1

−
(

21
3
(
− ξ2

2 + 3ξ1ξ3
))

3ξ1

(

z +
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

4
(
− ξ2

2 + 3ξ1ξ3
)3

+ (z)2
√ )1

3

+
1

321
3ξ1

(

z +
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

4
(
− ξ2

2 + 3ξ1ξ3
)3

+ (z)2
√ )1

3

, (21a)  

β2 =
−

ξ2
3ξ1

+
( (

1 + i
̅̅̅
3

√ )(
− ξ2

2 + 3ξ1ξ3
))

3ξ121
3

(

z +
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

4
(
− ξ2

2 + 3ξ1ξ3
)3

+ (a)2
√ )1

3

−
1 + i

̅̅̅
3

√

6ξ121
3

(

z +
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

4
(
− ξ2

2 + 3ξ1ξ3
)3

+ (z)2
√ )1

3

, (21b)  

β3 =
−

ξ2
3ξ1

−
( (

1 + i
̅̅̅
3

√ )(
− ξ2

2 + 3ξ1ξ3
))

3ξ121
3

(

z +
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

4
(
− ξ2

2 + 3ξ1ξ3
)3

+ (a)2
√ )1

3

−
1 + i

̅̅̅
3

√

6ξ121
3

(

z +
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

4
(
− ξ2

2 + 3ξ1ξ3
)3

+ (z)2
√ )1

3

, (21c)  

where 

Fig. 9a. Angular velocity profile for different Da− 1 for shrinking boundary.  

Fig. 9b. Angular velocity profile for different Darcy number for stretch
ing boundary. 
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z=
(
− 2ξ3

2 + 9ξ1ξ2ξ3 − 27ξ2
1ξ4
)
. (21d)  

4. Heat transfer analysis 

Using all similarity transformation equation (12) convert to the form 

(A3 +Nr)θηη(η)+A4 Pr{f (η)θη(η)}+Ni Pr θ(η)= 0, (22) 

To obtains analytical solution to the above equation, we introduce a 
new variable t = e− βη, and calculate θ, θ′, θ″ and then substitute in 
equation (20a) obtain following equation, 

t
d2θ
dt2 +(1+m+ nt)

dθ
dt

+ Lθ(t), (23a)  

where 

Fig. 10a. Angular velocity profile with different suction for shrinking boundary.  

Fig. 10b. Angular velocity profile with different suction for stretching boundary.  
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m=
A3 + Nr

A4 Pr 1
β

(

S + d
β(1+bβ)

) , (23b)  

n=
A4 Pr d

[A3 + Nr]β2(1 + bβ)
, (23c)  

L=
Q Pr

[A3 + Nr]β2 (23d)  

with the boundary constraints 

θ(0)= 1 + Bθ′(0), θ(∞) = 0. (23e) 

On applying the Frobenius method, we expand 

θ(t)=
∑∞

r=0
artr+k, (24)  

on differentiating above equation to get the following derivatives 

θη(t) =
∑∞

r=0
ar(r+ k)ξr+k− 1, (25a)  

θηη(t) =
∑∞

r=0
ar(r+ k)(r+ k − 1)ξr+k− 2. (25b) 

Applying hypergeometric function 1H1[a, b, c] we obtain 

θ(η)= a0
(
e− βη)− m

1 H1
[
(− m+ L), 1 − m, − n

(
e− βη)], (26)  

by applying boundary conditions, we have solutions in terms of Kum
mer’s confluent hypergeometric function as follows,  

where 
β is the solution domain, B is temperature jump parameter, with 

Fig. 11a. Angular velocity profile with different Eringen number for shrink
ing boundary. 

Fig. 11b. Angular velocity profile with different Eringen number for stretching boundary.  

θ′(0)=
(1 − m)1H1[(L − m), 1 − m, − n]

1H1[(L − m), 1 − m, − n] − Bβ(1 − m)1H1[(L − m), 1 − m, − n] + B(L − m)nβ1H1[(1 + L − m), 2 − m, − n]
, (27a)   
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m=
A3 + Nr

A4 Pr 1
β

(

S + d
β(1+bβ)

) , (27b)  

n=
A4 Pr d

(A3 + Nr)β2(1 + bβ)
, (27c)  

L=
Q Pr

(A3 + Nr)β2 . (27d)  

5. Results and discussion 

The present work concentrates on the study of micropolar fluid with 
suspension of nanofluid over a porous stretching/shrinking sheet, and 
investigate the heat transfer process and its relationship with heat 
source/sink parameter, thermal radiation parameter, porosity to gain a 
clear insight on the physics of the problem. 

Fig. 12a. Normal velocity profile with various volume fraction for a shrinking boundary.  

Fig. 12b. Normal velocity profile with various volume fraction for a stretching boundary.  
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5.1. Thermophysical properties of gold nano particles Table 1 [32] 

The representative values of heat capacity, density, thermal con
ductivity of nano fluid of gold are used as an example to illustrate the 
physics of the system [4]. Some properties of the mixture can be 
determined by the following formulae. 

•Density ρnf
ρf

= (1 − φ)+ φ
(

ρs
ρf

)

,  

• Dynamic viscosity μnf
μf

= 1
(1− φ)2.5

,  

• Heat capacitance (ρCp)nf
(ρCp)f

(1 − φ)+ φ

(

(ρCp)s
(ρCp)f

)

, 

Fig. 12c. Graph of temperature with rising volume fraction.  

Fig. 12d. Graph of temperature with variation of volume fraction.  
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• Thermal conductivity κnf
κf

=
(κs+2κf )− 2φ(κf − κs)

κs+2κf+φ(κf − κs)
. 

Fig. 2(a) and (b) represents the solution domain graphs for stretch
ing/shrinking boundary profile with mass transpiration, while keeping 
all other parameters constant graphs showing that for shrinking 
boundary first root solution β1 shows decreasing nature in the positive 
region, the third root β3 shows the increasing nature in the negative 
region while in the same region the second root solution β2 shows 
continuously decreasing nature; in the stretching boundary the first root 
solution dramatically rises towards the positive region, the second and 

third root solutions shows decreasing and increasing nature in the 
negative region (see Fig. 1). In both stretching/shrinking boundary real 
root solution β1 exist in the positive region, while other both imaginary 
β2, β3 exist in the negative region, 

For a physical system the values of β must be real and hence this 
graphs define the regions which a physical system can actually exist, 
depending on which root to follow. It also shows that there are transi
tions from roots to roots depending parameter changes which at cusp 
points can lead to critical change in flow behaviours, for instance be
tween β2 and β3 in Fig. 2(a) and between β1 and β3 in Fig. 2(b). At
tentions should be paid to these cusp points to avoid critical changes in 
flow behaviours. 

Similarly, Fig. 3(a) and (b) portray solution domain graphs for 
stretching/shrinking boundary profile with micropolar parameter, while 
keeping all other parameters constant, graphs showing that for shrinking 
boundary the first root solution β1 shows decreasing nature and third 
root solution β3 shows increasing nature, but second root solution β2 
decreases continuously in the negative region, for stretching boundary 
the first root solution shows continuous increasing nature, second root 
shows the increasing nature in negative region while in the same region 
third root β3 solution shows increasing nature. In both stretching/ 
shrinking boundary only real root solution β1 lies in the positive region, 
but in shrinking boundary second solution β3 also possess in positive 
region. As in Fig. 2, critical transition takes place between β2 and β3 in 
Fig. 3(a) and between β1 and β3 in Fig. 3(b), where attention has to be 
paid to. 

Fig. 4 represents the skin friction graph with mass transpiration for 
variation of micropolar parameter, while keeping inverse Darcy number 
and other parameter constant and with positive velocity slip, increasing 
values of Eringen parameter is connected with stronger rheological ef
fects which tends to decays the velocity gradient. Meanwhile, as the 
velocity decreases, which reduces energy dissipation and therefore the 
thermal gradient decreases. The graph shows that the couple stress 
gradient under increasing values of micropolar parameter is zero on 
surface and then increases towards the negative direction in stretching 
boundary. This seems to suggest a way to reduce friction around the 
membrane, but suitably tuning the suction of the flow around the 
membrane. 

Fig. 5 represents the couple stress graph with mass transpiration for 
variation of Eringen number, while keeping the inverse Darcy number 
and other parameter constant and with positive velocity slip. Increasing 
values of Eringen parameter is connected with stronger rheological ef
fects which tends to decay the velocity gradient. Meanwhile, as the 
velocity decreases, it similarly decreases the dissipation of energy and 
therefore the thermal gradient decrease graph shows that while increase 
the Eringen number the behavior of skin friction decreases dramatically. 
This again is another measure in which the viscosity of the base fluid can 
be altered accordingly by altering the suction around the membrane, in 
order to suit the fuel-cell flow requirements. 

Fig. 6(a) and (b) represent the graphs of suction of normal velocity 
profile with similarity variable, effectively its distance away from the 
stretching surface, while keeping inverse Darcy number, and other pa
rameters constant. The first graph shows that the shrinking boundary 
exhibits dual solution: increasing the suction parameter increases the 
both higher and lower branch solution. In Fig. 6(b) the stretching 
boundary exhibits the unique solution and while raising the S parameter 
the solution shows decreasing in nature. The S parameter shows 
increasing nature for stretching and showing reverse nature for shrink
ing boundary. 

Fig. 7(a) and (b) represent the inverse Darcy number graphs for 
normal velocity profile against its similarity variable, while keeping 
Eringen number and other parameters constant, to show how the pres
ence of porous factor will alter the velocity profile and change the fluid 
flow structure. The flow paths for the flow of the fluid are restricted due 
to improvement in the shape factor which exhibit frictional and drag 
force on the liquid. This results in reduction in improvement of velocity 

Fig. 13a. Temperature variation for different Eringen micropolar parameter.  

Fig. 13b. Temperature variation for different Eringen number for stretch
ing boundary. 
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profile. The first graphs shrinking boundary exhibits the dual solution 
shows the increasing of inverse Darcy parameter increases the both 
higher and lower branch solution, in the second graph for stretching 
boundary exhibits the unique solution and while rising the inverse Darcy 
parameter the solution shows decreasing in nature, inverse Darcy 

number parameter shows increasing nature for stretching and showing 
reverse nature for shrinking boundary. 

Fig. 8(a) and (b) represent the variation of Eringen number against 
the normal velocity profile with similarity variable, while keeping in
verse Darcy number and other parameters constant. The first graph’s 

Fig. 14a. Variation of temperature profile for different values Ni. For shrinking boundary.  

Fig. 14b. Variation of temperature profile for different values Ni. For stretching boundary.  
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shrinking boundary exhibits dual solution as well: it shows the 
increasing Eringen number decreases the both higher and lower branch 
solution. After all the Eringen number is the ratio of thermal 

conductivity over momentum transfer, and hence increasing Eringen 
number simply tells that heat transfer is more dominant in the flow. In 
the second graph for stretching boundary exhibits the unique solution 

Fig. 15a. Variation of temperature profile for different values of Nr for a shrinking surface.  

Fig. 15b. Variation of temperature profile for different values of Nr for a stretching surface.  
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Fig. 16a. Variation of temperature profile for different jump near a shrinking boundary.  

Fig. 16b. Variation of temperature profile for different jump near a stretching boundary.  
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and while raising Eringen number the solution shows decreasing in 
nature, Eringen number shows decreasing nature for both stretching/ 
shrinking surface, meaning increase in momentum transfer and hence 
help electrical conductivity. 

Fig. 9(a) and (b) represents the inverse Darcy number graphs for 
angular velocity profile against distance from the surface, while keeping 
Eringen number and other parameters constant, and positive velocity 

slip b. The angular velocity is an indication of the shear flow inside the 
system. The flow paths for the flow of the fluid are restricted due to 
improvement in the permeable factor which exhibit frictional and drag 
force on the liquid. This results in improvement in the thermal profile. 
the first graphs shrinking boundary exhibits the dual solution shows the 
increasing of inverse Darcy parameter increases lower branch solution 
but decays the upper branch solution, in second graph for stretching 

Fig. 17a. Temperature profile for different suction near a shrinking boundary.  

Fig. 17b. Temperature profile for different suction near a stretching boundary.  
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boundary exhibits the unique solution and while rising the inverse Darcy 
parameter the solution shows decreasing in nature, inverse Darcy 
number parameter shows increasing nature for lower branch solution 
and decreasing nature for upper branch solution for both stretching and 
shrinking boundary, 

Fig. 10(a) and (b) represents the mass transfer graphs for angular 
velocity profile with similarity variable, with Eringen number, inverse 
Darcy number constant, and positive velocity slip b. The first graph’s 
shrinking boundary exhibits the dual solution shows the increasing of 
mass transfer parameter increases higher branch solution but decreases 
lower branch solution. In the second graph for stretching boundary 
exhibits the unique solution and while rising the mass transfer 

parameter the solution shows decreasing in nature, mass transfer 
parameter shows increasing nature for upper branch solution for 
stretching and decreasing nature for shrinking boundary. 

Fig. 11(a) and (b) represents the Eringen number graphs for angular 
velocity profile with similarity variable, while keeping inverse Darcy 
number mass transfer parameter constant, with positive slip parameter 
b. Increasing values of Eringen parameter is connected with stronger 
rheological effects which tends to decay the velocity gradient. Mean
while, as the velocity declines, the dissipation of energy decreases and 
therefore the thermal gradient decreases. The first graph shrinking 
boundary exhibits the dual solution shows the increasing of micropolar 
parameter decreases the higher branch solution and rises the lower 
branch solution. In the second graph for stretching boundary exhibits 
the unique solution and while rising the micropolar parameter the so
lution shows decreasing in nature, Eringen number shows decreasing 
nature for shrinking/stretching boundary for first branch solution. 

Fig. 12(a) and (b) represents the volume fraction graphs for velocity 
profile with similarity variable, while keeping inverse Darcy number 
mass transfer parameter constant, with positive slip parameter b. 
Increasing volume fraction of nanoparticles leads to the enhancement of 
temperature of central line. The first graph shrinking boundary exhibits 
the dual solution shows the increasing of volume fraction parameter 
increasing the both solutions in stretching/shrinking sheet in the fluid 
region. This points to changing the flow pattern and structure by 
changing the composition of the fluid itself and hence alter the overall 
fuel cell performance. The shifting of different branches also causes 
attention changing the composition may abruptly change the entire flow 
structure as it reaches critical point. 

Fig. 12(c) represents the volume fraction graphs for temperature 
profile with similarity variable, while keeping radiation, mass transfer, 
Prandtl number, and other parameters constant. Results indicate that an 
increase of volume fraction of nanoparticles leads to the enhancement of 
the volume fraction temperature of central line of flow, rising the vol
ume fraction parameter rises the both upper and lower branch solution 
for shrinking boundary. Fig. 12(d) represents the volume fraction graphs 
for temperature profile with similarity variable for stretching boundary, 

Fig. 18. Variation of heat transfer rate for different Eringen number for 
stretching boundary. 

Fig. 19. Variation of heat transfer rate against suction for different mass transfer rate for a stretching boundary.  
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while keeping radiation, mass transfer, Prandtl number, and other pa
rameters constant, rising the volume fraction parameter rises the upper 
branch solution, raising the volume fraction parameter raises both upper 
and lower branch solution for both stretching/shrinking boundary. An 
increase in thermal conductivity with the volume fraction nanoparticles, 
also the thermal boundary layer thickness reduces with an amplify for 
nanoparticles thus the rate of heat transfer enhances with increases of 
volume fraction. 

Fig. 13(a) and (b) represents the Eringen number graphs for tem
perature profile with similarity variable, while keeping radiation, heat 
source/sink, temperature slip, mass transfer parameter constant, with 
positive slip parameter b. Increasing values of Eringen parameter is 
connected with stronger rheological effects which tends to decays the 
velocity gradient, Meanwhile, the velocity is declining, which reasons to 
decline the dissipation of energy and therefore the thermal gradient 

decrease, the first graph shrinking boundary exhibits the dual solution 
shows the increasing of Eringen number decreases the higher branch 
solution and rising the lower branch solution. In the second graph for 
stretching boundary exhibits the unique solution and while rising the 
Eringen number the solution shows decreasing in nature, Eringen 
number shows decreasing nature for shrinking/stretching boundary for 
first branch solution, 

Fig. 14(a) and (b) represents the heat source/sink graphs for tem
perature profile with similarity variable, while keeping radiation, 
Eringen number, temperature slip, mass transfer parameter constant, 
with positive slip parameter b. The parameter Ni refers to the amount of 
heat produced/consumed per unit volume. Internal heat generation/ 
absorption actually improves the heat transfer, increase of heat source/ 
sink increases the thickness of thermal boundary layer. Increasing the 
heat sources intensity corresponds to a greater thermal diffusion layer, 
presence of heat source limits in the flow state produces more heat, due 
to the production of energy in the thermal boundary layer. The first 
graph shrinking boundary exhibits the dual solution shows the 
increasing of heat source/sink parameter rises higher branch solution 
and decreases the lower branch solution. In the second graph for 
stretching boundary exhibits the unique solution and while rising the 
heat source/sink parameter the solution shows increasing in nature, 
heat source/sink parameter shows increasing nature for both shrinking/ 
stretching boundary for first branch solution. 

Fig. 15(a) and (b) represents the thermal radiation graphs for tem
perature profile with similarity variable, while keeping heat source/ 
sink, Eringen number, temperature slip, mass transfer parameters con
stant, with positive slip parameter b. The temperature boundary layer 
thickness increases in radiation absorption throughout the boundary 
layer region the temperature of the fluid strengthens with reinforcement 
in time for both stretching/shrinking case, radiation behaves like a 
supporting force which accelerates the fluid particles near the vicinity of 
the plate. It is also noted that temperature boundary layer thickness 
increases when radiation tends to increase inside a boundary layer re
gion. The first graph shrinking boundary exhibits the dual solution 
shows the increasing of thermal radiation parameter increases the both 
higher branch and lower branch solution. In the second graph for 
stretching boundary exhibits the unique solution and while rising the 
thermal radiation parameter the solution shows increasing in nature, 

Fig. 20. Variation of heat transfer rate with different volume fraction for a 
stretching boundary. 

Fig. 21. Variation of heat transfer rate for different of radiation for a stretching boundary.  
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thermal radiation parameter shows increasing nature for both shrink
ing/stretching boundary for both higher and lower branch solution. 

Fig. 16(a) and (b) represents the temperature jump graphs for tem
perature profile with similarity variable, while keeping heat source/ 
sink, radiation, micropolar, mass transfer parameters constant. The 
temperature decreases with increasing the thermal jump parameter. The 
first graph shrinking boundary exhibits the dual solution shows the 
increasing the positive slip parameter b decreases the both higher 
branch and lower branch solution. In the second graph for stretching 
boundary exhibits the unique solution and while rising the slip param
eter b the solution shows decreasing in nature, slip parameter b shows 
decreasing nature for both shrinking/stretching boundary for both 
higher and lower branch solution. 

Fig. 17(a) and (b) represents the mass transfer graph for temperature 
profile with similarity variable, while keeping heat source/sink, radia
tion, Eringen number, velocity slip parameters constant, the first graph 
shrinking boundary exhibits the dual solution shows the increasing the 
mass transpiration increases the both higher branch and lower branch 

solution, in the second graph for stretching boundary exhibits the 
unique solution and while rising the mass transfer the solution shows 
increasing in nature, mass transfer shows increasing nature for both 
shrinking/stretching boundary for both higher and lower branch 
solution. 

Fig. 18 represents the heat transfer rate profile with mass transfer for 
different Eringen number, while keeping heat source/sink, radiation, 
velocity slip parameters constant. Increasing values of Eringen param
eter is connected with stronger rheological effects which tends to decays 
the velocity gradient, Meanwhile, the velocity is declining, which rea
sons to decline the dissipation of energy and therefore the thermal 
gradient decrease thermal layer has an increase behavior for both pos
itive and negative values of mass transpiration, the thermal boundary 
layer rises when the Eringen number rises for stretching boundary. 

Fig. 19 represents the heat source/sink graph for heat transfer rate 
profile with mass transfer, while keeping micropolar, radiation, Eringen 
number, velocity slip parameters constant. The thermal layer has a 
decreasing behavior for both positive and negative values of mass 
transpiration, the thermal boundary layer decays when the heat source/ 
sink parameter rises for the stretching boundary. 

Fig. 20, represents the volume fraction graph for heat transfer rate 
profile with mass transfer, while keeping Eringen number, radiation, 
Eringen, velocity slip parameters constant. The thermal boundary layer 
upsurges when volume fraction parameter upsurges and with an 
amplification of nanoparticle volume fraction and thus the rate of heat 

Fig. 22. Graph of heat transfer rate with variation of temperature slip.  

Table 1  

Properties H2O Au 

ρ(kg m-3) 997.1 19300 
Cp(J kg K-1) 4179 129 
k(W m K-1) 0.613 318  

Table 2  

Parameters Eringen number 
Er 

Mass transpiration 
S 

Darcy number 
Da− 1 

Volume fraction 
φ 

Thermal radiation 
Nr 

Heat source/sink 
Ni 

Velocity slip 
b 

Skin friction fηη(0) Increases – – – – – – 
Reduced couple stress coefficient 

gη(0)
Increases – – – – – – 

Velocity profile fη(η) Decreases Decreases Decreases Decreases – – Decreases 
Angular velocity g(η) Decreases Decreases Decreases – – – Decreases 
Temperature θ(η) Increases Increases – Increases Increases Increases Decreases 
Heat transfer rate − θη(0) Increases – – Increases Increases Decreases Increases  
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transfer enhances with increase of volume fraction of nano particles. For 
the stretching boundary, thermal layer has an increasing behavior for 
both positive and negative values of mass transpiration. 

Fig. 21, represents the radiation graph for heat transfer rate profile 
with mass transfer, while keeping micropolar, heat source/sink, Eringen 
number, and velocity slip parameters constant, thermal layer has an 
increase behavior for both positive and negative values of mass tran
spiration, the thermal boundary layer increases when the radiation 
parameter increases for the stretching boundary. 

Fig. 22 represents the velocity slip graph for heat transfer rate profile 
with mass transfer, while keeping Eringen number, heat source/sink, 
micropolar, velocity slip parameters constant. The thermal boundary 
layer upsurges when the temperature slip parameter upsurges, thermal 
layer has an increase behavior for both positive and negative values of 
mass transpiration for the stretching boundary. 

A summary of the results can be tabulated as in Table 2. 
Setting the numerical value of the Prandtl number Pr is 6.2 for water, 

and the range of parameters taken as Eringen number 0 ≤ Er ≤ 5, Mass 
suction/injection -4 ≤ S ≤ 5, inverse Darcy number 0.5 ≤ Da− 1 ≤ 4, 
thermal radiation parameter 0.1 ≤ Nr ≤ 4, volume fraction 0.1 ≤ φ ≤

0.3, velocity slip 0.1 ≤ b ≤ 5, heat source/sink 0 ≤ Ni ≤ 4, thermal 
jump 0 ≤ B ≤ 4 using physical properties given in Table 1, the table 
below shows that varying several parameters effect on momentum and 
temperature of the fluid flow. 

Comparing to other works, this particular work generalises the 
overall solutions to include both heat and mass transfer. The table below 
(Table 3) compares the present study and other related works make 
themselves a special case of the current work. 

6. Conclusion of remarks 

Through this present investigation, we closely examine the micro
polar fluid with suspension of nanofluid across a porous stretching/ 
shrinking sheet with heat source and sink along with inclusion of ther
mal radiation with velocity and temperature slip boundary condition. 
The application arises in our study of advanced fuel cell and the results 
all show different ways in which the performance of the fuel cell can be 
improved. 

With this schematic an objective in mind, the fluid flow field is 
analysed by converting the similarity variables. The momentum and 
temperature equations are converted to relevant ordinary differential 
equations solvable by analytical procedures. We found closed analytical 
solution for the significant physical characteristics like heat source/sink, 
velocity, and temperature slip, Eringen parameter, radiations have been 
examined in the present work. The following points are observed by the 
present work  

• Dual solutions exist for the flow system, and there exists critical 
points around its solutions.  

• For normal velocity the inverse Darcy number parameter shows 
increasing nature for stretching and showing reverse nature for 
shrinking boundary,  

• The heat source/sink parameter shows increasing nature for both 
shrinking/stretching boundary for first branch solution,  

• Mass transfer shows increasing nature for both shrinking/stretching 
boundary for both higher and lower branch solution.  

• Thermal radiation parameter shows increasing nature for both 
shrinking/stretching boundary for both upper and lower branch 
solution.  

• For normal and angular velocity micropolar parameter shows 
decreasing nature for shrinking/stretching boundary for first branch 
solution, 

Limiting example of the current study is included in many previous 
researches as follows:  

• If absence of porous media radiation, heat source and sink and 
nanofluids, {our results} → {results of [20]},  

• If solution domain, velocity and temperature slip is zero, and mass 
transpiration is zero {our results} → {results of [40]}.  

• If absence of heat source and sink and nanofluids, porous media {our 
results} → {results of [37]}, 

All these results present viable mechanisms to improve the flow 
structure and hence performance of the fuel cell. The implementation of 
these solutions will be investigated in future endeavours. Further ex
tensions of the current work can be implemented incorporating new 
physical mechanisms, such as buoyancy effect, activation energy, 
viscoelastic fluid, or non-Newtonian fluid rheology over various geom
etries, like stretching/shrinking sheet, rotating disk, cylinder, cone, 
wedge, convergent/divergent channel, divergent channel, Riga plate, 
microchannel. etc. 
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