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A B S T R A C T   

Hydrocarbon flows in a marine riser may appear in multiple phases with varying flow patterns, among which, 
slug flows are known to exhibit complex flow characteristics due to fluctuations in multiphase mass, velocities, 
and pressure changes. Bulk of the literature concerning internal single and two-phase flow induced vibrations 
have largely focused on the use of a linearized tension beam model. In this study, the fluid-structure interaction 
phenomena of a submerged long flexible cylinder conveying two-phase slug flows is investigated taking into 
account the geometric and hydrodynamic nonlinearities. A semi-empirical theoretical model which consists of 
nonlinear structural equations of coupled out-of-plane, in-plane and axial structural motions is presented for the 
analysis and prediction of two-phase slug flow induced vibrations (SIV). The model includes equations involving 
centrifugal and Coriolis forces to capture mass variations in the slug flow regime. A numerical space-time finite 
difference approach combined with a frequency domain analysis is used for analyzing the highly nonlinear three- 
dimensional responses. The model assumes constant geometric properties across the span of the cylinder and 
utilizes an idealized slug unit concept, wherein slug properties are considered to be fully developed and un-
disturbed by pipe oscillations. Model validations are performed through comparisons with published experi-
mental internal flow-induced vibration results. Parametric study captures the effects of several key slug 
characteristics on the vibration responses of a fluid-conveying cylinder. The results demonstrate amplitude- 
modulation response, mean displacements, three-dimensional cylinder displacements due to geometric 
nonlinear couplings and the influence of internal flow velocities. Higher dominant modes and oscillation fre-
quencies were observed when the cylinder experiences large amplitude motions at specific slug formations. A 
new dimensionless parameter is introduced to predict scenarios of high amplitude oscillations for long flexible 
cylinders carrying two-phase slug flows.   

1. Introduction 

In the last few decades, the abundant growth in energy demands and 
the depletion of hydrocarbon sources in shallow waters have led oil and 
gas industry pioneers explore hydrocarbon reserves in deep-water 
oceans. One main component used during oil and gas production in 
deep-water oceans are marine risers, which are long flexible cylindrical 
structures providing a link between the subsea wells and the offshore 
floating unit (Mohmmeda et al., 2019). Due to its flexible nature and 
high aspect (length-to-diameter) ratio, risers can undergo significant 
flow-induced vibrations (FIV) when exposed to unavoidable environ-
mental loads such as currents, waves, and internal flow. Transportation 
of hydrocarbons in marine risers mostly occurs in multiple phases, as 
simultaneous flow of gas, liquid and solids or a combination of the two 

(Ehinmowo and Cao, 2015). Depending on the pipe-flow properties and 
phase interaction characteristics, several flow patterns may emerge. 
This in turn can lead to complex hydrodynamic behaviour because of 
various space-time varying multiphase flow variables. Of the various 
multiphase flow regimes, the slug flow regime may induce large vibra-
tions and cyclic stresses along the pipeline due to chaotic fluctuations in 
mass distributions and pressure variations (Mohmmeda et al., 2019). 
Recently, Khan et al. (2022) presented a comprehensive review of 
two-phase flow-induced vibration. The review reported that most of the 
literature acknowledges that significant vibrations occur for straight 
pipes and pipes with bends during slug or churn flow regimes. In prac-
tice, many accidents have been reported with the primary cause iden-
tified as vibrations due to internal flow. Slug liquid accumulation in a 
steam pipeline of a chemical plant resulted in a rupture accident due to 
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excessive pressure increase (Gong, 2010). Zaldivar (2014) recorded a 
failure in the riser section due to cyclic stresses on the pipeline 
conveying two-phase slug flows. 

Over the years, the effect of internal multiphase flow has been 
ignored with researchers more focused on the dynamics of a riser due to 
external loads such as ocean currents and waves. However, in the recent 
past, several theoretical and numerical approaches have been employed 
by researchers to better understand the dynamics of internal flow- 
induced vibrations. These approaches involve the development of 
mathematical models and the use of computational fluid dynamics 
techniques. Griffith (1984) observed the mechanism whereby mass 
fluctuations in densities were noticed during slug flow which led to vi-
brations in a riser when the structure natural frequency was close to the 
fluctuation frequencies. Moe and Chucheepsakul (1988) investigated 
the effect of internal single-phase fluid through a vertical riser and 
noticed that the natural frequencies decreased as the internal flow ve-
locities increased. The authors also noticed structural instabilities at 
specific internal flow velocities during the slug flow regime. 

Patel and Syed (1989) investigated the effects of internal slug flow on 
the response of flexible marine risers. A numerical model comprising 
dynamic excitation due to fluctuating internal mass was developed and 
compared with results from experimental arrangements. The study 
showed high internal pressures due to two-phase slug flows can induce 
large displacements and lead to cyclic stresses on the system. Wu and 
Lou (1991) developed a mathematical model to analyse the lateral 
motion of a marine riser conveying internal flow. The study concluded 
that the displacements and bending stress are sensitive to bending 
stiffness and that stiffness becomes an influencing parameter in the 
dynamic response at high internal flow velocities. Monette and Petti-
grew (2004) studied the fluid elastic instability behaviour of vertical 
cylinders under internal two-phase flow and modified the existing 
theoretical model, which was originally developed for single-phase 
flows. Monprapurson et al. (2006) studied the effects of internal pulsa-
tile flow on the static and dynamic response of an extensible flexible 
marine riser. Results from the study revealed that internal flow accel-
erations could displace vibrational equilibrium positions of the marine 
riser and fluctuations in internal flow cause large amplitude displace-
ments and a decrease in natural frequencies. 

A free vibration natural frequency analysis was performed by 
Henandez et al. (2014) on a marine riser transporting internal multi-
phase flow. The study demonstrated the contributions of centrifugal and 
Coriolis forces to the dynamic behaviour of the riser as internal flow 
velocity increases. Slug flow induced vibrations (SIV) of a steel lazy 
wave marine riser was studied by Miranda and Paik (2019) using a 
space-time varying rectangular pulse train mass. The study observed 
vibration frequencies excited at slug frequencies. During low slug fre-
quencies and long liquid slugs the amplitude of motion was found to be 
large and vice-versa during high slug frequencies and short liquid slugs. 
Jia (2012) investigated the SIV phenomenon in a pipeline span, jumper 
and riser section using computation fluid dynamics approach. Numeri-
cal results presented insights into the process of slug formation and 
decay in conjunction with pipe displacements due to slug flow. In a 
following study, Jia (2013) analysed the effect of different boundary 
conditions, flow rates, slug lengths and slug frequencies on the dynamic 
response of a straight horizontal pipe. Slug-induced vibrations were 
found to be the highest at higher liquid flow rates and long slug lengths. 

Moreover, experimental investigations have also been performed to 
understand two-phase flow-induced vibration problems. Experiment 
studies on slug flow induced vibrations of straight pipes have been 
performed by few researchers. The effect of superficial velocities on the 
vibration responses of a horizontal pipe conveying air-water slug flows 
was conducted by Al-Hashimy et al. (2016). Vibration response ampli-
tudes were noticed to increase gradually with increase in liquid super-
ficial velocities at fixed gas superficial velocities, whilst oscillation 
frequencies decreased with increase in liquid superficial velocities. 
Additionally, pipe displacements increased up to 64 % when liquid 

superficial velocities increased from 0.65 m/s to 1 m/s. Wang et al. 
(2018) validated the developed semi-empirical model using in-house 
experiments to investigate the effect different slug flow characteristics 
such as liquid slug lengths (LS), and translational velocities (Vt). Oscil-
lations due to two-phase slug flows were found to be due to sudden 
changes in the structure mass, stiffness and loading when liquid slugs 
pass through the system indicating the significant influence of centrif-
ugal and Coriolis force on the dynamic response of the structure. Vi-
bration responses were also noticed to be large when the longest slug 
passed through the system. 

In addition, experiments on catenary shaped cylinders have also 
been conducted. Bordalo et al. (2008) conducted laboratory experiments 
to study the influence of internal two-phase flow on the vibration re-
sponses of a catenary riser. The investigation observed the riser response 
to annular and slug flow patterns and showed that large oscillation 
amplitudes occur during the slug flow regime when compared to 
annular flows. A series of laboratory experiments were carried out by 
Zhu et al. (2018a) for small-diameter tubes to investigate SIV of a free 
hanging catenary riser. Superficial velocities of liquid and gas were 
varied from 0.1 m/s to 0.6 m/s and 0.06 m/s to 0.3 m/s respectively. 
During low liquid superficial velocities severe slugging were noticed 
with liquid slug lengths smaller than the length of the pipe. As liquid 
superficial velocities increase, varying slug lengths and chaotic oscilla-
tions were noticed. In a further study Zhu et al. (2018b) observed that at 
higher gas-liquid ratios multi-mode oscillation responses were noticed 
while at lower mixture velocities, accumulation of longer liquid slugs 
lead to high oscillation amplitudes. With an increase in mixture veloc-
ities, the accumulation of long liquid slugs appeared to be difficult due to 
the increase in gas superficial velocities. 

The bulk of the literature concerning flow-induced vibrations has 
primarily focused on the structural dynamics of a riser subjected to 
external hydrodynamic loads, such as vortex-induced vibrations, with 
few studies addressing internal two-phase flow-induced vibrations. 
Furthermore, literature on two-phase flow-induced vibrations has pre-
dominantly utilized a simplified linearized tensioned beam model. 
Fundamental understanding of the SIV phenomena in three-dimensional 
(3-D) space and time considering in-line and axial dynamics remains 
limited. Therefore, this study takes into account the geometric and hy-
drodynamic nonlinearities to address limitations in the SIV model and 
presents a three-dimensional vibration prediction model for the analysis 
of two-phase slug flow induced vibrations of a long flexible cylinder. 
Moreover, this study employs an idealized slug unit concept through a 
rectangular pulse train model, presuming fully developed slug flow 
properties that remain unaffected by pipe oscillations. Additionally, the 
slug flow model is considered time varying, maintaining constant flow 
properties as it passes through cylinder. 

This paper is structured as follows. In Section 2, a system of 
dimensional and dimensionless nonlinear equations capable of predict-
ing vibrations due to internal two-phase slug flows are presented along 
with external nonlinear hydrodynamic forces. In Section 3, the devel-
oped 3-D SIV model is validated with experimental comparisons. Results 
from a parametric study analyzing the effect of slug characteristics on 
the dynamic response of a vertical straight cylinder are presented in 
Section 4. The paper ends with the conclusions in Section 5. 

2. Three-dimensional SIV phenomenological model 

Marine risers with high aspect (length-to-diameter, L/D) ratios are 
commonly utilized for deep-water explorations, making them prone to 
high amplitude oscillations caused by both external hydrodynamic loads 
and internal multiphase flows. Fig. 1 depicts the schematic model of 
long flexible cylinder in a fixed global Cartesian (X − Y − Z) system 
subjected to internal two-phase slug flow traversing through the cylin-
der and single-phase external flow. The cylinder in this study is 
considered to be vertical and fully submerged with two-phase internal 
flows in the axial direction. Two different conditions of the riser are 
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described, the initial equilibrium state subjected to internal loading and 
the dynamic response configuration experiencing travelling internal 
slug flows from a static equilibrium in the vertical direction. The flexible 
cylinder is assumed to be linearly elastic with constant Young’s modulus 
(E) and have uniform structural properties such as mass per unit length 
(m), still water added mass (ma = ρπD2/4 with ρ being external fluid 
density, per length (L), mass of internal fluid (mf ), per length (L), 
diameter (D), bending stiffness (EI), axial stiffness (EAr), cross-sectional 

area (Ar), damping coefficient (c) and moment of Inertia (I). The cylin-
der is capable of further displacements in the X direction due to 
nonlinear coupling terms in the equation. Also, for realistic predictions 
of SIV for offshore operations, it is crucial to take into consideration 3-D 
vibration response and geometric nonlinearities (Zanganeh and Srinil, 
2016). Fig. 2 illustrates the application of the slug unit cell concept in 
this study originally introduced by Wallis (1969). In this concept, one 
slug unit is divided into a liquid phase (slug holdup, HLS) containing 

Fig. 1. Schematic 3-D model of a flexible cylinder subjected to external loads and internal two-phase slug flows.  

Fig. 2. Schematic view of an idealized slug unit cell.  

H.N.R. Meenakumari et al.                                                                                                                                                                                                                   



Applied Ocean Research 147 (2024) 103978

4

small gas bubbles, along with a gas phase over a thin liquid film (HLF), 
passing through the cylinder with a translational velocity, Vt. The 
travelling slug liquid holdup and liquid film experience shear stresses at 
the gas-wall, liquid-wall or liquid-gas interfaces. The slug liquid holdup 
is assumed to completely fill the cross-section of the cylinder over a 
length LS, while the thin film liquid holdup partially occupies the 
cross-section over a length LF. Together, these lengths constitute one 
slug unit with a total length LU. 

2.1. Three-dimensional nonlinear structural model 

The partial-differential equations of the riser response satisfying the 
Euler-Bernoulli beam hypothesis in three-dimensional space and time in 
general dimensional form can be expressed as (Hara, 1973; Srinil et al., 
2009; Zanganeh and Srinil, 2016): 
(
m + ma + mf

)
ü + cu̇ + EIu(IV) + 2mf Vtu̇′ + mf Vt

2u″
+
(

ṁf u̇ + Vtṁf u′

+ Vtm′
f u̇ + Vt

2mf
′u′
)
− (Tu′)′

= EAr(v″u′ + v′u″) +
1
2

EAr
(
3u″u

′2 + u″v,2 + 2v″v′u′ + u″w
′2 + 2w″w′u′)+ Fx

(1)  

(
m + ma + mf

)
v̈ + cv̇ + EIv(IV) + 2mf Vtv̇′ + mf Vt

2v″
+
(

ṁf v̇ + Vtṁf v′

+ Vtm′
f v̇ + Vt

2mf
′v′
)
− (Tv′)′

= EArv″ + 2EArv″v′ + EAr(u″u′ + v″v′ + w″w′) +
1
2

EAr
(
v″u′2 + 2u″u′v′

+ 3v″v,2 + v″w′2 + 2w″w′v′)+ Fy (2)  

(
m + ma + mf

)
ẅ + cẇ + EIw(IV) + 2mf Vtẇ′ + mf Vt

2w″
+
(

ṁf ẇ + Vtṁf w′

+ Vtm′
f ẇ + Vt

2mf
′w′
)
− (Tw′)′

= EAr(v″w′ + v′w″) +
1
2

EAr
(
w″u′2 + 2u″u′w′ + w″v′2 + 2v″v′w′ + 3w″w′2)+ Fz

(3)  

where u, v, and w represent structural displacements in the in-plane (X), 
axial (Y) and out-of-plane (Z) directions, Fx, Fy, and Fz are the corre-
sponding hydrodynamic forces respectively and Vt is the internal slug 
translational velocity. The overdot and prime in the equations denote 
derivatives with respect to time ti and space y, and T represent tension in 
space. For risers with varying inclination angles, the change in tension 
(T) across the length of the cylinder can be expressed as: 

T = T0 − g
(

m −
ρπD2

4

)

(L − Y)sinθ (4) 

Where T0 is the top pre-tension, g is acceleration due to gravity and L 
is the total length of the cylinder. The overall structure geometric non-
linearities, mean displacements and 3-D vibrations are accounted for 
through quadratic and cubic coupling terms in the Eqs. (1-3). The semi- 
empirical model also takes into account the centrifugal force and the 
Coriolis force, in addition to inertial and momentum change effects to 
emulate vibrations due to hydrodynamic slug flows which have been 
identified as crucial in describing two-phase flow-induced vibrations 
(Hara, 1973). 

2.2. Nonlinear hydrodynamic forces 

Vortices are shed when the submerged cylinder oscillates due to 
internal two-phase slug flows causing hydrodynamic drag and lift forces 
with frequencies 2Ωf and Ωf respectively. The respective drag and lift 
forces caused by the shed vortices induce oscillations in the in-plane and 
out-of-plane directions. The oscillations in the in-plane and out-of-plane 
directions instigate oscillations in the axial direction (Eq. (2)) due to the 

nonlinear coupling terms in the equations. The fluctuating and self- 
exciting drag and lift forces can be modelled using the van der Pol 
wake oscillator equation by introducing wake variables p = 2CD/Cdo 
and q = 2CL/Clo, where CD, CL, Cdo and Clo are oscillating drag, oscil-
lating lift, wake associated drag and wake associated lift coefficients 
respectively (Facchinetti et al., 2004). The wake oscillator model can be 
expressed as: 

p̈ + 2εuΩf
(
p2 − 1

)
ṗ˙+ 4Ω2

f p =
Λu

D
ü (5)  

q̈ + εwΩf
(
q2 − 1

)
q̇˙+ Ω2

f q =
Λw

D
ẅ (6) 

Where Ωf = 2πStVe
D , St is the Strouhal number (assumed to be 0.18 

following Song et al. (2011)) and Ve is the external flow velocity. For a 
stationary cylinder, the drag and lift forces align with in-plane and 
out-of-plane directions, dictating Fx = FD and FZ = FL whose projection 
is shown in Fig. 1. During cylinder oscillations, the drag and lift forces 
become random and no longer correspond to the X and Z direction due 
to the cylinder relative motion. By following Zanganeh and Srinil 
(2016), the total and drag and lift forces acting with a clockwise hori-
zontal angle of θ and γ as shown in Fig. 1(c) considering structure and 
external flow relative velocities, Vrel and wake variables, the associated 
three-dimensional fluid forces can be expressed as: 

Fx =
1
4

ρDVrelCl0qẇ˙+
1
4

ρDVrelCd0p(V − u̇˙) +
1
2

ρDVrelCd(V − u̇˙) (7)  

Fy =
1
4

ρDVrelCl0qv̇˙+
1
4

ρDVrelCd0pv̇˙+
1
2

ρDVrelCdv̇˙ (8)  

Fz =
1
4

ρDVrelCl0q(V − u̇˙) −
1
4

ρDVrelCd0pẇ˙ −
1
2

ρDVrelCdẇ˙ (9) 

In which, Vrel =

Vrel =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(Ve − u̇̇)2
+ (v̇̇)2

+ (ẇ˙)
2
.

√

(10) 

Where Cd is the mean drag coefficient. The corresponding values for 
Cd0,Cl0, Cd, εu, εw, Au, Aw are empirical coefficients calibrated by Zan-
ganeh & Srinil (2016) using results from experimental study conducted 
by Song et al. (2011) are 0.2,0.3 1.2, 0.3,0 0.3, 12 and 12 respectively 
(Dai et al., 2013). It should be mentioned that the presented model is 
also capable of predicting vibrations due to external flow (vortex-in-
duced vibrations). However, the focus of this study is to investigate the 
three-dimensional response of a submerged flexible cylinder subjected 
to internal two-phase slug flow. 

2.3. Dimensionless nonlinear SIV model 

Dimensionless terms such as U = u/D, V = v/D, W = w/D, 
Y = y/D, Tm = ωnti, are introduced to the developed equations to 
achieve better understanding of the model during parametric study. The 
3-D dimensionless nonlinear partial differential equations of coupled 
out-of-plane, in-plane, and axial motions combined with the equation of 
motion for two-phase internal flow can be expressed as: 

(1+M)Ü + 2ζU̇˙+ EIU(IV) + 2UrMU̇˙
′
+ U2MU″

r

+
(
Ṁ˙U̇˙+UrṀ˙U′+UrM′U̇˙+U2M′

r U′) − (TnU′) =
EA

LD
(V″U′ +V′U″)

+
1
2

EA

LD

(

3U″U′2 +U″V′2 +
2

LD
V″V′U′ +U″W′2 +

2
LD

W″W′U′
)

+ Fx

(11)  
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(1+M)V̈ + 2ζV̇˙+ EIV(IV) + 2UrMV̇˙
′
+ U2MV″

r

+
(
Ṁ˙V̇˙+UrṀ˙V′ +UrM′V̇˙+U2M′

r W′) − (TnV′)′ = EAV″ + 2
EA

LD
V″V′

+
EA

LD
(U″U′+V″V′ +W″W′)

+
1
2

EA

LD

(

V″U′2 +
2

LD
U″U′V′ + 3V″V′2 +V″W′2 +

2
LD

W″W′V′
)

+ Fy

(12)  

(1+M)Ẅ + 2ζẆ˙+ EIW(IV) + 2UrMẆ˙
′
+ U2MW″

r

+
(
Ṁ˙Ẇ˙+UrṀ˙W′ +UrM′Ẇ˙+U2M′

r W′) − (TnW′)′

=
EA

LD
(V″W′ +V′W″)

+
1
2

EA

LD

(

W″V′2 +W″V′2 +
2

LD
U″U′W′ +

2
LD

V″V′W′ + 3W″W′2
)

+ Fz

(13) 

Where, M =
mf
m0

, is the dimensionless mass quotient defined as the 
ratio of internal fluid mass (mf ) to the mass of the cylinder with added 
mass (m0 = m+ ma), and LD = L/D is the span ratio. ζ is the damping 
ratio described as 1

m0ωn
c = 2ζ, where ωn is the first natural frequency of 

the cylinder. Bending stiffness of the cylinder EI in dimensionless form is 
defined as EI = EI 1

m0ω2
nD4. Likewise, axial stiffness is expressed as the 

normalized product of modulus of elasticity and cross-sectional area EA 

= EAr
m0ω2

nD2. Ur is the dimensionless internal translational velocity 

expressed as, Ur = Vt
ωnD. Variation of tension in dimensionless form is 

expressed as: 

Tn = Tn0 − Gn(1+M)(1+Y)sinθ + Gn
π
4μ (1+Cm)(1 − Y)sinθ (14) 

Where, Tn0 = T
m0ω2

nD2 and Cm is the added mass coefficient. Non- 
dimensional tension equation gives rise to a unique parameter Gn =

g
w2

nD. Applying dimensionless terms to the wake oscillator model and the 
three-dimensional hydrodynamic force equations, the corresponding 
equations become: 

d2p
dT2

m
+ 2εuΩ

(
p2 − 1

)
(

dp
dTm

)

+ 4Ω2p = Au

(
d2U
dT2

m

)

(15)  

d2q
dT2

m
+ εwΩ

(
q2 − 1

)
(

dq
dTm

)

+ Ω2
f q = Λw

(
d2W
dT2

m

)

(16)  

Fx =
1

4μV′
relCl0qẆ˙+

1
4μV′

relCd0p
(

Vr

2π − U̇˙

)

+
1

2μV′
relCd

(
Vr

2π − U̇˙

)

(17)  

Fy =
1

4μV′
relCl0qV̇˙+

1
4μV′

relCd0pV̇˙+
1

2μV′
relCdV̇˙ (18)  

Fz =
1

4μV′
relCl0q

(
Vr

2π − U̇˙

)

−
1

4μV′
relCd0pẆ˙ −

1
2μV′

relCdẆ˙ (19)  

V′
rel =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(

Vr

2π − U̇
)2

+ (V̇)2
+ (Ẇ)

2

√

(20) 

Where μ = m0
ρeD2 and ρe is the external flow density. V′

rel is the dimen-
sionless relative velocity and Vr is the dimensionless external flow ve-
locity. In reality, two-phase flows may develop into different flow 
patterns in a riser based on the pipe-fluid properties (Bordalo et al., 
2008). The flow patterns may be further modified during pipe oscilla-
tion. In this study, attention is given to the slug flow regime, assuming 
that the slug properties analyzed remain undisturbed by pipe oscilla-
tions. According to Zhu et al. (2018) slug flow is inherently transient and 
unsteady. Bowen and Srinil (2020) and several other researchers have 

suggested that the randomness of slug flow in a flexible cylinder may be 
approximated by average properties. Therefore, a steady time-varying 
slug flow is assumed in this study, indicating that the slug sheds liquid 
from the back at the same rate that the liquid is gathered from the front. 
This implies that the slug lengths remain constant as each slug unit 
travels along the pipe. Furthermore, the slug flow is assumed to be fully 
developed and is modelled as a fluid with time-varying mass using a 
rectangular pulse train model, implemented with MATLAB codes and 
functions (Miranda and Paik, 2019). The highly nonlinear partial dif-
ferential Eqs. (11) – (20) are numerically solved for 3-D dynamic re-
sponses of the flexible cylinder by using a finite difference approach in 
both space and time domain (see Appendix A). Convergence tests of 
numerical simulations have been performed and the results in Section 3 
and 4 are based on the dimensionless time step of 0.001 and 100 
spatially discretized elements. 

3. Model validation with numerical comparisons 

Since experimental studies concerning slug flow induced vibrations 
of submerged vertical cylinders are sparse, numerical results of the 
present model is compared with theoretical model results of vertical 
straight drilling riser by Meng et al. (2018). The drilling riser is a sub-
merged long flexible cylinder with length, L = 500 m, outer diameter, 
D = 0.583 m and inner diameter, ID = 0.489 m, density = 7850 kg/m3, 
young’s modulus, E = 210 GPa. The density of the surrounding fluid is 
1025 kg/m3. The riser is subjected to internal single-phase flow with a 
density of 1600 kg/m3. It should be mentioned that single-phase flows in 
the model is achieved by considering a constant fluid density along the 
length of the cylinder. 

Fig. 3 displays the comparison between the first six natural fre-
quencies obtained from the present model with results obtained by Meng 
et al. (2018) for varying flow velocity ranging from 5 to 60 m/s. Free 
vibration frequency response results are obtained through low ampli-
tude initial condition, allowing the structure to vibrate at its natural 
frequencies. It can be seen from the Figure that the developed model 
follows similar trends of reducing natural frequencies as internal flow 
velocities increase from 5 to 60 m/s. The model is seen to obtain iden-
tical natural frequency values at lower flow velocities. However, natural 
frequency values at higher flow velocities and higher modes (4th, 5th 
and 6th) are found to be slightly higher than the compared results. 
Furthermore, an uncertainty analysis is carried out to measure the root 
mean square errors at each natural frequency. The analysis was con-
ducted by calculating the difference between model and theoretical 
natural frequency values at each internal flow velocity. The sum of the 
squared differences is obtained which is then divided by the total 
number of data points, and the square root of that value gives the root 
mean square errors (RMSE). The RMSE values for the 1st, 2nd, 3rd, 4th, 
5th and 6th natural frequencies were calculated to be 0.038, 0.069, 
0.098, 0.138, 0.176 and 0.228, respectively. It could be seen that model 
predictions of natural frequencies produce low RMSE with errors 
increasing as the natural frequencies increase. The discrepancies in the 
predicted natural frequencies and the increasing RSME is due to the fact 
that the developed model takes into account the geometrical non-
linearities (i.e., spring nonlinear stiffness) as opposed to linear structural 
equation approach adopted by Meng et al. (2018). Zanganeh and Srinil 
(2016) previously have observed that models excluding geometric 
nonlinearities tend to overestimate dominant modes, natural fre-
quencies and in-plane and out-of-plane amplitude results, which is 
common for a linearized model (Srinil, 2010). The model also captures 
parametric instabilities at similar flow velocities (Vt = 50 m/s) for all 
the 6 modes observed in the literature. It can be seen that the natural 
frequencies switch to lower frequencies at flow velocities above 50 m/s 
indicating the existence of parametric instabilities. Overall, it can be 
concluded that the presented 3-D model provide quantitative similar-
ities when compared with results from previous numerical simulations 
for submerged vertical flexible risers. 
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Fig. 3. Comparison between numerical results of obtained natural frequencies for increasing internal flow velocities.  

Fig. 4. Time history amplitude comparison between numerical and experimental results (Wang et al. (2018)).  
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In addition, the developed model has been compared with the 
experimental tests conducted by Wang et al. (2018) for a horizontal 
cylinder conveying two-phase slug flows. The fluid-conveying cylinder 
is surrounded by air with properties D = 0.063 m, L = 3.81 m, young’s 
modulus, E = 750 MPa, density = 926kg/m3 with internal liquid 
density = 1000kg/m3 and viscosity = 0.001 Pas. The steady-state in-
ternal slug flow is modelled as a rectangular pulse train, where a single 
slug unit (LU) includes liquid slug (LS) and an elongated gas bubble over 
a thin film of liquid (LF), thin film liquid holdup (HLF), slug liquid holdup 
(HLS), and translational velocity, (Vt), as shown in Fig. 2. The model 
follows rectangular waves with flat peaks, where area under the flat 
peak indicate liquid slug, whose length is LS. The thin liquid film in the 
model is represented as the area under the remaining slug unit whose 
length is LF. Fig. 4 compares the time history amplitude responses of 
numerical simulation and experiment results at the midpoint of the 
cylinder. It is worth mentioning, since the focus of the present com-
parison is to validate the capabilities of the model in predicting key SIV 
features, the oscillations in Fig. 4 are depicted around zero and their 
mean value has been removed. The time-history plot obtained from this 
study shows that the present model is capable of accurately capturing 
the SIV out-of-plane amplitude and frequencies compared to the 
experimental results. The minor discrepancies observed in Fig. 4 are due 
to differences in slug frequencies between the experiment tests and the 
simulation. Wang et al. (2018), varied the slug frequencies of each slug 
unit passing through the cylinder. In their work, the slug length LS and 
translational velocity, Vt, for each slug unit vary as 1.19 m, 1.09 m, 0.73 
m and 1.19 m and 3.50 m/s, 3.03 m/s, 3.64 m/s and 2.33 m/s, 
respectively. However, this study employs a steady-state slug flow, 
where the slug frequencies of all the slug units passing through the 
cylinder over time remain constant. Therefore, the values for LS, LF, and 
Vt, obtained from the literature, are fixed at 1.19 m, 10.53 m, and 3.5 
m/s, respectively, for all the slug units travelling along the cylinder. 
Secondly, the details of HLS and HLF values are absent in Wang et al. 
(2018), which may further affect the mean deflection at the cylinder 
midpoint. In the present study, these key slug flow characteristics were 
calculated using the iSLUG model (Zanganeh et al. (2021)). An uncer-
tainty analysis is performed to measure the error differences between 
experiment and simulation values. An RSME error of 0.00178 was ob-
tained from calculating the square root of the mean difference in 
amplitude values at each time step. The low RMSE value, along with the 
similar trends of amplitude and frequency response observed in Fig. 4, 
indicates that the model exhibits quantitative similarities when 
compared with previous experimental results. 

4. Numerical results of a long flexible cylinder conveying two- 
phase slug flows 

The long drilling riser used for validation in the previous section is 
considered for parametric study. The vertical cylinder has an aspect 
ratio of 858 and is assumed to be submerged in water with no external 
flow. The effect of the slug flow characteristics mentioned in the pre-
vious section, in addition to the mass quotient, M, which is the ratio of 
internal fluid mass over the mass of empty pipe with added mass, on the 
dynamic response of the vertical riser, is investigated in this section. In 
addition, four dimensionless translation velocities (Ur = 47.3, 
94.6,141.8 and 189.1) is considered for each varying slug parameter to 
capture maximum features of slug flow induced vibrations. 

Table 1 presents the details of all the slug characteristics that are 
varied for the parametric study. Four cases for each slug property are 
considered at four different translational velocities. A total of 16 cases 
are considered to anlayze the effect of one slug property. The slug liquid 
holdup (HLS), and the thin liquid film holdup (HLF), are varied in 

fractions of 15 from 0 to 1. Where the value 0 denotes empty pipe and 1 
indicate completely-filled liquid slug holdup (HLS) and thin film holdup 
(HLF) respectively. When varying HLS, HLF is considered to be 0 for all 16 
cases and while varying HLF, the HLS parameter is considered be 1. The 
slug liquid length, LS, is varied as a function of a constant slug unit 
length LU (17D) where 0.1, 0.35, 0.6 and 0.85 represent percentages of 
LU. The LU parameter is varied as a function cylinder diameter from 5D 
to 40D, during which LS and LF are divided into equal halves for every 
case of LU considered. Similarly, the mass quotient cases are varied as 
half, two and four times the fluid density considered during validation, 
while LS and LF values correspond to the highest amplitude observed 
during the LS case study. For all the cases of LS, LU and M the HLS and HLF 
values are 1 and 0 respectively to capture maximum momentum ex-
change between the two phases. 

4.1. Slug flow induced amplitude response and mean displacements 

Fig. 5(a-d) and (e-h) displays out-of-plane and in-plane maximum 
RMS amplitude response of the riser for all the slug flow parameters 
considered. While varying HLS (Table 1(a)), it was observed that at low 
internal flow velocities (Ur = 47.3 and 94.6), the maximum RMS 
amplitude increased linearly with each increase in the slug holdup 
value, HLS as seen in Fig. 5(a) and (e). The maximum amplitude in-
creases up to four times in the out-of-plane direction and up to eight 
times in the in-plane direction when HLS = 1 (completely-filled), 
compared to when HLS = 0.55 (half-filled). At higher translational flow 

Table 1 
Slug flow properties considered in cases of varying (a) HLS (b) HLF (c) LS (d) LU 

(e) M.

(a) 

Ur HLS HLF LS/D LF/D LU M 

47.3, 94.6, 141.8, 189.1 0.55 0 16 14 30D 1.788 
0.7 0 16 14 30D 1.788 
0.85 0 16 14 30D 1.788 
1 0 16 14 30D 1.788 

(b)       

Ur HLF HLS LS/D LF/D LU M 

47.3, 94.6, 141.8, 189.1 0 1 16 14 30D 1.788 
0.15 1 16 14 30D 1.788 
0.3 1 16 14 30D 1.788 
0.45 1 16 14 30D 1.788 

(c) 

Ur LS/D HLS HLF LF/D LU M 

47.3, 94.6, 141.8, 189.1 0.1 1 0 0.9 30D 1.788 
0.35 1 0 0.65 30D 1.788 
0.6 1 0 0.4 30D 1.788 
0.85 1 0 0.15 30D 1.788 

(d)       

Ur LU HLS HLF LS/D LF/D M 

47.3, 94.6, 141.8, 189.1 5D 1 0 0.5 0.5 1.788 
10D 1 0 0.5 0.5 1.788 
20D 1 0 0.5 0.5 1.788 
40D 1 0 0.5 0.5 1.788 

(e) 

Ur M HLS HLF LS/D LF/D LU 

47.3, 94.6, 141.8, 189.1 0.894 1 0 0.35 0.65 30D 
1.788 1 0 0.35 0.65 30D 
3.576 1 0 0.35 0.65 30D 
7.151 1 0 0.35 0.65 30D  
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velocities (Ur = 141.8 and 189.1), vibration amplitudes are significantly 
lower, and no changes in amplitude are observed as HLs increases. This 
may be due to the fact that at higher flow velocities, the slug travels 
through the pipe much faster, leaving very little time for the fluid to 
exert forces on the structure, thereby making it insignificant. This 
feature has also been previously observed by Bowen and Srinil (2020) 
for catenary pipes conveying two-phase slug flows. At lower flow ve-
locities, the increase in amplitude with increase in HLS may be attributed 
to the overall increase in the mass of the cylinder, allowing for greater 
mass and momentum fluctuations over time. 

In the case of varying HLF (Table 1(b)), at lower flow velocities, the 
maximum amplitude decreases with an increase in HLF as seen in Fig. 5 
(b) and (f). This decrease is expected as the interaction between the 
liquid and gas phases becomes minimal, resulting in lower overall 
fluctuations of the two-phase flow. At higher flow velocities, the 
maximum amplitude trends are similar to those previously discussed for 
HLS, with negligible changes in amplitude. 

Furthermore, in the case of varying LS (Table 1(c)), the out-of-plane 
and in-plane RMS amplitudes are found to be the highest when LS is 

approximately half of LU for all four flow velocities considered. It can be 
observed from Fig. 5(c) and (g) that the maximum amplitude increases 
with an increase in LS and then decreases significantly when LS is almost 
the same length as LU. As mentioned earlier, this can be attributed to the 
minimal interaction between the two phases when LS is close to zero or 
almost equal to LU, resulting in inadequate mass and momentum 
fluctuations. 

However, as the length of one slug unit LU increases (Table 1(d)), the 
maximum amplitude remains low and constant for the first three cases 
and then increases for the fourth case in which LU is the largest. For flow 
velocities 94.6, 141.8, and 189.1, the maximum amplitude is observed 
at LU = 40D as seen in Fig. 5(d) and (h). Highest amplitude response 
during the accumulation of the longest liquid slug has been previously 
observed by Miranda and Paik (2019) and Wang et al. (2018). During 
the lowest flow velocity case, Ur = 47.3, the maximum amplitude is 
observed at LU = 20D, which is half the maximum amplitude observed 
when LU = 40D (longest liquid slug). 

The highest amplitude response among all the slug properties 
considered in this study is observed when the mass quotient, M, (Table 1 

Fig. 5. Comparison of maximum (a-d) out-of-plane and (e-h) in-plane RMS amplitudes for varying (a-e) HLS, (b-f) HLF , (c-g) LS, (d-h) LU .  
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(e)) is three times the mass quotient previously considered, as seen in 
Fig. 6(a) and (b). The RMS amplitude is observed to linearly increase 
with every increase in the mass quotient parameter. The highest 
amplitude observed is almost 50 times higher (0.03 to 1.6 in the out-of- 
plane direction and 0.018 to 1.4 in the in-plane direction) than the 
maximum amplitude noticed during the lowest mass quotient case. This 
increase can be attributed to the significant increase in fluid density, 
which leads to increased mass-momentum fluctuations in the two-phase 
slug flow and internal forces on the riser. 

In addition, at high mass quotient cases (M = 3.58 and 7.15) during 
internal flow velocities Ur = 94.6, 141.8, and 189.1, the riser is observed 
to experience mean displacements in both the out-of-plane and in-plane 
directions, as shown in Fig. 7(b-d) and (f-h) respectively. The riser drifts 
from its original XY position and reaches a high amplitude steady-state 
oscillation from the attained curved configuration in both directions. 
This can be observed in the colour bars associated with Figs. 7(a-d) and 
(e-h). This mean drift can be a consequence of slug-induced high 
amplitude oscillations, which lead to disturbances in the external fluid 
surrounding the riser. These disturbances create oscillating drag and lift 
forces on the pipe due to the nonlinear external fluid forcing terms in the 
developed model (Zanganeh and Srinil, 2016). 

Among all the slug flow properties considered amplitude-modulation 
responses are observed when the riser is exposed to the longest slug unit 
at LU = 40D and Ur = 94.6, 141.8, and 189.1, respectively, as shown 
in Fig. 8(a) and (b). This phenomenon occurs when multiple dominant 
frequencies of vibration occur over time, as previously observed by Zhu 
et al. (2018b) during an experimental study of slug-induced oscillations 
of long catenary pipes and Meng et al. (2020) for flexible marine risers 
subjected to simultaneous VIV and internal slug flow forces. Such 
amplitude-modulation response can lead to severe fatigue damage and 

should be considered during the life cycle analysis of pipelines 
conveying two-phase slug flows at higher LU values. 

Furthermore, comparison of maximum amplitudes obtained during 
single and two-phase slug flows for varying internal flow velocities are 
shown in Fig. 8(c) and (d). It can be observed that the maximum 
amplitude obtained for two-phase slug flows at lower flow velocities 
Ur = 47.3 and 94.6 is significantly higher than the maximum ampli-
tudes obtained for single-phase flow during similar flow velocities. 
However, at higher flow velocities (Ur = 141.8, 189.1), the maximum 
amplitudes are found to be closer to each other. It should also be 
mentioned that for all the cases considered in this study, an initial 
condition was introduced to the riser such that the cylinder oscillates 
freely (self-excited without time-dependent force) in the out-of-plane 
direction only. However, simultaneous out-of-plane and in-plane oscil-
lations are observed as seen in Fig. 8(a-b), where oscillations in the in- 
plane direction, except for high mass quotient cases, starts several sec-
onds after the riser begins to oscillate in the out-of-plane direction. This 
occurrence is attributed to the nonlinear couplings present in the 
developed equations, resulting from the consideration of geometric and 
hydrodynamic nonlinearities. 

4.2. Slug flow induced oscillation frequencies 

Frequency domain analysis of the above-mentioned riser displace-
ments due to variations in slug flow characteristics is carried out using 
the fast Fourier transform (FFT) approach and depicted in Fig. 9(a-p). It 
is observed that the natural frequencies of the first six excited modes, 
except in the cases of varying mass quotient, remain unchanged during 
two-phase slug flow when compared to the natural frequencies obtained 
during single-phase flow for all four internal flow velocities considered. 

Fig. 6. Maximum (a) out-of-plane and (b) in-plane RMS amplitudes and (c-f) frequency response plots for cases of varying mass quotient (M).  
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The oscillation frequencies, f0, shown in Fig. 9 can be associated with the 
natural frequencies shown in Fig. 3 to obtain dominant oscillation fre-
quencies during each case considered in the parametric study. The re-
sults of the frequency domain analysis indicate that, although the 
obtained natural frequencies remain consistent during the parametric 
study for all six modes, the dominant modes and their corresponding 
dominant oscillation frequencies vary when the slug flow characteristics 
are altered. 

Fig. 9(a-p) illustrates frequency analysis of out-of-plane riser dis-
placements using FFT. The Figure describes oscillation frequency, f0, vs 
amplitude plots at varying internal flow velocities. It was observed that 
the oscillation frequencies in the in-plane direction were the same as the 
frequencies in the out-of-plane direction and hence, Fig. 9 plots show 
oscillation frequencies in the out-of-plane direction. The dominant 

modes and their corresponding frequencies are found to switch to higher 
modes and frequencies when the riser experiences high amplitudes of 
oscillations at specific slug formations. In cases where the amplitude 
initially increases and then decreases or vice versa, such as HLS, LS, and 
LU cases, the dominant mode and frequency follow the same trend as the 
oscillation amplitudes as seen in Fig. 9. When there is minimum or no 
change in the oscillation amplitudes, for example, HLF cases, the domi-
nant oscillation frequency and mode also remain constant. 

It should also be mentioned that the same trends can be observed for 
every increase in the internal flow velocity. For the mass quotient (M) 
cases, Fig. 6(c-f), it can be observed that the dominant mode transitions 
to a lower mode when the amplitude increases with an increase in the 
mass quotient value for all four internal flow velocities considered. 
Similarly, the excited oscillation frequencies are seen to decrease as the 

Fig. 7. Space time varying (a-d) out-of-plane and (e-h) in-plane responses of the cylinder experiencing mean drifts during the highest mass quotient case (M =7.15).  
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mass quotient value increases. This decrease in frequency is expected 
and has been observed in previous studies related to internal flow- 
induced vibration due to the effect of increased overall mass of the 
riser in high mass quotient cases. Additionally, it should be noted that 
the mode switching phenomenon over time does not occur for all the 
cases considered in this study. Overall, the results of the frequency 
domain and modal analysis show that the dominant modes and fre-
quencies alter when the considered slug flow properties are varied at 
different flow velocities. 

4.3. Axial oscillation responses and large amplitude scenarios 

In addition to the two-dimensional out-of-plane and in-plane oscil-
lations observed in the previous sections, pipe oscillations in the axial 
direction and mean displacements could be noticed at high mass quo-
tient cases (M = 3.576, 7.151) for all the internal flow velocities 
considered, as shown in Fig. 10 (a-d). However, the oscillation ampli-
tudes in the axial direction are observed to be low but considerable when 
compared to the out-of-plane and in-plane amplitudes. It should also be 
mentioned that mean displacements during oscillations in the axial di-
rection could also be observed from the colour bars in Fig. 10(a-d). The 
oscillations in the axial direction at high mass quotient can be attributed 
to the effect of mean displacements and high oscillation amplitudes in 
both the out-of-plane and in-plane directions, leading to hydrodynamic 
forces in the axial direction and three-dimensional (out-of-plane, in- 

plane and axial) oscillations arising from nonlinear couplings present 
in the equation. The effect of axial oscillations due to mean drag am-
plifications and high oscillation amplitudes has been previously 
observed by Zanganeh and Srinil (2016) for flexible oscillating cylinders 
experiencing vortex-induced vibrations. 

Furthermore, it can be observed from the previous sections that 
oscillation amplitudes of the cylinder and the corresponding frequency 
and dominant modes increase with increase in smaller velocities (Ur =

47.3, 94.6) and decrease at higher flow velocities (Ur = 141.8, 189.1) 
for HLS, HLF and LS study cases. For LU and mass quotient, M, cases, it is 
vice-versa, where Ur = 94.6 is observed to be the flow velocity expe-
riencing highest vibration response among all the flow velocities 
considered. A noticeable aspect of the presented model apart from three- 
dimensional oscillations and the consideration of geometric and hy-
drodynamic nonlinearities is the low computational effort required to 
perform each simulation. Simulations with reliable results of oscillation 
amplitudes, frequencies and mode numbers of each case discussed in 
this study could be completed within 48 h. 

A new non-dimensional parameter, similar to the Strouhal number, 
is introduced to predict high oscillation amplitudes scenarios. This 
parameter is derived based on the results obtained from the parametric 
study conducted in this paper. The maximum RMS amplitude responses 
in the out-of-plane, in-plane and axial direction is compared using the 
dimensionless parameter described as: 

Fig. 8. (a) Out-of-plane and (b) in-plane time history amplitude-modulation response for LU = 40D at Ur = 94.6 and comparison of maximum (c) out-of-plane and 
(d) in-plane amplitudes of two-phase slug flows and single-phase flows at varying internal velocities. 
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U′
r =

Vt

FDM D 

Where, FDM is the frequency of the dominant mode resulting from 
each case and D is the outer diameter of the cylinder. Fig. 11(a-b) dis-
plays the maximum RMS out-of-plane and in-plane amplitude and its 
associated U′

r obtained for all the 80 cases considered for parametric 
study. Results of this comparison reveal that high maximum RMS am-
plitudes due to internal two-phase slug flow occur between the U′

r range 
of 2 - 18. It can be inferred from Fig. 11 that all U′

r cases outside this 
range produce low amplitude oscillations. This inference is plausible 
because, as observed in the previous sections for cases experiencing high 

amplitude oscillations, the corresponding dominating mode and fre-
quency of the cylinder are also noticeably high. To verify this finding 
one case of U′

r outside the mentioned range and one case within the high 
amplitude range were examined. The FDM were arbitrarily chosen and 
its equivalent translational velocity was calculated. The slug properties 
for these cases were chosen based on previous high amplitude response 
parameters as shown in Table 2. Results from the simulation show 
similar trends of high RMS amplitude response for case 1 where U′

r is 
within the high amplitude range and similarly case 2 show low RMS 
amplitude response in both out-of-plane and in-plane directions as 
shown in Figs. 11(a) and (b). 

Fig. 9. Out-of-plane frequency response plots of varying internal slug characteristics, (a-d) HLS (e-h) HLF (i-l) LS (m-p) LU at increasing internal flow velocities.  
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5. Conclusions 

A three-dimensional phenomenological model for the analysis and 
prediction of coupled out-of-plane, in-plane and axial slug flow induced 
vibrations of a long flexible cylinder is presented in this study. The 
developed model accounts for both geometric and hydrodynamic non-
linearities and is capable of capturing mass variations in the slug flow 
regime. Through cubic and quadratic nonlinear terms, the model is 
coupled with equations involving centrifugal and Coriolis force for the 
prediction of two-phase SIV. The model combines external nonlinear 
fluid forcing terms through oscillatory lift and drag forces. In this study, 
particular attention is given to the slug flow regime. Hence, the model 
employs an idealized slug flow concept represented by a rectangular 
pulse train model, assuming that slug flow properties are fully developed 
and unaffected by pipe oscillations. A space-time finite difference 
approach has been used to conduct numerical integrations of highly 
nonlinear partial differential equations present in the model. Parametric 
study explores the effects of key slug characteristics and provides in-
sights into several SIV nonlinear dynamic phenomena dictating the 
response of a long flexible cylinder. The key features are summarized as 
follows.  

• The slug flow induced RMS amplitudes are observed to increase at 
lower slug translational velocities and decrease at higher trans-
lational velocities.  

• Simultaneous three-dimensional out-of-plane, in-plane and axial 
oscillations are observed due to nonlinear coupling terms in the 
presented model.  

• The longest slug unit generate large amplitude-modulation response 
which can lead to increased fatigue damages over time.  

• Mean displacements due to high internal fluid density and large 
amplitude response in the out-of-plane and in-plane directions in-
duces external hydrodynamic forces on the cylinder leading to os-
cillations in axial direction because of nonlinear couplings.  

• Changes in the two-phase slug flow oscillation frequencies were 
found to be negligible when compared to the single-phase oscillation 
frequencies for all the internal translational velocities considered. 
However, the dominant modes and oscillation frequencies vary ac-
cording to distinct slug formations and are found to exhibit a linear 
relationship with the overall amplitude response. 

• A dimensionless parameter U′
r is introduced for the purpose of pre-

dicting high oscillation amplitude scenarios corresponding to the 
cases considered in this study. U′

r values ranging from 2 to 18 were 
found to generate high amplitude responses while the other values 
outside this range generate low oscillation amplitudes. 

Fig. 10. Space time varying displacements in the axial direction at mass quotient, M = 7.151 and varying internal flow velocities. (a) Ur = 47.3 (b) Ur = 9 4.6 (c) Ur 

= 141.8 (d) Ur = 189.1. 
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Model validations are performed through comparisons with pub-
lished numerical and experimental results. Results exhibit quantitative 
similarities in amplitude and frequency response with minor discrep-
ancies, attributed to the consideration of a more inclusive model that 
takes into account the structural and geometric nonlinearities. Future 
studies can explore the three-dimensional fluid-structure interaction 
phenomena of horizontal flexible cylinders subjected two-phase slug 
flows, as well as the combined effects of forces arising from two-phase 
slug flows and vortex-induced vibrations. 
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Fig. 11. Comparison of maximum RMS (a) out-of-plane and (b) in-plane amplitude response of all the cases considered for parametric study using new dimensionless 
parameter U′

r . 

Table 2 
Specified slug flow parameters for verification.   

Dominant Mode FDM HLS HLF LS LF M D Ur 

10 1 0.235 1 0 6.1 11.4 1.788 0.583 94.46 
73 3 0.730 1 0 6.1 11.4 1.788 0.583 293.98  
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Appendix A. Finite Difference Scheme 

The nonlinear dimensionless Eqs. (11)–(20) were discretized using a standard finite difference scheme of the second order in both space and time 
domains following Gao et al. (2019). The total time ttotal, and the cylinder span ratio (LD) were subdivided into n and i segments, respectively, such that 
each time step can be obtained as ΔTm = ttotal/n and each space elements can be obtained as ΔY = L/ (D × i). The distinct space locations and time 
were expressed as Y = Yi and Tm = Tmn where i = 0, 1, 2, 3….., iend and n = 0, 1, 2, 3, ……., nend. The dimensionless parameters U, V, W, p,
and q at location Yi with time Tmn are depicted as Ui

n, Vi
n, Wi

n, pi
n, and qi

n respectively. The resulting finite difference derivatives with respect to U, V,
W, p and q are expressed as: 

∂2U
∂T2

m
=

Ui
n− 1 − 2Ui

n + Ui
n+1

ΔT2
m  

∂U
∂Tm

=
Ui

n+1 − Ui
n− 1

2ΔTm  

∂U
∂Y

=
Ui+1

n+1 − Ui− 1
n+1

2ΔY  

∂2U
∂Y2 =

Ui+1
n+1 − 2Ui

n+1 + Ui− 1
n+1

ΔY2  

∂4U
∂Y4 =

6Ui
n+1 − 4Ui+1

n+1 + Ui+2
n+1 − 4Ui− 1

n+1 + Ui− 2
n+1

ΔY4  

∂2U
∂Y∂Tm

=
Ui+1

n+1 − Ui− 1
n+1 − Ui+1

n− 1 + Ui− 1
n− 1

4ΔTmΔY  

∂2V
∂T2

m
=

Vi
n− 1 − 2Vi

n + Vi
n+1

ΔT2
m  

∂V
∂Tm

=
Vi

n+1 − Vi
n− 1

2ΔTm  

∂V
∂Y

=
Vi+1

n+1 − Vi− 1
n+1

2ΔY  

∂2V
∂Y2 =

Vi+1
n+1 − 2Vi

n+1 + Vi− 1
n+1

ΔY2  

d4V
∂Y4 =

6Vi
n+1 − 4Vi+1

n+1 + Vi+2
n+1 − 4Vi− 1

n+1 + Vi− 2
n+1

ΔY4  

∂2V
∂Y∂Tm

=
UVi+1

n+1 − Vi− 1
n+1 − Vi+1

n− 1 + Vi− 1
n− 1

4ΔTmΔY  

∂2W
∂T2

m
=

Wi
n− 1 − 2Wi

n + Wi
n+1

ΔT2
m  

∂W
∂Tm

=
Wi

n+1 − Wi
n− 1

2ΔTm  

∂W
∂Y

=
Wi+1

n+1 − Wi− 1
n+1

2ΔY  

∂2W
∂Y2 =

Wi+1
n+1 − 2Wi

n+1 + Wi− 1
n+1

ΔY2  

∂4W
∂Y4 =

6Wi
n+1 − 4Wi+1

n+1 + Wi+2
n+1 − 4Wi− 1

n+1 + Wi− 2
n+1

ΔY4  

∂2W
∂Y∂Tm

=
Wi+1

n+1 − Wi− 1
n+1 − Wi+1

n− 1 + Wi− 1
n− 1

4ΔTmΔY  

∂2q
∂T2

m
=

qi
n− 1 − 2qi

n + qi
n+1

ΔT2
m

∂q
∂Tm

=
qi

n− 1 − qi
n+1

2ΔTm  

∂2p
∂T2

m
=

pi
n− 1 − 2pi

n + pi
n+1

ΔT2
m  
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∂p
∂Tm

=
pi

n+1 − pi
n− 1

2ΔTm
(A1) 

Substituting the finite difference derivatives (A1) in Eqs. (11) – (20), one can obtain a system of nonlinear equations which is solved using the 
FSolve function in MATLAB. As an example, Eq. (11) can be expressed as: 

(
Mi

n + 1
)(

Ui
n− 1 − 2Ui

n + Ui
n+1

)

ΔT2
m

−

EA

(
(Vi+1

n+1 − Vi− 1
n+1)(Ui+1

n+1 − 2Ui
n+1+ Ui− 1

n+1)
2ΔY3 +

(Ui+1
n+1 − Ui− 1

n+1)(Vi+1
n+1 − 2Vi

n+1+ Vi− 1
n+1)

2ΔY3

)

LD  

3
(
Ui+1

n+1 − Ui− 1
n+1

)2(Ui+1
n+1 − 2Ui

n+1 + Ui− 1
n+1

)

4ΔY4 +

(
Vi+1

n+1 − Vi− 1
n+1

)2(Ui+1
n+1 − 2Ui

n+1 + Ui− 1
n+1

)

4ΔY4 +

(
Wi+1

n+1 − Wi− 1
n+1

)2(Ui+1
n+1 − 2Ui

n+1 + Ui− 1
n+1

)

4ΔY4 +

(
Ui+1
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n+1

)(
Vi+1

n+1 − Vi− 1
n+1

)(
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n+1 − 2Vi
n+1 + Vi− 1

n+1

)

2LDΔY4 +

(
Ui+1

n+1 − Ui− 1
n+1

)(
Wi+1

n+1 − Wi− 1
n+1

)(
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n+1 − 2Wi
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n+1

)

2LDΔY4  
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(
Ui+1

n+1 − 2Ui
n+1 + Ui− 1

n+1

)

ΔY2 +
EI
(
6Ui

n+1 − 4Ui+1
n+1 + Ui+2

n+1 − 4Ui− 1
n+1 + Ui− 2

n+1

)

ΔY4 −
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n

(
Ui

n− 1 − Ui
n+1

)

2ΔTm
−

Ti
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(
Ui+1
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n+1

)

2ΔY
−

ζ
(
Ui
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n+1

)

ΔTm  

−

C−
d

(
Vri
2pi

n
+

Ui
n− 1 − Ui

n+1
2ΔTm

)((
Vri
2pi

n
+

Ui
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2ΔTm

)2

+
(Vi
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2

4ΔT2
m

+
(Wi
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2
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m

)1
2

2mu
−
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nUr
(
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n+1

)
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+
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nUr
(
Ui+1
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n+1

)

2ΔY
+
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nU2

r

(
Ui+1

n+1 − Ui− 1
n+1

)

2ΔY
+
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nU2

r

(
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)

ΔY2

−

Cd0pi
n

(
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2pi

n
+
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2pi

n
+
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2dTm

)2

+
(Vi
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2
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m

+
(Wi
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2
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m

)1
2
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−
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nUr
(
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n+1

)

2ΔTmΔY
+

Clqi
n

(
Wi
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n+1

)
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Vri
2pi

n
+

Ui
n− 1 − Ui

n+1
2dTm

)2

+
(Vi
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n+1)

2

4dT2
m

+
(Wi

n− 1 − Wi
n+1)

2

4dT2
m

)1
2

8ΔTmμ (A2) 

The values at Ui
0, Vi

0, Wi
0, pi

0, and qi
0 can be obtained from the initial conditions of U, V, W equal to zero and wake variables p and q equal to 2. 

However, the initial conditions of ∂U
∂Tm

= 0, ∂V
∂Tm

= 0, ∂W
∂Tm

= 0, ∂p
∂Tm

= 0 and ∂q
∂Tm

= 0 must be used when determining the values at Ui
1, Vi

1, Wi
1, pi

1 and 
qi

1. From these initial conditions one can have: 

Ui
− 1 = Ui

1  

Vi
− 1 = Vi

1  

Wi
− 1 = Wi

1  

pi
− 1 = pi

1  

qi
− 1 = qi

1 (A3) 

Substituting Eqs. (A3) into equations similar to (A2) will result in a new system of nonlinear equations which its solution will provide Ui
1, Vi

1, Wi
1, pi

1 

and qi
1. A detailed description of this discretization method can also be found in Riley et al. (1998). 
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