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Abstract: Although sparse multinomial logistic regression (SMLR) has provided a useful tool for
sparse classification, it suffers from inefficacy in dealing with high dimensional features and manually
set initial regressor values. This has significantly constrained its applications for hyperspectral
image (HSI) classification. In order to tackle these two drawbacks, an extreme sparse multinomial
logistic regression (ESMLR) is proposed for effective classification of HSI. First, the HSI dataset is
projected to a new feature space with randomly generated weight and bias. Second, an optimization
model is established by the Lagrange multiplier method and the dual principle to automatically
determine a good initial regressor for SMLR via minimizing the training error and the regressor
value. Furthermore, the extended multi-attribute profiles (EMAPs) are utilized for extracting both
the spectral and spatial features. A combinational linear multiple features learning (MFL) method is
proposed to further enhance the features extracted by ESMLR and EMAPs. Finally, the logistic
regression via the variable splitting and the augmented Lagrangian (LORSAL) is adopted in
the proposed framework for reducing the computational time. Experiments are conducted on
two well-known HSI datasets, namely the Indian Pines dataset and the Pavia University dataset,
which have shown the fast and robust performance of the proposed ESMLR framework.

Keywords: hyperspectral image (HSI) classification; sparse multinomial logistic regression (SMLR);
extreme sparse multinomial logistic regression (ESMLR); extended multi-attribute profiles (EMAPs);
linear multiple features learning (MFL); Lagrange multiplier

1. Introduction

Although the rich spectral information available in a hyperspectral image (HSI) allows classifying
among spectrally similar materials [1], supervised classification of HSI remains a challenging task,
mainly due to the fact that unfavorable ratio between the limited number of training samples and
the large number of spectral band [2]. It may result in the Hughes phenomenon when the spectral
bands increase and lead to poor classification results [3]. To tackle such challenges, a number of
state-of-the-art techniques have been proposed, such as the support vector machine (SVM) [4],
the multi-kernel classification [5], the extreme learning machine (ELM) [6] and the sparse multinomial
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logistic regression (SMLR) [2,7-10]. In addition, many approaches have also been proposed for
dimensionality reduction and feature extraction [11,12], which include the principal component
analysis (PCA) and its variations [13-16], the extended multi-attribute profiles [17,18] (EMAPs),
the singular spectrum analysis (SSA) [19-22] and the segmented auto-encoder [12,22]. Among these
methods, the SMLR has drawn a lot of attentions due to its good performance [23,24].

The SMLR has been proved to be robust and efficient under the Hughes phenomenon and is
able to learn the class distributions in a Bayesian framework [25]. Hence, it can provide a degree of
plausibility for performing these classifications [26]. Moreover, the logistic regression via the variable
splitting and the augmented Lagrangian (LORSAL) has been proposed for dealing with large datasets
and multiple classes efficiently. Since it can effectively learn a sparse regressor with a Laplacian prior
distribution of the SMLR, the combination of SMLR and LORSAL is found to be one of the most
effective methods for coping with the high dimensional data of HSI [26,27].

However, the existing SMLR framework suffers from some severe drawbacks. First, the SMLR
with the original spectral data of the HSI as features is inefficient, thus it is necessary to find a
better representation of the HSI data for improved classification accuracy. The second is the manually
set initial value for the regressor, which may result in poor classification of HSI due to improper
initial value used. Recently, some deep learning algorithms such as the convolutional neural
network [28,29] (CNN) and the extreme learning machine (ELM) have drawn lots of attentions due
to their good classification results for the HSI [30-32]. However, CNN requires huge computational
time and seem unrealistic. ELM is a generalized single layer feedforward neural networks (SLFNs),
which characterizes fast implementation, strong generalization capability and a straightforward
solution [6]. The main goals of ELM are to minimize the output weights of the hidden layer and
maintain the fast speed. According to the Bartlett’s neural network generalization theory [33],
the smaller norm of the weights will lead to better generalized performance. Hence, a feedforward
neural network can reach a smaller training error [34].

For efficiency, the input weights and the bias between the input layer and the hidden layer
of the ELM are randomly generated. It has been proved to be a fast and good data representation
method [30-32]. In fact, besides ELM, some other models, such as the liquid state machines [35] and
the echo state networks [36,37] have also adopted the random weight selection technique with great
success [38]. Therefore, the problem of the poor data representation in the SMLR can be addressed
using the random weight selection technique. Hence, in this paper, we propose the extreme sparse
multinomial regression (ESMLR) for the classification of HSI. First, the data in the HSI will be
represented by randomly generated weight and bias for SMLR, which also maintain the fast speed of
the SMLR and improve the representation performance. Second, we set up an optimization model to
minimize the training error of the regressor value, which is solved by using the Lagrange multiplier
method and dual principle in order to automatically find a better initial regressor value for the SMLR
(detailed in Section 2).

In addition to spectral features, spatial information is also very important for the classification
of the HSI. In the proposed ESMLR framework, the extended multi-attribute profile (EMAP) is
used for feature extraction, as both morphological profiles (MPs) [39] and the attribute profiles
(APs) [16,17] have been successfully employed for performing the spectral and spatial HSI classification.
Moreover, the linear multiple feature learning (MFL) [7] is employed to maintain the fast speed and
further improve the classification results. The MFL has been proposed for adaptively exploiting the
information from both the derived linear and nonlinear features. As a result, it can potentially deal
with the practical scenarios that different classes in the HSI datasets need different (either nonlinear or
linear) strategies [7]. According to the Li’s works [7], the nonlinear feature such as the kernel feature
contributes little to the HSI classification when the MFL is utilized. Moreover, it requires much more
computational efforts for processing the nonlinear features. Therefore, a linear combination of the
MFL which just utilizes the linear features of the HSI is proposed for the ESMLR. Hence, this operation
can not only improve the classification results but also maintain the fast speed of the ESMLR.
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The main contributions of the proposed ESMLR framework in this paper can be highlighted
as follows. First, the problem of the SMLR that uses the initial data of the HSI for performing the
classification is addressed by randomly generating the input weights and bias of the input data, which
will not only maintain the fast processing speed but also improve the classification results of the HSI.
Second, a new principle is introduced to automatically determine a suitable initial regressor value for
SMLR to replace the manually settings. Third, the linear combination of the MFL that integrates the
spectral and spatial information of HSI extracted by EMAPs followed by LORSAL is employed to the
ESMLR for fast and robust data classification of HSI.

The remainder of this paper is structured as follows. Section 2 describes the experimental data
and the proposed ESMLR framework. The experimental results and discussions are summarized
in Section 3. Finally, Section 4 concludes this paper with some remarks and suggestions for the
plausible futures.

2. Materials and Methods

In this section, we first introduce the experimental data sets and then elaborate the proposed
ESMLR framework.

2.1. The Study Datasets

The experimental data sets include two well-known HSI datasets, which are detailed below.

(1) The Indian Pines dataset: The HSI image was acquired by the AVRIS sensor in 1992. The image
contains 145 x 145 pixels and 200 spectral bands after removing 20 bands influenced by the
atmospheric affection. There are 10,366 labelled samples in 16 classes within the HSI dataset.

(2) The Pavia University dataset: The system was built by the University of Pavia of Italy in
2001. The Pavia University dataset was acquired by the ROSIS instrument. The image contains
610 x 340 pixels and 103 bands after discarding 12 noisy and water absorption bands. In total,
there are 42776 labelled samples in 9 classes within this dataset.

2.2. Review of EMAPs

The APs are obtained by applying attribute filters (AFs) to a gray-level image [16]. The AFs are
connected operators defined via a mathematical morphological mean for a gray level image to keep or
to merge their connected components at different gray levels [39]. Let y and ¢ be an attribute thinning
and an attribute thickening based on an arbitrary criterion T, . Given an image f; and a sequence of
thresholds {A1,A,...,Ap}, an AP can be obtained by applying a sequence of attribute thinning and
attribute thickening operations as follows:

AP(f;) = {ba, (fi), P,y (Fi), -,y (B), £ vy (B, v, (B), va, (B ) 1)

Note that in Equation (1) the AP is defined on each spectral band, hence the dimensionality of the
APs will be very high when it is applied for the full spectral bands of the HSI [39]. In [40], the principal
component analysis (PCA) was suggested to solve this problem. Actually, many dimensionality
reduction (DR) techniques can be used for DR [39], including linear DR (LDR) and non-linear DR
(NLDR) approaches. For simplification, we choose PCA for consistency as it is one of the widely used
LDR techniques to solve this problem. As a result, the extended AP (EAP) is acquired by generating
an AP on each of the first ¢ PCs below [41].

EAP = {AP(PC;), AP(PC,),..., AP(PC.)} @)

Then, the EMAPs is defined as the composition of b different EAPs based on a set of b attributes
{a1,ay,...,a,} as follows:
EMAPs = {EAP,,,EAP,,,...,EAP,, }. 3)
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Although a wide variety of attributes can be applied to the APs [42] for performing the HSI
classification, in this paper we only consider the area attribute in order to maintain the fast speed
whilst incorporating the spectral and spatial information. Here, the code of the APs is from online
http:/ /www.Ix.it.pt/~jun/. The threshold values of the area attribute were chosen as 100, 200, 500 and
1000. The first ¢ PCs are determined to have the cumulative eigenvalues larger than 99% of the
total value.

2.3. Review of SMLR

Lett={1,..., M} be asetof M class labels. Denote S={1, ... , n} as a set of integers indexing the n
pixels of any HSI and x = (x1, ..., x,) € R4*" be the HSL. Here, each pixel in the HSI is a d-dimensional
feature vector and y = (y1, ..., yn) denote the labels of x. Let D, = {(x1,¥1), ..., (x,¥x)} be the
training set. All the above parameters will be discussed in Section 3.

First of all, the posterior class probabilities are modeled by the MLR [2,7] as follows:

exp (w(’”)Th(xi))
YM exp (w(m)Th(xi)>

p(yi = m|x;, w) , )

where w = [w), ..., wM-1)] " € RM-1%d denotes the regressors and /(x;) denotes the input feature.
Here, the superscript ‘T” denotes the transpose operator of a matrix. wM is set to be 0 because the
densities of Equation (4) do not depend on the translation of the regressor, w™ [7]. The input features
h can be linear or nonlinear. In the former case, we have:

h<xi) - [xil/ s /xid]Tr (5)

where x; ; is the j-th component of x;.
If h(.) is nonlinear, it can be formulated as follows:

h(x)) =1, 1(x;), .., palx)]", 6)

where ¢(.) is a nonlinear function.
According to [2,7], the regressor w of the SMLR can be obtained by calculating the maximum a
posteriori estimate as follows:

@ = argmax{{(w) +log(p(w))}, )

Here, ¢(w) is the logarithmic likelihood function given by:
n n T M T
(w) == log [ Tp(yilxi,w) =} (h (xi)wW) —log Y exp(h (xi)w(m))>, (8)
i m=1

i=1 i=1

It is worth noting that log p(w) is a prior over w which is irrelevant to the observation x.
For controlling the complexity and the generalization capacity of the classifier, w is modeled as
a random vector with the Laplacian density denoted as

p(w) ecexp(=Allw ;)

Here, A is the regularization parameter controlling the degree of sparsity [2]. Hence, the solution
of SMLR can be expressed as follows:

W= argmax{i <hT(xi)w(yf) —log ﬁ exp (hT(xi)w(k))> +logp(w)} )
oA m=1
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The LORSAL algorithm is applied to SMLR to cope with the larger size problem of the HSI data.

2.4. The Proposed ESMLR Framework
The MLR can be modeled as follows [24,43]:

— il w) = exP(w(m)Th(xi)) 10
p(yi = m|x;, w) 1+ 20 exp(w(™ h(x;)) "

and
= > ! = il (yi = ml| ) (11)
i = M|x;, w) = =1- ;= mix;,w),
P(yz | i, w) 1 %;11 exp(w(m)Th(xi)) m:1p Yi i

where h(x;) is the input feature of the MLR and w = [w(l), ... ,w(M’l)]T € RIM-1)xd denoptes the
regressors. wM
of the regressor w

If the input feature is linear, then we have:

is set to be 0, as the densities of Equations (10) and (11) do not depend on the translation
M [7]. The input features h can be linear or nonlinear.

h(xi) = [xi,lr ceey xid]T/ (12)

where x; ; is the j-th component of x;.
If h is nonlinear, it can be formulated as:

hix) =[1, p1(x1), ..., pa(x:)]", (13)

where ¢(.) is a nonlinear function.
The initial regressor value can be used to find a better representation of the HSI for the ESMLR
via determining the solution of the following optimization problem:

Minimize || wH =Y |[*and || w ||%, (14)
where Y = [y},...,y:] € RM=1*" and

h(alrbllxl) T h(allbllxn) 1
H = : .. : hia: b x;) = .
' ' ' ol bix) = 13 exp(—(a;"x; + bi))
h(aL/ bL/ xl) e h(aL/ bL/ xn)

Here, if x; belongs to the j-th class, yi*,j = 1. Otherwise, yi*,j = 0. In fact, the activation function h()
can be either linear or nonlinear and L is the dimension of the feature space which we want to project;
a; € RYand b; € R! are randomly generated. Actually, a wide range of feature mapping functions can
be considered in our work which include but not limit to:

(1) Linear function: h(a;, b;, x;) = aiTxi +b;;
1 .
1+exp (—(aTxi+b;))’

(3) Gaussian function: h(a;, b;, x;) = exp (=b;|| a; x; HZ);
1 if ul-Txl- >0 .
0 otherwise

(2) Sigmoid function: h(a;, b;, x;) =

(4) Hardlimit function: h(a;, x;) = {
(5) Multiquadrics function: h(a;, b;, x;) = (|| x; — a; ||2 + biz)z, etc.

From Equation (14), it can be seen that the objective of the optimization is not only to reach a
smaller training error but also to reach a smaller value of the regressor w. According to the Bartlett’s
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theory [33], this will help the proposed approach to achieve a good performance. From the optimization
theory viewpoint [30-34], Equation (14) can be reformulated as follows:

1 1 .
muz)nEH w ||12; +C§ Y oIl é ||§,s.t. wh(x;) =yl —¢l fori=1,...,n, (15)

i=1

where C is a regularization parameter and ¢; is the training error for the samples x;.
Based on the Karush Kuhn Tucker optimality conditions and the Lagrange multiplier method [44],

we have:
1

1 ) 1M n M—
Lesmir = 5 x | w [lf+Cx 5 YlElE -y Y (wl Y +§1]) (16)
i1

i=1 j=1

where «; ; is the Lagrange multiplier.
Then, the optimization condition can be expressed as follows:

oL
ZEESMIR gy g = aHT (17)
ow
L
OLESMIR _ ¢ _, o = g, (18)
9,
aL?%zO%wh(x,')—y?—i-Cinorizl,...,n, (19)
i
where a; = [aj1, i, ... ,ocl-,M_ﬂT and o = [aq, ap, ..., 0.

Hence, the solution of the optimization defined in (15) can be analytically expressed as

-1

w = H(é +HTH) YT, (20)
or
I -1
w = (E +HHT) HYT. (21)

From Equations (20) and (21), it can be seen that the initial regressor value wy is good for the
ESMLR satisfying the optimization condition. Here, the random weight function h() can be used not
only to find a better representation of the HSI data but also to maintain the fast speed for the proposed
framework. Based on the principles of the SMLR algorithm [23], the regressor w of the proposed
ESMLR at the k-th iteration can be computed by the maximum a posterior estimate as follows:

Wy = argmaxt(wy_q) + log p(wx_1) fork=1,2,..., (22)
w

where p(wy_1) < exp(—A|| wx_1 ||;) and A is the regularization parameter for controlling the degree
of sparsity [23].

The solution of Equation (22) at the k-th iteration can be addressed by introducing the linear or
nonlinear input features. That is, for the linear case: h(x;) = [h(x;1), ..., h(xj4)]7); for the nonlinear
(kernel) case: h(x;) = [1, & (x;, x1), ..., dgq(x;,x4)]T, where ¢ is a nonlinear function. Also, we have:

M-1
Wy = argmaxZ(wk th(xi) —log Y (1+exp(w 1h(x )))) + logp (wi_1). (23)

m=1
Similar to K-SMLR [2,26], the proposed ESMLR can also be extended to form a kernel-based
ESMLR (K-ESMLR). The performance of the proposed ESMLR and K-ESMLR are evaluated in the
next section. In order to address the larger size problem of the HSI data, including large datasets
and the number of classes, the LORSAL [45] algorithm is adopted. Moreover, the EMAPs are utilized
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for performing the efficient feature extraction and incorporating the spectral information and the
spatial information.

2.5. ESMLR with A Linear MFL

As mentioned above, the spectral information and the spatial information are integrated to further
improve the performance of the proposed framework. It is well known that the kernel transform
will increase the size of the input feature. As shown in [2,7], the kernel transform may contribute
slightly on the HSI classification accuracy when nonlinear features are utilized for the MFL. The kernel
feature will also slow the speed of algorithms. Based on this perspective, a combinational linear MFL
is proposed for improved HSI data classification whilst maintaining the low computational time of the
proposed ESMLR.

Let hgpe (x;) and hspa(x;) be the input spectral features of the raw/original HSI data and the
spatial features extracted by the EMAPs, respectively. The input features of the proposed ESMLR can
be expressed as follows:

h(x;) = [hspe(xi), hsm(xi)]T- (24)
Then, Equation (23) can be reformulated as:

Wy = argmax log p(wi—1)+ Z?:l(wzzilhsPe(xi) + w;zilhsw(xi)—

_ (25)
log Z%le (1 + exp(wkm_lhspg(xi) + wkm_lhspa(xi)))

From Equation (25), it can be seen that Equations (23) and (25) have the same structure. Therefore,
the LORSAL algorithm will be adopted in the proposed framework. Figure 1 shows the flowchart of
the proposed spectral spatial ESMLR framework.

Spectral Features Extraction

]

I

5 . . = = |
°|  Spectral information ]

]

1

]

1
1
1
1
1
N
L

1
_— 5 —] o . Spectraland |,
| Pea EAP EMAPs Normalization Spatial f
. . 1
: information ||
1 Spectral and Spatial Features Extraction I
e o o o - '
Linear MFL
[m========== 1
I Speed Improvement |
I 1
Classification ' LORSAL | : Optimize initial e
1

Results 1 regressor @ w,

Figure 1. The flowchart of the proposed extreme sparse multinomial logistic regression (ESMLR) framework.

3. Experimental Results and Discussion

In this section, the proposed ESMLR and K-ESMLR will be evaluated and relevant results are
summarized and discussed in detail as follows.

3.1. Compared Methods and Parameter Settings

The proposed ESMR framework are compared with the classical classifiers such as the K-SVM [34]
(The codes of the K-SVM are obtained from http:/ /www.fst.umac.mo/en/staff/fstycz.html/), the SMLR
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and the K-SMLR [2,7] (The codes of the SMLR and the K-SMLR are from online http://www.Ix.it.
pt/~jun/). For simplification, all experiments are conducted in MATLAB R2015a and tested on a
computer with 3.40 GHz i7 CPU and 8.0 G RAM. It is worth noting that the proposed method is very
efficient and just needs a few seconds to classify the HSI. This can be further improved when applying
parallelization computing with GPU and FPGAs. All data are normalized via the unit max method,
i.e., each data of a HSI is divided by the largest value of the whole dataset.

For all kernel-based /nonlinear methods, the Gaussian radial basis function (RBF) kernel is used.
For the parameter o of the RBF in the K-SMLR and the K-ESMLR, it is set to be 0.85 for the Indian Pines
dataset and 0.35 for the Pavia University dataset as suggested by Sun et al. [26]. The LIBSVM toolbox of
the MATLAB R2015a is used for the implementation of the K-SVM approach [46]. The parameter of the
K-SVM were chosen according to [34]. For the cost parameter in (20) or (21), C = 2% is chosen where a
is in the range {1, 2, ... , 20}. The regularization parameter in (22) is set to A = 2°. The total number
of dimension of the new feature space L is chosen in the range {50, 100, ..., 1450, 1500}. If there is
no special emphasis required, the dimension of the new feature space in the proposed ESMLR is set
to be L = 300 for spectral information only and the combined spectral-spatial information (EMAPs).
Similarly, L = 500 is chosen for the situation that utilize spectral and spatial information (linear MFL).
For other parameters in the SMLR, K-SMLR, ESMLR and K-ESMLR, details will be discussed in
the subsections below. All experiments are repeated 10 times with the average classification results
reported for comparison.

We use the following criteria to evaluate the performance of different methods for HSI
classification used in this paper, which include:

(1) Overall accuracy (OA): The number of correctly classified HSI pixels divided by the total number
of test number [47];

(2) Average accuracy (AA): The average value of the classification accuracies of all classes [47];

(3) Kappa coefficient (k): A statistical measurement of agreement between the final classification and
the ground-truth map [47].

3.2. Discussions on The Robustness of The ESMLR Framework

In the following experiments, the robustness of the proposed framework is evaluated. For the
Indian Pines dataset and the Pavia University dataset, in total 515 and 3921 samples are randomly
selected for training, respectively. The remaining samples are used for testing based on the overall
accuracy (OA) of classification. For the two datasets, the number of samples used for training and
testing from each class are summarized in Tables 1 and 2, respectively, along with the classification
results under different experiments settings as detailed below.

Experiment 1: In this experiment, the proposed ESMLR approach is evaluated in three different
situations, i.e., using only the spectral information as features, using both spectral and spatial
information yet in combination with EMAPs and the linear MFL, respectively. For the Indian Pines
and the Pavia University datasets, the results are shown in Figures 2 and 3, respectively. As seen,
the proposed framework shows the good performances in all the situations when L > 150. The fusion
of spectral and spatial information can successfully improve the OA, where the combination of ESMLR
and MFL slightly outperforms ESMLR and EMAPs.
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ESMLR with spectral information ESMLR with spectral and spatial inforamtion (EMAPs)

z

Ovaeall accuracy
L

065

Overall accuracy

Figure 2. The robustness performance of the proposed framework based on the Indian Pines dataset:
(a) The proposed ESMLR with spectral information (200 features and b = —7); (b) The proposed ESMLR
with spectral and spatial information (EMAPSs) (36 features and b = —11); (c) The proposed ESMLR
with spectral and spatial information (proposed linear MFL) (236 features and b = —10).

ESMLR with spectral information ESMLR with spectral and spatial information (EMAPs)

g
g
g
g
2
]

ESMLR with spectral and spatial information (linear MFL)

Overall accuracy

Figure 3. The robustness performance of the proposed framework based on the Pavia University
dataset: (a) The proposed ESMLR with spectral information (200 features and b = —11);
(b) The proposed ESMLR with spectral and spatial information (EMAPs) (36 features and b = —11);
(c) The proposed ESMLR with spectral and spatial information (proposed linear MFL) (236 features
and b= —11).
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Table 1. Classification accuracy (%) with 5% labeled samples in Indian Pines dataset (Best result of each row is marked in bold type).

10 of 22

Spectral Information

Spectral and Spatial Information

No Train Test EMAPs Proposed Linear MFL
K-SVM SMLR K-SMLR ESMLR K-ESMLR K-SVM SMLR K-SMLR ESMLR K-ESMLR SMLR ESMLR
1 3 51 5804+1646 588+498 3510+14.66 17.65+£8.77 4510+23.69 823542736 87.06+248 89.41+436 89.02+3.72 8725+3.10 88.04+299  88.04 +235
2 71 1363 77.83 £2.25 76.00 £2.72 7749 +£3.69 7576+2.82 78.02+4.15 86.07+266 86.63+210 87334260 88884264 88454200 88824122  89.79 £+ 1.62
3 41 793 66.39+548 4580+3.80 6224+328 51.13+£489 6248 £3.61 9285+495 90.08+494 9512+345 91.95+467 93.63+3.91 89.55+579  93.57 +3.41
4 11 223 5843 +733 1619+4.64 4426+£501 2807788 4489 +11.13 80.63+944 7987+6.01 7749+9.02 7910+722 779841007 72.83+594  83.36+5.26
5 24 473 89.41+326 73574+658 86834590 80.824481 87.61+492 92224453 90.66+1.70 8877 +£334 9047 +453 9218+2.89 89.05+266 91.71 £4.50
6 37 710 95.1 £1.47 94.01 £0.71 94.20 +2.12 94.00 £ 2.11 9513 £ 1.11 97.52 £1.22 96.59 £ 1.25 98.61 £ 1.02 98.13 £ 0.95 98.54 £1.01 97.94 £0.70 98.90 + 0.99
7 3 23 8478 £9.45 13.04+£739 33.04+11.26 17.39£9.83 5348+9.62 9435+4.12 86.09+1260 9043 +7.04 90.87+11.68 92614461 8696085  94.354+ 2.10
8 24 465 97124200 99554+024 99334034 99.334+051 99.14+039 9946 £0.11 9929+£054 99.40+£020 9787090 99.42+045 9897+£0.83 99.27 + 041
9 3 17 7765+1436  353+568 5588+1623 2824+11.70 79.41+1525 98.82+248 6353 +£2300 81.18+2398 81.18+21.80 88.824+20.08 67.064 1574 90.00 4 17.11
10 48 920  6925+3.70 51.134+473 6650 +£3.12 56.63+437 69.87 £4.63 8328+271 81.60+3.14 8854+1.70 88.13+265 8896+147 82844277 87.87+£254
11 123 2345 82524295 78854225 8201+099 7644+142 81.73+£1.82 9373+£238 9259+176 91.89+288 94.08+146 93.25+189 9448+1.65  95.05+ 1.55
12 30 584 75264599 5383+499 73.65+449 60.80+£530 76.46+436 85.02+£531 7413 +484 8428+248 8548+443 8580+582 81.87+535  86.99 1 4.49
13 10 202 96294292 96.14+246 9936033 9881+£1.15 9946+£037 9936+033 99.11+£051 99.60 £0.21  99.46 +0.28 99.51+£0 99.01 £0.70  99.51 £0.02
14 64 1230 95.63+1.60 93.24+215 95754+1.08 93294140 95464105 98594052 9929+098 9892+062 99.15+049 9936 +£021 9949 £0.64 99.42 +0.28
15 19 361 47264561 5263+397 5679 £6.08 5499 +£562 5948 +£6.80 9296+3.80 8698+6.16 90.03+545 88.25+437 88484513 87174507  90.39 & 3.76
16 4 91 81.54 +12.71 70.00£593 56.70 1215 67.14 £9.07 48.68+13.96 93.41 £ 7.80 81.10£897 7879 £1049 71.76 £8.79 80.55 £ 6.72 83.41 +9.61 78.24 1+ 8.67
OA 80.77+£1.02 7257071 79434+1.08 7416+£080 80.18+0.57 91.92+111 9023+0.65 91.93+0.81 9235+0.76 92614070 91.42+0.63  93.37 +0.74
AA 7828 +125 57.72+125 69954202 62534201 73524245 9191+194 8716194 89.99+1.69 8961155 9092+1.74 8797+1.15 91.65+1.07
k 78.01+1.17 6831+086 76434+126 70304094 77294066 90.79+127 8885+074 90.81+£091 9127+£087 91.57+0.80 9021 +£0.72  92.43 £ 0.85
Time(Seconds) 7.56 0.12 0.11 0.20 0.11 2.71 0.06 0.08 0.20 0.08 0.15 0.37
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Table 2. Classification accuracy (%) with 9% labeled samples in Pavia University dataset (Best result of each row is marked in bold type).

11 of 22

Spectral Information

Spectral and Spatial Information

No. Train Test EMAPs Proposed Linear MFL
K-SVM SMLR K-SMLR ESMLR K-ESMLR K-SVM SMLR K-SMLR ESMLR K-ESMLR SMLR ESMLR

1 548 6083 9047 +0.87 72.84+144 8899+116 87164071 89.577+0.83 98.23+039 9045+055 9777057 9810+042 9841+027 9673+£021 97.93+0.30
2 540 18109 94.02+054 7924174  9430+040 92824074 94366+ 040 98.04+050 92844055 98.68+042 9783+£033 9854+031 96.67+£043  99.04 £0.17
3 392 1707  84.45+0.43 7091 £1.70 83.82 +1.37 80.25 + 1.10 84.28 + 1.66 96.78 + 0.35 83.62 £+ 1.38 97.06 £+ 0.51 97.13 £ 0.61 97.22 £0.52 93.16 + 0.89 96.55 £+ 0.84
4 524 2540 9755+ 047 9498+1.06 9750+ 047 97.044+027 97534+0.39 9933 +034 9750059 99.06 £024 99.04 024 9933 +£0.32 9834+040 99.05+0.18
5 265 1080  99.63+£0.28 9948 +021  99.34+035 99.384+0.33 99234030 99.68+0.16 9953 £028 9958 £0.19 9899 £041 99.63 £0.14 9956 £0.31  98.97 £ 0.42
6 532 4497 94433+£092 7475+179 9443+058 92934+ 0.65 94384+0.76 97.91+043 93.94+031 9797+031 9768036 98.09+£047 9690+ 051  98.62+0.19
7 375 955  9291+£1.09 7734+190 9273+0.82 90.32+1.13 93.21+£0.833 98.12+053 93404114 9849055 98204+0.59 9852+045 96.64+098  98.48 £+ 0.57
8 514 3168 89.83+122 7515+1.05 8610+072 8571+131 88804116 97944045 9503+0.49 98104026 98224029 98154032 96.67+040 97.86 £ 0.31
9 231 716 9986 +0.16 9687 +098 99.75+£0.18 99.41+£031 9979 +£0.14 9994+£012 99.75+023 99.94+£0.07 99.39+032 99.944+0.07 99.39+048  99.39 4 0.26
OA 9322 +£038 7888+£0.68 92.77+£026 91.33+£0.38 93133 +£021 98.16+020 93.00+025 98414+0.17 98.00+0.15 9848+0.15 96.79+022  98.51 £ 0.10

AA 93.68 +0.288 82.39+0.34 93.00+022 91.67+025 93464+0.19 98444012 9401+023 98524009 9829+014 9865+0.08 9712+0.18  98.43 +0.09

K 90.83+0.51 7215+ 0.76 902140344 88304050 90.704+028 97494027 9055+033 97.83+£022 9728020 9793+020 9564 +£029  98.09 £ 0.12

Time (Seconds) 106.37 0.26 3.77 0.72 3.81 53.11 0.16 3.54 0.69 3.54 0.29 1.25
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Experiment 2: In this experiment, the impact of the parameter C (C = 2?) in the proposed
K-ESMLR under the aforementioned three different situations are evaluated. As shown in Figure 4,
the proposed ESMLR achieves a very good performance when C is larger than 0, where the classification
results are very stable even though a or C is significantly changed. This again demonstrates the
robustness of the proposed framework.

094 T T T T T T T 099

— i} S
]

0sk

LEIS

——K-ESMLR with spectral information
—— K-ESMLR with spectral information

2
Overall accuracy

——K-ESMLR with spectral and spatial information (EMAPS) 095 - —+—K-ESMLR with spectral and spatial information (EMAPs)

Figure 4. The robustness of the proposed framework under different values of cost C: (a) The proposed
ESMLR with the Indian Pines dataset (using the original HSI dataset, i.e., 200 features, b = —15) and
the K-ESMLR with the EMAPs (36 features, b = —17); (b) The proposed K-ESMLR with the Pavia
University dataset (using the original HSI dataset, i.e., 103 features, b = —10) and the K-ESMLR with
the EMAPs (36 features, b = —12).

Experiment 3: The impact of the sparse parameter b (A = 2b) on (22) is evaluated in this
experiment. More precisely, we evaluate the performance using a logarithmic function, where the
ERROR is shown in logarithmic scale for improved visual effect. As shown in Figure 5, the proposed
ESMLR achieves better classification results compared with the SMLR when only spectral information
is utilized, especially for the Pavia University dataset. Also, it seems K-ESMLR slightly outperforms
K-SMLR. This has demonstrated that the proposed framework achieves a better performance compared
with the conventional SMLR framework for both linear and nonlinear (kernel) cases. When EMAPs
are applied to extract both the spectral and spatial information, the proposed framework also achieves
better classification results compared with SMLR. When combining our ESMLR framework with the
proposed combinational linear MFL, it also outperforms SMLR. Note that K-SMLR and K-ESMLR
cannot be combined with linear MFL, hence the results are not shown. In summary, thanks to
the proposed improvements, the proposed ESMLR and K-ESMLR framework has outperformed
conventional SMLR and K-SMLR for effective classification of HSI, respectively.
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Figure 5. The impact of the sparse parameter b (A = 2b) in the proposed framework: (a) results on the
Indian Pines dataset; (b) results on the Pavia University dataset.

3.3. Discussions on Classification Results and The Running Time of Different Algorithms

In this subsection, the classification results and the running (executed) time based on the proposed
classifiers are compared with other state-of-the-art approaches. For Indian Pines and the Pavia
University datasets, the results are summarized in Tables 1 and 2, respectively. It is worth noting that
all the classification results were based on the corresponding best parameters.

From Tables 1 and 2, it can be concluded that:

(1) Compared with the SMLR, the proposed ESMLR achieves better classification results yet the
running time is quite comparable under the aforementioned three different situations. Also,
it seems ESMLR has a strong learning ability for a small number of training samples when
only spectral information is used. For a class with the classification accuracy less than 60%,
the improvement is dramatic. This demonstrates the fast and robustness performance of the
proposed framework.

(2) Compared with K-SVM, they achieve better classification results compared to the ESMLR
when only the spectral information is used. However, it requires much more computational
time than the proposed approach. When both the spectral and spatial information was used,
the proposed ESMLR framework achieves better classification results than K-SVM. This again
clearly demonstrates the robustness and efficiency of the proposed framework.

Moreover, we show the confusion matrix of the method that obtain the best classification results
in term of OA, AA and kappa, i.e., the proposed ESMLR with linear MFL for further investigation.
The results are given in Tables A1 and A2 in Appendix A for comparison.

3.4. Classification Results with Different Numbers of Training Samples

In this section, we evaluate the robustness of the proposed framework with different numbers
of training samples. We vary the number of training samples Q randomly selected from each class,
where we have Q =5, 10, 15, 20, 25, 30, 35 and 40 in our experiments. If Q becomes more than
50% of the total samples within a class, only 50% of samples within that class are used for training.
For the Indian Pines and the Pavia University datasets, relevant results are summarized in Tables 3
and 4, respectively.
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Table 3. Classification accuracy (%) with different numbers of labeled samples in Indian Pines dataset (Best result of each row is marked in bold type).

Spectral Information

Spectral and Spatial Information

EMAPs Proposed Linear MFL

Q Index K-SVM SMLR K-SMLR ESMLR K-ESMLR K-SVM SMLR K-SMLR ESMLR K-ESMLR SMLR ESMLR
OA 51.724+553 45.09+290 5549+274 5321+£277 56544358 66.66+420 68.75+452 67.61+£339 7054+262 69.84+2.66 69.20+418 71.41+223
5 AA 6424 £4.65 5774+£217 6665+188 6668+175 6843+188 7848+230 78.38+213 78.0 £ 1.85 8031 +171 8049+147 7834+226 80.60 213
k 46234+588 3870+299 5053 +£286 47.93+£269 51524+3.64 6270+451 6495+484 63.85+£383 6692+286 66.07+2.81 6534+459 67.80 £ 2.52
OA 6449 +£248 5328+2.03 6252+204 58.79+318 63904229 7494+212 77.07+240 77.00+£217 80.67+231 79.68+2.08 7758 +3.54 80.33 £2.76
10 AA 7584 +1.60 6573+148 73.64+£112 7244+123 7504+£145 8470+£090 8508+178 8519+129 8696+157 8690+133 8502+1.64 87.52+1.74
k 60.29 + 2.75 47.77 £ 2.06 58.19 +£2.07  54.05 £ 3.32 59.51 + 2.49 71.8 £2.28 7417 £2.67 7423 +£237 7814 £2.56 77.02 £ 2.34 74.72 £ 3.92 77.77 £+ 3.09
OA 68.68£1.19 59.75+£205 66.75+118 6234+£237 6835+161 80.10+£2.04 8200+£270 81.03+1.65 8384+£210 8322+228 83.03+229  84.68 +1.22
15 AA 7805+116 70.61+1.67 7775+0.88 7537 +1.08 7921+0.63 8810+158 8811+131 89.01+1.13 8944+131 89.78+120 8897+1.13  90.26 + 0.56
k 64.77 £ 1.25 5493 +2.17  62.83 £1.24 57.85 + 2.61 64.38 + 1.63 77.51 £2.32 79.6 +2.99 78.66 + 1.81 81.69 + 2.36 81.04 + 2.55 80.85 + 2.52 82.66 + 1.35
OA 7118 £1.81 6255+224 70.65+117 65.04+148 7144+154 825 +2.28 86.05 126 8340+178 8676166 8554+211 8651+1.19 87.16 + 1.06
20 AA 8156 +1.19 7229+237 80.67+116 77.42+097 81.89+124 89.88+1.03 9049+061 9024+£090 91.64+090 9156+0.86 90.75+1.21  92.08 £ 0.46
k 67.66+1.94 5807 +245 67.04+126 60.80+158 6792+1.63 8027+251 8414+140 81.25+196 8498+188 83.63+233 8470+1.34 8543 +1.18
OA 7323 £ 1.54 63.14 + 1.56 72.04 +£1.33 66.40 + 1.76 74.60 £ 1.71 84.23 +£1.94 86.05 + 1.26 86.03 £ 1.76 87.67 £1.67 8717 +1.53 86.98 £ 1.53 89.45 + 1.29
25 AA 8227 +141 7325+1.80 81.26+079 78.00+142 8417+1.07 90.77+0.68 9049 +061 91.74+129 9257+0.88 9273+091 91.89+0.60 93.30 £0.71
k 70.03+1.71 5877 +1.67 6857 +144 6232+192 7135+185 8215+214 8414+140 8418+197 86.02+187 8546+1.71 8523+1.69 87.99+146
OA 74.57 £ 2.74 65.51 + 1.83 7295 + 1.84 67.70 £ 0.76 75.20 £ 1.19 86.22 +2.29 86.65 £ 1.71 87.38 £ 1.02 89.10£0.97  88.79 +1.05 88.81 £ 1.95 89.96 + 1.74
30 AA 8349 £131 7436+1.62 8262+£1.07 7859 £1.60 842 +1.25 9232+125 9077 £1.07 9255+£055 93.18+£058 93.34+£045 92.66+0.80 93.89 + 0.64
k 7137 +£294 6138+2.00 69.61+195 63.73+0.83 71994132 8438+257 84.83+191 8568+113 87.60+1.09 8725+1.18 87.26+216 88.58 +1.94
OA 7631 4+154 6596 +247 7547 £137 6928 +£208 76374087 8737+170 88.65+094 8832+144 90294144 8972+1.19 89.93+140 91.22£0.76
35 AA 84.714+1.07 74724229 8393+164 79.89+153 85534+0.65 92804081 9223+0.78 9326081 93.60+050 93.714+045 93.35+0.83  94.74 £ 0.58
k 7323+171 6189+267 7231+149 6542+223 7331+096 8565+191 87.04+1.06 86.74+161 8894+161 8830+1.33 8852+1.58  90.00 £ 0.85
OA 7776 £131 67.16+1.06 7569 +1.07 6996+111 7693+1.16 8728+1.66 89.35+133 8957092 9053+1.04 91.11+0.77 90.13+1.37 91.73 £ 0.98
40 AA 85204095 7512+1.70 84.66+£1.08 7937+102 85404134 93.02+071 9275+1.01 94.05+£0.65 94344074 94551+038 93.64+073  94.77 £ 0.87
k 7481 +144 6320113 7253+116 6622+119 7391+131 8555+185 8784+149 8313+1.02 8920+116 89.85+087 8874+155 90.55+ 1.11
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Table 4. Classification accuracy (%) with different numbers of labeled samples in Pavia University dataset (Best result of each row is marked in bold type).

Spectral Information

Spectral and Spatial Information

EMAPs Proposed Linear MFL

Q Index K-SVM SMLR K-SMLR ESMLR K-ESMLR K-SVM SMLR K-SMLR ESMLR K-ESMLR SMLR ESMLR
OA 62.82+7.62 5284+638 6251+613 64.64+564 6251+551 6890+514 6558 +373 63.01£597 6936+7.34 6621 +491 6626 +4.66  72.02+ 558
5 AA 7371 +£354 6275+203 71.10£3.08 7023+£3.62 7278+£398 7748 +£286 7142+£225 73.04+423 7460+354 7736+237 71.14+£219 76.74 + 2.56
k 54.1 £8.01 4282+586 5380646 5545+620 53574599 6130+568 5722+385 55.01+£622 61.77+791 5845+510 57.71+484  64.75 £ 595
OA 70.01 £4.46 6129+354 68.05+227 7031+273 6818+3.82 7777520 7454+247 7214+374 77.62+545 7541+3.17 7675+211  80.70 £ 2.50
10 AA 79.00£158 7030+£179 7827 +£139 7592+140 7820+£186 84.18+£244 7725+145 79.84+222 8202+168 8415+161 80.67£2.65  84.22 +1.28
k 62.54+485 51.99+373 6042+228 6238+306 60464408 71.85+596 6745+264 6523+£404 71524639 69.00+3.74 7030253 7520 £ 2.90
OA 7466 £526  67.12+£3.78 7445+£258 7319 £448 7468+£297 8269+439 79.16+t164 7727+£393 83.65+£265 8017395 8096348  84.32+3.41
15 AA 8147 £257 7394+112 8153+180 7793+1.64 81.71+1.09 88.05+207 8141+143 8386+167 87.08+219 8721+183 8371+261 88.23+1.17
k 67.84+6.13 5854+399 67.64+314 6585+£500 67914+328 7791+528 7318+193 71.31£450 7893+327 7481+4.67 7559+416 79.82+4.01
OA 7642 +£3.81 6799 +£279 7763+£374 7462+£320 77.64+206 8422+331 80.64+1.61 79.60 £ 2.5 86.85+£0.82 84.68 £278 8321+£250  87.61+1.03
20 AA 83.00+1.21 7446+1.13 8429+150 7922+175 8371+1.07 8924+127 84.68+152 8647+105 8951+0.71 89.76+1.20 86.65+1.47  89.95+0.92
k 70.09 £4.35 59.55+3.01 71.66 +422 6758+372 71494243 79.74+396 7522+197 7411+£296 8293+1.02 80.34+326 7840+3.04 83.89 £1.26
OA 81.014+231 6850+1.89 7922+154 7620+£198 79124260 87994295 83.00+£2.00 84.49+£252 87.00+158 86.17+1.62 8592+1.58  89.19 £ 1.63
25 AA 85.81+1.10 75.83+1.80 84.63+0.88 80.63+124 8517+0.85 9123+1.67 8638+1.06 89.38+£1.04 9059+0.71 9047 +1.02 8859+1.23 9149+ 1.06
k 75.67 £2.67 6046 +196 7345+1.85 69.62+234 7336+298 8441+3.68 7815+235 80.11+£301 8319+196 82.07+203 81.77+191 8594 +2.05
OA 8193+ 142 69.87+196 8049 +165 7638+£254 81344208 88814264 8446+154 8597+£227 89554132 87294181 86.59 +1.89 89.76 + 1.1
30 AA 8624 £0.71 7638+£091 8549+1.06 8086+119 86.00£072 91.80+0.84 8748+113 9023+1.10 9240+£0.82 91.30+1.09 89.73+091 91.71+0.78
k 7672 +1.68 6191+212 7499 +201 69.87+284 76.04+243 8544+328 7994+184 81.93+278 86424166 8352+225 82.70+232  86.64 £ 1.50
OA 82144+196 6956 +218 81.65+286 7778141 81724235 9039+1.72 84.63+209 8726+£176 9023+212 89.12+1.69 87.94+087 91.49 +1.38
35 AA 86.814+1.01 76.14+128 8570+132 81.79+071 86484074 9287+0.61 8791+£090 91.13£0.66 92.704+0.82 92344074 90.89 £0.68  93.09 £ 0.66
k 77.04+234 6149+237 7642+345 7151+158 7653+274 8744+211 80.19+254 8352+214 8728+260 8580+214 84.37+1.05 88.86 176
OA 84.014+1.88 70.63+237 8342+224 7814+179 8388+094 9026+230 8521+1.16 88.9 +1.02 91114+124 8976 +153 89.18 +£1.21 91.99 +1.46
40 AA 8740+1.17 7697+099 8693060 8282+0.75 87.60+076 9295+1.21 8850+£0.86 92.08£0.68 93.46+0.68 9291+0.87 91.50+1.06 93.56 & 0.54
k 7926 £2.30 6277 £2.68 78.60+£260 7208+£201 79.16+1.18 8729+£283 8092+142 8559+125 8840+157 86.64+195 8592+150 89.53 +1.83
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As seen in Tables 3 and 4, the proposed ESMLR framework improves the classification accuracy
of SMLR dramatically even for a small number of training samples. When both spectral and spatial
information are utilized, the proposed framework outperforms K-SVM. As K-SVM requires much more
computational time in comparison to the proposed framework, we can conclude that the proposed
ESMLR framework provides a fast and robust solution for the classification of HSI.

In addition, Figures 6 and 7 show the classification results from different classifiers for the Indian
Pines dataset and the Pavia University dataset, respectively. For each class, the number of training
samples is set to 40. Also, we use the Wilcoxon signed-rank test [48] to evaluate the performance of the
proposed ESMLR with 40 training samples in both the Indian Pines dataset and the Pavia University
dataset. The results are presented in Table A3 of Appendix B for comparison. Again, this has clearly
shown the superior performance of the proposed approach in effective classification of HSI.

Figure 6. Results in Indian Pines dataset (40 training samples per class): (a) K-SVM (spectral;
OA =77.14); (b) SMLR (spectral; OA = 67.05); (c) K-SMLR (spectral; OA = 75.84); (d) ESMLR (spectral;
OA =69.14); (e) K-ESMLR (spectral; OA = 77.22); (f) K-SVM (EMPAs; OA = 89.15); (g) SMLR (EMAPs;
OA = 89.65); (h) K-SMLR (EMAPs; OA=89.82); (i) ESMLR (EMAPs; OA = 90.44); (j) K-ESMLR (EMAPs;
OA =90.44); (k) SMLR (proposed linear MFL; OA =90.79); (1) ESMLR (proposed linear MFL; OA=91.78).

(8) (h) G i (k) o

Figure 7. Results in Pavia University dataset (40 training samples per class): (a) K-SVM (spectral;
OA = 83.58); (b) SMLR (spectral; OA =70.74); (c) K-SMLR (spectral; OA = 83.22); (d) ESMLR (spectral;
OA =78.41); (e) K-ESMLR (spectral; OA = 83.47); (f) K-SVM (EMPAs; OA = 90.07); (g) SMLR (EMAPs;
OA = 85.64); (h) K-SMLR (EMAPs; OA = 87.90); (i) ESMLR (EMAPs; OA = 91.24); (j) K-ESMLR
(EMAPs; OA =90.17); (k) SMLR (proposed linear MFL; OA = 89.07); (1) ESMLR (proposed linear MFL;
OA =92.30).
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3.5. Comparing the Proposed ESMLR with CNN and Recurrent Neural Networks (RNN)

In this subsection, we compare the classification results and consuming time of the proposed
methods with CNN and recurrent neural networks (RNN)-based deep learning approaches.
The classification results and training time of CNN and RNN-based methods are directly taken
from [47] and shown in Table 5. In our method, the number of training samples and testing samples
are the same as those in [47]. Although the computer used in [47] is slightly different from ours,
the proposed approach is 1000 times faster in training, which clearly shows the superior efficiency
of our approach in this context. In addition, the proposed method achieves higher classification
accuracy than both CNN and RNN-gated recurrent unit-parametric rectified tanh (RNN-GRU-Pretanh).
This again demonstrates the superiority of the proposed method.

Table 5. The classification results of CNN, RNN and the proposed method. The best accuracy/least
training time in each row is shown in bold.

Datasets Indexes CNN [47] RNN-GRU-Pretanh [47] ESMLR-Linear MFL

Indian Pines data OA 84.18 88.63 92.75 + 0.47

set with 6.7% AA 80.08 85.26 95.42 + 0.39

trainin Sal’]‘f‘l les k 68.52 73.66 91.71 £ 0.53
8 P Training Time 8.2 min 19.9 min 0.58s

Pavia Universit OA 80.51 88.85 98.68 1= 0.09

N 90/5; AA 88.51 86.33 98.58 = 0.08

trainine samples k 74.23 80.48 98.25 + 0.13
& P Training Time 33.3 min 77.4 min 1.22s

4. Conclusions

In this paper, we propose a new ESMLR framework to solve the two main drawbacks SMLR for
the effective classification of the HSI. By combining linear MFL for incorporating the spectral and
spatial information of HSI, the classification accuracy has been successfully improved. Compared
with conventional SMLR method, the proposed ESMLR framework has yielded better classification
results with a comparable computational time. In comparison to K-SVM, ESMLR requires much less
computation time and can better exploit the combination of spatial and spectral information with
different labeled numbers of training samples. Furthermore, the proposed approach consistently
achieves higher classification accuracy even under a small number of training samples.

The future works will focus on the optimization of the required computational time for K-ESMLR
by using sparse representation, and further improvement of the classification accuracy by resorting
the ideal regularized composite kernel [49].

Acknowledgments: This work is supported by the National Nature Science Foundation of China (Nos. 61471132,
61372173 and 61672008), the Training program for outstanding young teachers in higher education institutions
of Guangdong Province (No. YQ2015057), Guangdong Provincial Application-oriented Technical Research
and Development Special fund project (2016B010127006, 2015B010131017), the Natural Science Foundation
of Guangdong Province (2016A030311013), the Scientific and Technological Projects of Guangdong Province
(2017A050501039) and Key Project of Industry-University-Research Collaborative Innovation in Guangzhou,
China (No. 201604016064).

Author Contributions: F. Cao and Z. Yang conceived and designed the experiments. F. Cao implemented
the proposed method, analyzed results and drafted the paper. Z. Yang and J. Ren analyzed results and also
significantly revised the paper with the support from W.-K. Ling, H. Zhao and S. Marshall.

Conflicts of Interest: The authors declare no conflict of interest.



Remote Sens. 2017, 9, 1255

Appendix A
Table A1l. The confusion matrix of the proposed ESMLR with linear MFL from the Indian Pines dataset corresponding to Table 1.
- Predicted-
Class 1 2 3 4 5 6 7 9 10 11 12 13 14 15 16
1 44.9 15 0 0 12 0.2 0 0 0.1 13 0.9 0.9 0 0 0 0
2 0 1223.9 15.6 2 0.2 14 0 0 0.8 30.3 86.3 1.8 0 0.1 0.6 0
3 0 28.3 742 6.8 0.1 0 0 0 0.4 5.3 59 42 0 0 0 0
4 0.1 6.3 7.6 185.9 0.6 0 0 0 0.3 7.7 6.3 8.10 0 0.1 0 0
5 0.3 3.3 15 1.8 433.8 114 5.4 0 0 6.5 2.5 6.1 0 0 0.4 0
6 0 0.6 0 1.5 0.8 702.2 0 0 0.1 2.1 1.1 0.1 0 0.1 1.4 0
7 0.2 0 0 0 0.8 0.1 21.7 0 0 0.2 0 0 0 0 0 0
Actually 8 0 1.1 0 0 0.5 0.3 0 461.6 0 0.1 0.6 0.7 0 0 0.1 0
9 0 0 0.9 0.2 0 0 0 0 15.3 0 0.6 0 0 0 0 0
10 0 31.6 2.3 0.5 0.6 29 0 0 0.2 808.4 55 18.5 0 0 0 0
11 0.3 52.5 2.8 0.3 0.8 15 0 0 0.4 52.5 2228.8 5 0 0 0.1 0
12 0 6.4 13.2 6.4 1.1 0.4 0 0 0.2 324 13.3 508 0 0 12 14
13 0 0 0.4 0 0 0 0 0 0.2 0.3 0.1 0 201 0 0 0
14 0 0 0.3 0 0 3.5 0 0 0 0.4 0.4 0.2 0 12229 2.3 0
15 0.7 7.6 2.8 0.2 6.0 15 0.7 0 0.2 2.8 3.3 4.6 1.6 2.7 326.3 0
16 0 3.7 1.6 1.6 19 0 0 0 0.1 14 6 3.3 0 0.2 0 712

Table A2. The confusion matrix of the proposed ESMLR with linear MFL from the Pavia University dataset corresponding to Table 2.

- Predicted
Class 1 2 3 4 5 6 7 8 9
1 5957.2 5.2 33.6 0.1 0 9 50.8 27.1 0
2 2.3 17934.3 1.5 40.5 0 124.7 04 5.3 0
3 3.8 1.1 1648.1 0 0 0 1.1 52.9 0
Actually 4 1.5 11.3 3.6 2515.9 0 2.2 1.6 3.9 0
5 2.5 04 1.4 0 1068.9 0.7 1.7 44 0
6 3.9 27.3 3.1 0.2 0 4434.8 0.8 26.9 0
7 13.6 0 0.6 0 0 0.2 940.5 0.1 0
8 8.7 0.3 49.1 0 0 8.1 1.6 3100.2 0
9 1.2 0.1 0.7 0 0 0.5 0.8 1.1 711.6

18 of 22
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Appendix B

In this appendix, we further evaluate the proposed ESMLR using the Wilcoxon signed-rank
test [48] and the results are given in Table A3. In Table A3, we also show the classification results in
term of OA (%) with randomly running 20 times using of SMLR and ESMLR under the strategy of
the proposed linear MFL as well as those from KSVM under the strategy of EMAPs. The number of
training samples is capped to 40 (or 50%, whichever is less) per class. We use i to denote the results
from the i-th run, ESMLR; denotes the classification by ESMLR with the proposed linear MFL, SMLR;
denotes the classification by SMLR with the proposed linear MFL, SVM; denotes the classification by
KSVM with EMAPs, sgn denotes the sign function, and abs refers to the absolute value. R; is the rank.
Av denotes the average accuracies (OA) over 20 runs.

(1) HO: There are no salient difference between SMLR-linear MFL and EMSLR-linear MFL in term
of OA;

H1: There are salient difference between SMLR and ESMLR in term of OA, reject hypothesis HO.

According to the results in Table A3, we use ranksum function of Matlab [50] to perform a Wilcoxon
two-sided rank sum test under a significance level of 0.05. We get the probabilities of accepting
hypothesis HO (see [48] for therein) is 0.00024706 and 0.000041658 for the Indian Pines dataset and
the Pavia University dataset, respectively. As a result, we reject the hypothesis HO and accept the
hypothesis H1 that there are salient differences between SMLR-linear MFL and EMSLR-linear MFL in
term of OA.

(2) HO: There are no salient difference between SVM-EMAPs and the proposed EMSLR-linear MFL
in term of OA;

H1: There are salient difference between SVM-EMAPs and the proposed ESMLR-linear MFL in
term of OA, reject HO.

According to the results in Table A3, we apply again the ranksum function to perform a Wilcoxon
two-sided rank sum test under a significance level of 0.05. We get the probability of accepting
hypothesis HO is 0.00000012313 and 0.00075788 for the Indian Pines dataset and the Pavia University
dataset, respectively. Therefore, we deny the hypothesis HO and accept the hypothesis H1 that there
are salient difference between SMLR-EMAPs and ESMR-linear MFL in term of OA.

Based on the analysis above and the Av given in the last line of Table A3, we can conclude that the
proposed ESMLR obtains the best performance which significantly improves the existing approaches
including KSVM and SMLR.

Table A3. Wilcoxon signed-rank test.

Indian Pines Dataset Pavia University Dataset
ESMLR; — SMLR;
sgn abs R;  sgn(ESMLR; — SMLR;) * R;

—

ESMLR; ESMLR; KSVM; ESMLR; SMLR; KSVM;

1 90.5370 89.6000 1 09370 13 13 89.8326 90.8077 90.9727 91.9417
2 92.7624 91.3100 1 14524 10 10 89.8326 93.2549 89.4710 92.0360
3 92.8236 89.3500 1 3.4736 1 1 89.1078 92.8541 89.0607 88.9004
4 90.0980 89.9200 1 0.1780 19 19 87.2805 89.9967 89.8387 93.1535
5 92.9563 90.7500 1 2.2063 6 6 88.6382 92.3590 91.4537 91.7696
6 91.4047 89.2800 1 2.1247 8 8 89.1793 92.1822 88.3369 90.6568
7 90.1388 89.2900 1 0.8488 14 14 88.9955 92.7622 87.2525 92.9107
8 92.3438 89.7000 1 2.6438 4 4 85.5349 89.4285 86.2693 88.7825
9 91.2617 90.8700 1 0.3917 16 16 88.3932 92.1893 90.3928 86.2434
10 92.1294 90.6900 1 14394 11 11 87.2805 93.0592 90.8054 89.7232
11 91.7211 91.7700 -1 0.0489 20 -20 89.1180 93.0993 92.5028 91.2392
12 92.8440 90.8600 1 1.9840 9 9 89.7407 93.7217 87.6273 87.9597
13 93.0073 89.7100 1 3.2973 2 2 88.1993 93.9457 90.1617 89.5676
14 90.3328 90.0100 1 0.3228 18 18 88.0870 93.1064 89.2776 91.1543
15 91.1188 92.3600 1 12412 12 12 89.7305 93.1182 91.0576 89.9330
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Table A3. Cont.

Indian Pines Dataset Pavia University Dataset

ESMLR; — SMLR;
sgn abs R;  sgn(ESMLR; — SMLR;) * R;

i ESMLR; ESMLR; KSVM; ESMLR; SMLR; KSVM;

Av  91.7272 90.3545

16 91.5680 88.7800 -1 2.7880 3 -3 90.8942 91.7177 87.8489 90.6002
17 92.0682 89.8800 1 2.1882 7 7 89.4345 92.9272 90.5602 89.0301
18 91.3842 90.9400 1 0.4442 15 15 87.9543 93.4812 91.7673 90.4800
19 92.8644 90.5100 1 2.3544 5 5 88.8220 90.8148 91.3948 92.1374
20 91.1801 91.5100 1 03299 17 17 87.8216 90.4894 89.6407 90.6238

- - - 88.6939 92.2658 89.7846 90.4422
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