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1. 7 ie ld  Th.Gor-

Fiel.d th eory  developed  in  the 1 9th Century o j  

such eminent niathematicians as G-auss, Laplace and P oisson . 

For over a centuicy tho theo:ry has co n st itu te d  an important 

braiich o f  m athem atical p h y sics  but on ly  in  recen t decades 

has i t  been app.lied e n e r g e t ic a l ly  to  the s o lu t io n  o f 

en g in eerin g  and s im ila r  prob lem s. There is  a growing 

r e a l iz a t io n  that f i e l d  th eory ; as a t o o l  in the hands o f  

the engineer and s c ie n t i s t ,  can p lay  a major part in  the 

a n a ly s is  o f  such phoncmena as m a g n etosta tics , heat con

d u ctio n , f lu id  flo w , e l e c t r o s t a t i c s ,  e l a s t i c i t y  and 

e lectrom a gn etic  waves.

Kany p h y s ica l a p p lica t io n s  o f  f i e l d  th eory  are u n ifie d  

by tho fa c t  that they can be expressed in  p a .rtia l d i i -

f o r e n t i a l  eauations con ta in in g  the L aplacian . 

\ie have :

For imple

Lo.p l a c e 's  e q_uat ion  

P o is s o n 's  equation 

The d if fu s io n  eepuation

0V^Y -  0 

V^Y -  -IL

------ (1 .1 )

Í ]  2 '

V^Y -  (1 /h ^ ) (ÔY/ât)

The wavo equation  V 'Y  ( 1 /c^  ) )

In e le c t r ic o . l  problems Y rep resen ts  the e l e c t r i c

p o te n t ia l ;  in  the magnetic ca se , the ma;^pietic p o te n t ia l ;

In the thermal ca se , the tem perature. F. represen ts  a

knovm furniction o f p o s it io n  or a consterit w hile the symbols 
2 2h and c ■ a3.'’e paro.meters rex^resenuing xoroperties o f  the 

mediujiT,.

O
íT-



L a p la ce 's  equation  a p p lie s  to e l e c t r o s t a t i c s ,  

naoj-ietostaticB  c.nd the stead,y sto/fce x lou  o f  e le c t r ic i t y ^  

heat and in con pressah le  f lu id s .  P o is s o n 's  cou iition  

appears fo r  exc.mplc in  dotoriiiin'lng the f i e l d  in s id e  a 

vacuum tube uhore a cloud o f e le c t r o n s  produces a space 

charge. Cne o f the uses o f the d if:fu s ion  equation  is  in  

c a lc u la t in g  thermal tra n sien ts  u h ile  the \ts.v q  oquation  

a p p lie s  to  a co u s t ic  and e lectrom a gn etic  raves.

The sim p lest o f  these equations is  the Laplace 

equation  and sin ce  th is  th e s is  deals m ainly r i t h  e l e c t r i c  

.and magnetic f i e l d s ; i t  is  the soli:?.tion o f th is  equation  

that in te r e s t s  us.

1 .2 i‘..e L'*noc-i .> ::ol'ving L a p la ce 's  Lguation

L a p la ce ' s equation can be solved  i. o number o f  ways

Often the most sat i s f  a ct or 3' S0.1Lution is an exact mathe--

m a tica l one, but alien an exa,ct s o lu t io n  is  not obtsiiioable 

we no.j r e s o r t  to  a nuinerica,! approxim ation or to  a 

g ra p h ica l or an experim ental s o lu t io n . The most commonly 

used methods are l i s t e d  h ere .

1 . Anal^afcical -  This u s u a ll3" in v o lv es  an exact mathe 

in atica l s o lu t io n  and can be subdivided  in to  va.rious 

mathematical methods, examplampies o i xwo o í wnicn are grven

h e r e .

1(a) Geparation o f V a r ia b les ; In th is  method the 

p a r t ia l  d i f f e r e n t ia l  equations (1 .1 ) to  (1 .4 )  are broken 

doiTn in to  ordinary d i f f e r e n t ia l  equations and the f in a l  

s o lu t io n  i s  b u ilt  UP from p a r t icu la r  so lu t io n s  o f  these



n-i t  fo,io e c u a t io n s . Thi s 'U'ocedu.re can V\i

,th an '̂ nU'Wjer o f independent va n ia b l e s  and i s

b l e  to c y l i n d r l e a l  and a x i a l l y sym m etrica l fio^Id

f u n c t io n s  o f  a Connlex Y a r ia b le : The i::et hod o f

o b ta in :Ln¿ a s o lu t io n  o f  Lap?..ace' s - ©caution usi.n^ fu n ctio n s  

o f  a coinplcn v a r ia b le  is  so n e tice s  re fe r re d  to as the j-'othod 

o f  con jugate fu n ctio n s  or the retliod  o f  c o n forinal tra n s 

form ations,, I t  in v o lv es  transform ing a recta n gu lar mesh 

in. one complex plane in to  th e  d es ired  f i e l d  map in  another 

complex p ia n o . I t  i s  handicapped however in  that i t  can

be app lied  onlp to c y l in d r ic a l  f i e ld s  o f  ono or two in 

dependent v a r ia b le s ,

2, 'Tunr.erical Approxim ation -  Im ployinp the 'r e la x a t io n ' 

method 5 num erical approxim.ation c o n s is ts  in  re i)la c in g  

the smooth p o te n t ia l  va .ria tion  by a set o f  d is c r e te  va lu es 

at the in t e r s e c t io n  o f a g r id . I t  is  an i t e r a t iv e  method 

r e ly in g  f o r  accuro-cy on ted iou s  num erics,! a n a ly s is , and is  

lim ite d  o r d in a r ily  to  f i e ld s  in  which the p o te n t ia l  is  a 

fu n ction  o f  on ly  two space v a r ia b le s .

't: ^ • ■q''i n c a l  — This method5 su ita b le  fo r  tw 0—dimens io n a l
,/y .•J_L9l( ‘1 Q; req u ires no Imowledge o f mathematics and c o n s is ts  .

o f a map o f  the ^ 1 r\ l'' sil owing eq u ip ctent i a l s and l in e s  o f

f i cw , vil ich  d iv i de the Oil 13 lU’ G re g io n  in to  cur ■'T’* 1 h 'f' T*

souare s , ho procedure c o n s is ts  o f  sketch ing :evr

te :it i¿ .ls  snd l in e s o f flow  on a s ca le  dr

then su bd iv id in g tilee ‘ ^ r >  o i  i *1 V  a  ’fC ; • 
—  w  L u - -  U  -a c u r v il i ;

the requ ired  accuro •*'tp is  obtained The.he meoiioci o:,;



" G >f‘ . 1’?'vri-̂ nre :u:’,a2ina] p o i 'it s

ciuceci xo

or lir:,e charaes are in trc - 

Craphicat i s f y  'büiridaxy c o a d it io n s , uses a n-oh

laethod fo r  tlie c o n s tru ct io n  o f  e c u ip c te a t ia ls  and. l in e s  o f

f o r c e .

4. rapor ic o n ta l  ™ l:e have seen that I n p la c e 's  equation  

can be used, in  the s o lu t io n  o f  a v a r ie ty  o f  ph^rsical 

phenomena such as e l e c t r o s t a t i c s ,  n a y n e to sta tj.c s , heat 

tr a n s fe r  e t c . ,  but i t  is  a lso  true that an experim ental 

soi.u tion  obtained in  one branch ox p h ysics  can be f\pi>lied 

d ir e c t ly  to the corresponding: problem  in  another branch. 

The method co n s is ts  o f con stru ctin y  'bhe conductor system

d etem in e  the

ce a.nd vDibh the aid o f probes

i a l a.t any p 0 i n t . experim ental

two and th ree  dim ensional f i e ld s

1 c '  1  C! re arc in te re s te d  mainly in  the methodIn th is  uixee.Li

o f Conformal Transform ations and in  using  th is  method to 

in v e s t ig a te  the tuo-d im ensional f i e ld s  o f  variou s conductor 

sha£)es. *

*5 Confoim al Tr ansforijiations

The method o f conform al t r a n s íOircations vras f i r s t  I'.sed

i.n the la s t  century by Kaxvrell and oth ers mho employed 

a known tran sform ation  equation  and worked backvrards to  

obta in  the f i e l d .  In the la te  18 6 0 's  Scliwars [l] and 

C h r is t o f fe l  [ 2 ] developed a method o f transform ing the 

o u tlin e  o f  a x:ol3’'gon in  o.ne complex ¡olaxie onto the r e a l  

a x is  o f  another complex plane thereby a llow in g  a p a r t icu la r

5



conductor shape to  he in v e s t ig a te d  d i r c c t l jv  This opened 

up the nethod to  more p r a c t ic a l  a ijp lica t io n s  and uas used 

subsequently  in  e l e c t r i c a l  prohleus by E ir c lio f?  [p ] and 

P o t ie r  [ 4] and in  hydrodynaaica l prohleris by I - ic h e l l  [p] 

and lo v e  [ o ] .

In 1 900 C arter [? ]  published  a paper *’lTote on a irgap  

and in te rp o la r  in d u ction " j Tdiicli \t3.q the f i r s t  a p p l i 

ca tion  o f  con forn a l tran sform ation s to an a c tu a l engin 

eer in g  p rob len . Pe.ge [s] in  1911 extended the method to 

problem s con ta in in g  carved l in e s  v/liile in  the 1920 ’ s 

Carter [ 9 ] ,  oiid Coe and T;?>.ylor [l o ”] added e l l i p t i c  fu n ctio n s  

to the al-read^r mounting r e p e r to ir e  o f  the m athem atically  

minded en gin eer.

In th is  th e s is  I have t r ie d  to  b u ild  up a p ic tu re  of 

the r o le  o f  conform al troaisform ations in  the s o lu t io n  o f  

L a p la ce 's  equation  fo r  tu o-d im onsion al f i e ld s  and sho;r hou 

the theoip’- can be a p p lied  to  obta in  severa.1 pliysica]. 

p ro p e r t ie s  o f  the f i e l d .

Chapters 2 , . ^  and 4 cover the th e o ry , methods o f  

s o lu t io n  end examples, snd provide the in form ation  necessary 

in  the in v e s t ig a t io n  o f  so lv a b le  problem s. The tuo 

examples chosen, i l lu s t r a t e  the d i f fe r e n t  bouindary con

d it io n s  that are found in  e l e c t r i c a l  f i e l d  th e o r y .

Chapter 5 in v e s t ig a te s  vario'us corner con fig i.'ra tion s  

\rhich in  th e ir  an a lys is  p rov ide  examples o f  each o f  the 

methods o f s o lu t io n  l i s t e d  in  chapters 9- They show cI-BO. 

the do^pree o f  mathematical iao,nipu3_atio:i o ften  n ecessary  ;lr. 

ob ta in in g  the f i n a l  tra n sform a tion .

rO



F in a ll j ' chapter 6 o u tlin e s  tu o  oJ,.ternativc netliods o f  

f i e ld  determ ination,; the r e la x a t io n  method and an e x p o r i- 

nenta.l method.
rnvl‘ne t ’fc . t j ’̂ pes o f  Icp  used in  th is  th e s is ,  nameuy lo g

and In , both  r e fe r  to  ITarierian loparitiim s.
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 ̂ odu c t io 'i  to  Oo^nple:: V o.rlableG

Tho theory o f  conforraal trsinsform o-tions is  ‘based on 

the use o f  fu n ctio n s  o f  £i complex v a r ia b le  and hence a 

sh ort in tro d u ct io n  to  the concept o f  coraplex va.riables is  

necessarjr in  0113'- d is s e i 'ta t io n  on th is  s u b je c t .

Since the product o f  a,n3? r e a l  number, p o s i t iv e  or 

n eg a tiv e , 03̂  i t s e l f  is  p o s i t iv e ,  i t  i s  c le a r  that no 

ord in a r3r or r e a l  number has a n egative  souiare. I t  uas 

th e re fo re  natural to  r e fe r  to  the square roo t  o f  a, negative

number a,s being  "imagina,r37' ”

u r i ’ce

Furthermore s in ce  we cs,n

2 ( - D ^ r ■I -1

i t  is  c le a r  that the pui'‘e imaginary u n it 'J-1 . which is  

u su a lly  denoted i ,  ce.n, so to  speah, be made to  bear the 

e n tire  brunt o f  "b m agin arin ess", and the square r o o t  o f  

nega.tive nmimber can be w ritten  as the product o f  the 

in a g in a r3?' u n it i ,  and a r e a l  number x.

I t  is  o fte n  convenient when rau ltip ly in g  one r e a l  

number x 'b-'j a second p o s it iv e  r e a l  number 3̂ to  g ive  on 

geom etrica ,! grounoLs an op e ra tio n a l in te rp re ta t io n  to the 

product yx, and se~j th a t j  i s  an ojperator which s tre tch e s  

X in  the r a t io  j  to  1. I f  the s tr e tch in g  op era tor  be 

n egative  and equal to  --3" we natu.r8, l l 3̂ sb.j  that
~-T =: (™-1 ) -trO \ ' J xj

ca .rries out two op era tion s , the f i r s t  o f  which is  to  s tre tch  

X in  the ra h io  y to  1 , w hile the second is  a. r e v e rs a l o f  

d ir e c t io n .  This re v e rsa l o f d ir e c t io n  rma3̂ i t s e l f  be

viewed a.s a. r o ta t io n  through 180"^. so t hat -1 i s  ami

9



j.enjith.r: iinchan^od Ix'tv’hicli tatG3

'txiirc'ni-iJi -r1oO . 

m u lt ip lie d  by - 3'' t c  y iv e  -y x .

Ih is  i s  shown in f ig u re  ( 2.1 V  ■'! :

l iy u re  2.1 use ox “ I
operator

iu y u x 2 . 2

Lyx

qo

Uvse o f  i  
op er 3. to r

I f  we .seek s im ila r l3i' to  y iv o  an o p e ra tio n a l in t e r 

p re ta t io n  to the p rocess  o f  mu], b ip ly in y  a r e a l nunbor x 

D3'' i ,  we r e c e iv e  a u se fu l su ggestion  from the fe .ct th a t  a 

double a p p lic a t io n  o f  the op era tion  o f  rnu.ltipnm/ing ’03̂  i  is  

equ ivalent to the op era tion  01 m u ltip ly in g  "03̂  -1 . he 

th e re fo re  fin d  i t  co n s is te n t  '.pith our este .b lish ed  theorem 

to  trea t i  as sxi op era tor nohich ro ta te s  through -;-90° ,

This can be seen in  fig u re  (2 .2 )  where our re-al number x 

i s  t liis  time operated  on b3'- y '1 ~1 i  3m

mixed number x -!■ i  j  v.iiicli c o n s is ts  o f  the su.ni o f  

a r e a l p o rt io n  x and a pure im aginary p o r t io n  i  y i s  o a llo d  

a "com plex” number end the o p era tion a l in te rp re ta t io n  

ju s t  suggested in d ica te s  the manner in  which one may g ive 

a convenient g eom etrica l in te icp re ta tion  to  ouch o, complex 

number. This i s  shown in  fig u re  ( 2 . 3 ) where the r e a l  

number y i s  operated on by i  and ro ta ted  through 90  ̂ . 

hhen comp.lox numbers o,re represen ted  in  th is  fam i].ia.r v.'a3̂

10



the f i ''u r e  is  ca lle d  a dauas-Ar^and dlacra-

Tt j s c le a r  frora such a dj.a^raa that complex number-? add

v e c t o r i a ] J . y , and t h a t  ta-o com p lex  ncumbers a r e  equaD. i f  and

only i f  tiieiir r e a l  and imaginary ]parts are sepa,ra.tely

e q u a l .  I t  i s  a l s o  clea?:’ t h a t  8I13’ com p lex  num ber x  a i  y

can be w ritten  in  the equ iva len t fo ra  r(co-st- v i  sinG) -

r exp ( i 6 ) . This la t t e r  exp ression  is c a l le d  the p o la r
/

fo r a  o f  the complex nurrfoer, r  and 0 be in g  knovm r e s p e c t 

iv e ly  as the modulus end aap litu de  o f  x + i  y . Thj.s is  

a ls o  shovjii in  fig u re  (2 .5 )-

A complex qu an tity  whose r e a l  and pure irnaginaiq'- 

p arts  are v a r ia b le  is  ca lle d  a complex v a r ia b le , .and nay 

be denoted bĵ  s = x -i- i  v  or by w = u i  v xfhere u and v 

are r e a l ,  A fom ction a l r e la t io n s h ip  w -  f ( z )  may e x is t  

beti'jeen two s-uch complex v a r ia b le s , so that to  each chosen 

value o f  z there corresponds a value o f  w. bach o f  the 

complex q u a citities  w and z can be j:opresented  on o,n Argand 

diagram., so that one sxjeahs o f  the w-rjlane and the z--plane. 

The fu n ctio n a l r e la t io n s h ip  se ts  up a correspondence be

tween the poi.nts on the i/'-rlane and the 'points on the

1 1



K -plane. Thus uhen tlis v a r ia b le  s raoves in  i t s  plane 

over a cincve C, the corresponding; p o in t u d escr ib es  a 

curve C' in the u -p liin e . One ox these curves is  sa id  

to be the map o f  the o th er , axd in  th is  uap a fun.ctionaI 

r e la t io n s h ip  u -  f.{z)  maps hie S” X>lane onto the vr-p3.ane.

2» 2 in a ly t i c  lu n ct io n s  and the J ap lace lo u a t io n

.Jq ha.v8 ;x!U es ta b lish e d  \i = f ( z )  a.s ou.r fu n ctio n a l 

r e la t io n s h ip  and ue d e fin e  the d e r iv a t iv e  as

OvJ
clz

T -  . h v f1,1.1

A z -->■ o
J,jxm

Az 0

i  (_z^■Az)

Az
-P-L [ Z  I

This introoluced a neu featu re  s in ce  Az = An -i- iA;." has 

geom etricalliA  speaking, tuo decrees ox freedom end can 

approach zero a long any path as shovon in  figux'’e ( 2 , 4)

‘'oi' example the p o in t z^ in  fig u re  ( 2 . 4 )  may be approached
p 1liong xne xc -a x is  Az = Ax or along the " r v - o  "V  '1 Az -1 A-'-

or along any a rb itra ry  d ir e c t io n  Az, The corresponding

12



d e r ivat ive dvr/d z at s =; z is  u n a ltered  inf ■ eith.er riiayni-

tu de or o'hase. In cr dor that the d e r iv a t :!ve o f  n n ith

r e s p e c t  to z lii 

i t  i s  n ecessary  to demand that the l im it  o f  the above d i f 

fe re n ce  qu otien t be independent o f  the manner in  nh ich  As 

a]jprcaches zeren I f  \re assuice fo r  th e  moment that or -- 

u -i- iv  := f ( s )  has a, unique d e r iv a t iv e  r-rith re sp e c t  to

+ i

X ■ ■re hav(

id Sji
Ax ¿X

and l i 3u
0 o' Oo

the re fo r e 3u
3y

 ̂ S v■■ 9y

d z

3z drr
3x “  ai
Az  ̂ drr
dy dz

• ^

‘e a l and pui'e

3u -  l i
3x

l i 8v
3 V

are5 hnenn as

(2 .1 )

(2 .2 )

These are hnenn as the Oauchy--Hiemann equ ation s, anc 

i t  cQ.n e a s ily  be sliovrn that a ne( 

condl.tion  that a complex fu n ctio i 

d eri'va tive  n itii re sp e c t  to z -  x 1 V — o

*y id s u f f i c ie n t

U 4* 1. V p ossesses

' is that the p a r t i

d eriva .tives  o f the fu n ction s  ii and ,v e x is t .  s.re continuous 

and s a t is fy  equations (2 . 1)  and ( 2 . 2 ) ,  and that equations 

( 2 . 1 )  and (2.2)  are d i f f e r e n t ia b le .  k fu n ction  o f a 

complex v a r ia b le  orhich possesses  a d e r iv a t iv e  -at every 

p o in t o f  a reg ion  i s  said to be "a n a ly t ic "  over that 

r e g i o n .

I .0



Slippose noli' m u h- i  'v i o ,  over a cer'i;a:m

re g io n , an a n a ly t ic  :l?unction. o f  z ~ x h- i  y . The Cauchy-

R i e m a n n  e q u a t i o n s a r e  t h e n s a t ; L s f  i e d . I f  we

t  i a t e  e q u a ' t  J.on ( 2 . 1 ) w i t h r  e s p ( i c t  t o  Y we g e t

h 2 0 u
'S” 3y

a n d  d i f f e r e n t i a t e e q u a t  i o n ( 2 .Î1) i r i t l i  r e r j p e c ’t

R 2 
d V

p-
051 ox o x “

q  ? R 2h e n c e  o ' " v , 0 V

g 2
zr 0 --------- --------- -- ■—  (2,3)

This p a r t ia l  d i 'f fe r e n t ia l  eopaation is  known o.s the 

La,p.l&,ce ecpiation in  tiro-dimension's and i t  is  ox w ide

spread occ'arrc;nc8 in prob3.ems o'x pure cond ogiplied mathe

m a tics . This j.s the f'andcirnontal oquation  in problems o f  

e l e c t r o s t a t i c s  with which th is  th e s is  i s  mainlj'' concerned 

}3y in terchanging  the- v a r ia b le s  when d i f fe r e n t ia t in g  the 

Cauch^^-Riemann enuations we obta in  s im ila r ly

h2d u d u-r q 2Ox oy
0 (2.4)

so that every an .a lytic  fu n ction  autom atica.lly fu rn ish es 

us with a p a ir  o f  re-al fu n ction s  o f  two r e a l  v a r ia b le s  

eo-cli o f  which is  a s o lu t io n  o f  L a p la ce ’ s equo.tion. The 

fu n ction  v(x;.  y)  is  ca lle d  the conjugate c f  'the fu n ction  

u (x , y) and v ic e  v ersa , and the p rocess  o f  ob ta in in g  

s o lu t io n s  o f  the Laplace equation  in th is  way is  known as 

the method o f  con jugate fu n c t io n s .

Rrom the r e la t io n s h ip  w = f ( a )  wo can serrarra-te r e a l

14



and iaagiiiary  ptirts to  obta in  the onuatioias

u = u (z , y) ..—--------------------- ----- (2 ,5)

V = V (z,  y)  ---------------------------------  ( 2 . 6 )

I f  \re take v to  represen t o. pote 'e tis -l c.nd v  "  constant 

then V == v ( z ,  y) i s  the eoniation o f a. curve o f  con stan t 

p o te n t ia l  in  the s -p la n e . S im ila r ly  the equation  u = 

a. (z , y ) g iv es  the correspon d in g  l in e s  o f  fo r c e  in  the 

s~ p lan e . In t h is  way the a n a ly t ic a l  fu n ctio n  w = f ( z )  

maps the w~plane onto the z -p la n e ,

A c h a r a c t e r is t ic  and im portant fea tu re  o f  t i l ls  

mapping has not been mentioned as yet and is  t h is :

I f  wc con sider two curves in  the s -p la n e  th at in te r s e c t  

at an angle CX then i t  may ee.sily  be shovni that ii" the 

mapping fu n ctio n  w = f ( z )  be an a lyticca l, the transform ed 

carves on the w-pla,ne w il l  a ls o  in te r s e c t  at an angle ¿X..

As an immediate and important a p p lic a t io n  o f  the fa c t  

that angles are preserved  in  the tran sform ation  \re may 

note that the cu-Tves u -  constant in  the z-p lan e  care 

ever3ndiere orthogonal to  the curves v = c o n s ta n t , merel;;" 

because the curves u. = constant ana v = constant in  the 

w -plane. are s tra ig h t l in e s  which in te r s e c t  ortIiogcria .lly . 

Per the curves in  the z -p la n e  to  be orth ogon a l the product 

o f  th e ir  grocdierits must be -1 .

(z , y) , V i s  0. consta.ni

dv -

Therefore

r e la t icn sh ip V =

---.o .z  + . dy

S V 1 di’-
' ’dv Uw

15
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S im ila r ly fre )m 11 U ( X ; y ), X

du - au 
0- ■

dx - Bu 
'■ By • dy

Therefore 3u
•gi

By
(3u = - 1 1 dx 1 p

n

( 2 .D>

The two equations ( 2 , 7 )  ond (2„8)  ^ ive the ¿•I'adients o f

t h e c u r v e s  V  = c o n s t a n t a n d  u  = c  on;

T h e r e f  o r o Bry ,
B x  ò v

, B u  ,

f r o m t h e C a u  c h y  --R i  e  m a n n e q u r t i o n s

.k _ Id one Ih 
dy ox dy

9v

d y
1 d.x

TTr;i e nc e

ino. -1

'M

d y d y
dx

dy
dx

dy;

o

Thus the product o i the grad ien ts  is  -1 and the curves 

V  -- constant are orth ogon a l to  the cui’ves u, = constant 

in  the z “ p la n e .

he have non'- shown th at-v :ith  t h e 'c o r r e c t  ti'an sforaa ,tion  

equ ation , B, fam ily  o f  s tra ig h t orth ogon a l l in e s  in  the 

v;-plane ca.n he transfori.'-.ed in to  a. c orrespending fs-mily 

o f  carved orth ogon a l l in e s  in  the z -p la n e . In p a r t icu la r  

the orthogona.l trs-neform ation can apply to  problem s in 

e le c t r o s t a t i c s  5 m a g n etosta tics , heat ,  hydrodynamics ana

f i e ld s  s ince  the f i e ld s  in  some o f  these

governed '’oy L aplace ' s E quation . The r e 

g le  duriri.g tran sf orma,t io n  is  true fo r a l i

angles at n on -s in gu la r  p o in ts , and the tran sform ation  is  

r e fe r re d  to  as conform al.

16



2.3  3'ha Transiorir'.ation 2.r.tio and a le c t r o a ta t lo  h a la t io n s

Uhen a confoaua].. tran sform ation  is  made from tne 

a-p lane to tiis n--plane i t  is  a fundamental p roperty  c f  the 

theory that to  ĉ Xiy element o f  area in  the z-plojae there 

corresponds an. emactl;,’̂ s im ila r  siraped area, in  the vr~plane 

and that the angles at the corn ers o f  the transform ed 

lig is rc  are unchanged, except a t s in g u la r  p o in ts '. This 

conform al p rop erty  is  true fo r  elements o f  a rea , not fo r  

f i n i t e  area.s. The r e la t iv e  s is e s  and o r ie n ta t io n s  o f  

such ''Gransformed areas depends upon 'uhe co -o rd in a te s  and 

the form o f  the transforrninp; equation ,

 ̂sne havingI f  '■.'."0 cons id er .'0 poin 'ts o.'n the z -

s 8p)0,ratio.n As and UjCi6 transform ed p o in ts

having sep aration Aw, the’''' W9 can d efin e

forrna,tion ra t io n A as

A = lim Au _ ^  
As dz

A 2 C

u 1 V ana 2

But

Hence

Hr o m th e C a uc hy

ici't J-0 n equation  is

X H- i y then

An dm Az
ax dz Ax

Az ^ (x  . i  7 )
ax A-ru\.

d vi aA O'':-'
dz /\ “ Ax

A Ah , 3;
Ax ■■ A:

■P n-L. — n.n equa t ions

Au A)V
Ax Ay

a Av AvA Ax

f ( s )  vrhere u =

17



AvJ« J- i.
r\YT

inctj.on then = 
4 y

-  Y and

and Y are comnonents o f the e l e c t r i c’f.jxo.ere
(3--
in te iis ity  p a T a llc l  to tlie x and y axia respectively^ , 

i . e .  A  -  -Y  -  3-Y

sc that A is  cca p lex

I f  xe l e t  A a (cos9  e i  s in l )  , vrhore a is  the racdulus o f 

the traiisforiiiation  and 0 i t s  argument ve see that in  a 

conform al tra n sform a tion , any?- element i s  m u lt ip lie d  by a 

and ro ta te d  coun terclcclrw ise  through an angle 9 to  produce 

the corresponding elem ent in  the n -p la n e ,

low the resu lta n t e l e c t r i c  In te n s ity  or f i e ld  s tr a ig th

i s  g i v e n  i n  m a g n i t u d e  a s

■D —
J.L  — i  Y Iaì

Hence from • equa.t ie n  (2.9)

d s
(2 .1 0 )

The S 'o r f< a c e  d e n s i t y  c f  c h a r g e  o n  t l i e  c o n d u c t o r  i s

g i v e n  b y

O' 1  ¿ y
41T ■ d f

uhcre dr is  sn element o f the outward drawn noxmal to  the 

con d u ctor .

Prom the Cauchy-Rienann eguatiens

d v
dr

clu
d s

where ds is  en element o f  the s e c t io n  o f  the conductor

T herefore O ' 1 d u  
41 di'

I f  0 is  the t o t o l  charge on the su rfa ce  o f  the conductor

we nave

(T - - -  ( 2 . 12 )
J i

S



be'tv'Gen i - V ,  -a 
V i  .s.'Ĉ approp:

that ue are d ea l in.
... n 1-  a :aiid tliat the th ird  dinieneion in to  and out o f  the paper 

tre tch e s  to  in f  irait 7 so th a t  no end, e f f e c t s  are in t r o 

ducen ,

n o m a i to  the

only con s id er  a s r r ip  o f  u n it  xliickness 

a-;)lane then

L-. o
1 ’\ ^ h i
i f  , *

L  ["2 - " il

.hence h  [a  - «h ( ?  1

I f  ue are d ea lin g  u ith  a p a r a l le l  p la te  ca p a c ito r

then ue ‘ .h-ll be in te re s te d  in . th e c apac ita 11C 0 . I f  the

t o t a l cioarge is  given "03' epua t ion i o  -1 -1-V r . m  y t.h en v'e can

u r ite th at

0  =  -=•—  "\ rV

ubere 7 is  the v o lta g e  d if fe r e n c e b e ti.-G en 11110 l/'v^C p la t e s ,

I f  the :p o te n t ia l  o f  the p la t 0  P l'> Q '’•J and Yp the

capac rtance i.s g iv en  as

c  =  ( u  -  " 1  ^ ______ —. ̂  _______ —  ( 2 . 1

4TT (V2 -  V.. )

This ohov/S very l ) r i e f l 3'' hou d if fe r e n t  p ro p e r t ie s  01 

the e l e c t r i c  f i e l d  can be found fro u  the tran sform ation  

l i a t i c n s .  The use o f  these p ro p e r t ie s  i s  e n e n p lif icd  in  

the case o f  th e  p a r a l le l  p la te  ca p a c ito r .

To suimarisG; ue have e sta b lish ed  tiie tran sform ation  

z -  f ( n )  Uiiicli transfor.as the condu ctor in  the z -p la re  

in to  the v:-plane and sets  up a on e -to -on e  corrcspon dcn cc



bob^-rsen t iie -■')l"neo. .1.  V.y.i.-1-OVi.X' kJ  -;_ Lri'wO

aii. P! i pplrp‘1. il  ojio \:Q nust now

up in to  tuo stops D5̂ :introduclnp o.n

:e c t  01 buo-s

simei'^ .'"ocsiotnicui

;ls  so provso,e a 

fi-SUI’e in  tlio t-

j .y i j  -Lb .¡ti± b T 'O bile bs-oj„ane

n ils  'bnonssomo/bscn 

interm ediate t-'s lu ne 

r id p e  oetireen the 

lane and i t s

The tiro steus

r .  -  nh--'/..j —  J .  -, u  j and t = f(sr) are laioun as the p oca o tr ica l. and

o le c ‘h?ica3. tra n s fo rn a tio r is  resaectiveD an

The rent charter d e a ls  u i t h  th e  v a r io u s  reth ods o f

0 or a m a n s  tnc tu o  trans format io n s

iO
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3-1 21’  ̂ neori\et r T m i i s Aor:':iatior!..

The follow ing; are a oe lection . o f  the moot r id e ly  used 

ipetiiods fo r  ob ta in in g  the G e o a e tr ica l Trcjiio form at ion  

7, -  f  ( t )  . h o s t  o f  theni in v o lv e  tra n s fo ra in y  the o u tlin e  

o f  the conductor in  the z -p la n e  onto the r e a l  a v is  o f  

the t-'-roLane.

3 . 1 h! S o lu tion  fr o v knoun trans f o r m t  ion

This is  the oriyina.1 method used h '̂ ha-xmell [nj c 

Thomson [ll] uhore vre s ta r t  v ith  a y iven  tran sform ation  

CQuehion and 'norh bach to fin d  the sha'oe o f  the curves

no.

2_n. the z~pl,ane. This method s u f fe r s  from t̂ Il9

diB advantag 0 that th ere  is  no ru le  g iven  fo r d.

the proper tra n sfoicnation  fo r any p a r t icu la r p

As ' J . J .  Thomson' put i t success in usin ;: these nethoas

depends chiefd.'/ unon p;ood fo rtu n e  in  .puessiny the s u ita b le
-Í—* f.. <j «Lh'-n" [ '!]• There are m<any r

*b8 Gil inves t ig a te d and perhap

best expía in  the ' method,

der the co vp -p j*» p "1 trams forva '
3 = k cosh  p’

(^0

i p ' i  C ’ O  +  P

( 1 h' '\  y  *  ‘ J

uhere z and ' u e.re com.plex and k is  a r e a l  con sta n t.

I f  z = X -1- i  y anid vr -  u -i- i  v  then

X + i  y = k cosh (u i  v)

i'rom what was sa id  in  the la s t  chapter n-e req u ire  to f.ind 

the shape o f  the curves v = constan t end u = con stan t in 

the Z "p la n e .

expanding the cosh term vre get

X i  -7 = k ( cosh u cos V -i- i  sinh u s in  v)

O O



sepo.rating r e a l  and ino.gina:V»
J p a rts

X  - - k cosh u cos V

\r%j k s inh u s in  V

Squarin/^ axio, rearranging

2cos V

::ive2

0sin'-Y

k'^coGh’̂ u

) 9'sin-i^’u

(3 . 2 )

(3 o )

rs /,')
'n •  'V  J

: 3.5)

aaaing
. 2  2 s in  V -i- cOvS V =

9

2 2 k Ginh u ,2k cosh u
f 'X C>v 9 . o ,

'This is  the equation  o f  an e l l ip s e  in  the z-j>lane sxid 

hence the ciirs’'es u = constant a,re a, fa,milY o f  c o n fo ca l

j l l i p s e s

I f  re  rew rite  (3-4

cosh u

• ,  2S3.nn u

) and (3.5)

2
X

2 2 k cos V

2
V

, 2 . 2k s i n V

(3.7)

'^3.8)

and su b tra ct, we get

2 2 cosh u “  sirJa u = 1
, a 2 . d. . a
k  C O S  V  . k  s i n  v

______________  *'3.3'>

This is  the equa.tion o f  a h^i'perbola and thnis the curves 

V = constant s.re a fami3,y o f  c o n fo c a l  hyperbolas in  the 

z-plo.no. f ig u r e  (3 . 1)  shows the w and z plo,ne3 w ith the 

r e s p e c t iv e  v = constant and' u -con sta n t .lin es .
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v-ax!S

V\/-PLNC.

U-QXIS

F i;‘:i;jre ( 3 . 1 )  The transforn iation  ■ z --- k cosh w-.

I f  ire assume th at the conductor in  the z-p-lane is  

an e lli;p se  5 then the outer e l l ir js e s  w i l l  represen t e q u i-  

p o te n t ia ls  and the hyj^erbolas w i l l  represen t l in e s  o f  

f o r c e ,  i . ,e.  u = constant w i l l  he e q u iijo te n t ia ls  and 

Y = constcUit w i l l  he l in e s  o f  f o r c e .  Therefore we can 

say that the r e3.ation z = k cosh w transform s the l in e s  

o f  e q u ip o te n t ia l and l in e s  ox fo r c e  o f  an i n f in i t e l y  long  

conduct or, whose cross  s e c t io n  in the z -p la n e  is  an e l l ip s e ,  

in to  a recta n gu lar  g r id  in  the w~plane.

3 h  . 2 The fc I iw a rz -O h r is to ffe l trans fo rm a tion

This is  prcha.hly the most coirmonJgT- used method in  

conformah tran sform ations as i t  in v o lv es  the d ir e c t  

transiorm ,ation o f  the conductor vhich  is  the iDerimeter o f 

a polygon  in  the z-p lan e  on to the re a l ao^is o f  the 

t -p la n e . The f i e ld  in s id e  the conductor i s  transform ed 

in to  the irpper h a l f  o f  the t-]plane while the f i e ld  ou t

s id e  hecones the lou'er h a l f .  The trans form ation  eauation
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¿;iven. as 

d z „

xvhere 1-2

d d  - 1 , ( t '2'T - t n" IT

t are va lu es o f  t on the r e a l  a x is  o f

the t~'plane v;hj.ch correspond to. tne corners o f  the poly-

,-Oii i n0 ^ t h e  z - p 3-a n e a,nd ----- C
i dl

a r  e 
n

■’ch 0 i n t e r n a l

a n g l e s o f  t h e  p o l y go.n p r o g r e s s i n g i.n a c o u n t e r  c l 0 ciC’w is  G

d i r e c t i o n .

y-Qxis

A
{ y o .

 ̂ _
0i Ci3

a. 3k ¿15 ......  Qn

K-iixis t.. i-*-3 t ,  . tn P-

2 - t -

t r y i u e  p ’T'ypn«•Ff)T‘ir.«.tion o f  noly.con on to  r e a lans xornatrori 
a x is  o f  t -n la n e .

A is  a coraplex con sta n t. Pigui'e (3 . 2 )  shows the 

o u tlin e  o f  the polygon  in the z--plane and the tran sforn ed  

perim eter in  the t-p lo .n e .

The equation is  usuajJ-j^ vroitte-n In the foria

cv
A (t  -  t ” 1'' IT ( 2 . 1 0 )

r =1

and when in tegra ted  we get the tra n sfom a tio .n  equcobion-

(t -  t^ ) n :  -̂1 , t (3.11)
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vrhere B is  another coinrolex constonrc vihich with A has to 

he deteriutnocl by boundary co n d itio n s .

The modulus o f  the constant A determ ines the s is e  

o f  the po.lygon and tho sirgirnient o f  A. determ ines the 

o r ie n ta t io n . The lo c a t io n  o f  the polygon  is  determined 

by the constant B.

YJhen we vrish to transform  e,ny given  polygon, in  the 

z-n lane on to  the r e a l  a:cis o f  the t -p la n e  we have the

va.lues 0( ^ . bi give.n , ...Is rega rd s-th e  values

2̂ t  some m.ay be arb itrarily^  assumed w hile oth ers

■iiill have to  be determined from the dim ensions o f  the

polygon , hhatever the vn lues o f  t., ------- t^ t h e t r a n s -

formatio.n eou ation  (3.11)  w i l l  transfor.:.i the r e a l  a x is  

o f  the in.to a, poly'-gon whose in te rn a l angles have

the req u ired  values ^2 ^  . In order that th is  n
po3-ygon be s im ila r  to  the given one \:e requir'e n-3 con-- 

d it io n s  to be s a t i s f i e d ;  hence as regards the n q u a n tit ie s

tp ----- t^ the valu.es o f  3 o f  them may'' be a r b itr a r i ly '

assumed w hile the remaining n-3 must be deterrained by the 

dimensio.ns o f  the polygon  in  the z -p la n e . I f  one o f  the 

values o f  t chosen liappens to be in f in ity ' then the fa c to r  

co.ntaining i t  may be ignored,.

3 . 1 .3  0om.plex geparetr i.ca l invors.i. on

This is  an in d ir e c t  method of ob ta in in g  the G-cometricai. 

Tra,nsfornatio.n, producing new problem s, fro.m the s o lu t io n  . 

o f  a prev iou s syestem o f  conductors..

The gener.al eo^uation fo r  in v e rs io n  fro,r:i the s--plane 

to the 7,̂  p lane is
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-  con3tan 0 (3 .1 2 )

J -  0■'“here 'the cona'tant is  r e a l  and eq u a l to  the squaro ot 

rad ius Ox irvaersion. s is  'the tran sform ation  equcxtion 

hettvecn 'the z and t p lanes and is  the corresponding 

troii3forrr..'.tion equation fo r  the ne''a proDleri. I f  no liish  

to tn vort aho'ut a p o in t 'iihicli is  not the o r ig in  o f  the 

gi'ven z-p lan e  then vre ha've to  move the o r ig in  o f  the z~ 

-iolano to  that p o in t b e fo re  in v e rs io n ,

The technique o f  in v e rs io n  co,n b est be enplained by 

r e fe r r in g  to  .an exaiaple, PigLire (3-3)  shows t'v.'o p o in ts  

and ?2  ■ in  the z--plane ly in g  on a l in e  thro'ogh the p o in t 

P, Tiie p o in t P̂  ’ is  the inage o f  P,̂  in  the horizonta.1 

l in e  P f. fupxioso the looints P̂  and P,̂  tire coirnected by 

the eqiiation

j? _■ ̂  r  2 = n \ a • 1 3)

wdnere h is  a. r e a l constan t, 'Then as P  ̂ moves o.long the 

v o r t i c a l  l in e  An vrliere A is  at i n f i n i t y , the lo cu s  o f  the 

p o in t P, t-rould nav'e round the do'bted s e m i - c i r c l e . . assuming

both  P. and Po uere r e a l  ru n oers .2 This is  ^ p on etr ica l

in v ers ion  w ith the ce n tre  o f  in v ers ion  at P and a rad iu s



o f  in v e rs io n  o f h, nna shovs lion the s e m i- in f in ite  s t r a ig f  

Ij.ne A''' in v e rts  in to  a se ia i-circJ .e  .

have

If hOw'Gver the tv o  n o in ts  1 , snJ are comr'lex re

1-1 ■ -

ana ix r. then
"D -i a

and l'ioVi becoioes the r 9

f ig u ro (3 .3 ) . Hence the

PC piarxe and ■ ; e can saj' t.

, -1 ri H- m as s xio’.m an

the B e n i-c ir c le  is  r e f lc c te c l in  the

the s tra ig h t  l in e  A1 w i l l

be in verted  in to  a s e m i-c ir c le  travellj.n s: a n ti-c lc ch w isc

The complete in v e rs io n  iis r e fe r re d  to as thexrora r ,

comnlex ^-eom etrical in v e rs io n

3 .1 .4  Richmond's hothod

used, f o r c e r ta in cases .when the z-p lan e

or ouiadr i la t e r a l s c ’̂ .e o f  whose s id es

are arcs  o f  o. c i r c l e . riiaire i s  transform ed into

recta n g le  in  the t -p la n e  vhiich can be invef::tigated j.n the 

usi:>al manner.

Consider the tra n sform a tion

t  lo g  3 ------------------------------------ - (3 .1 4 )

■ivhero t = p + i  q. and z = n + i  3̂ = r exp i 0 , then 

p + i  c| =: lo g  r  -r i9

P = log  r  ----------------------  (3 .1 5 )T herefore
-  a _____________

■Ihe3i p is  constant lo g  r = constant end the curves 

in  the z-p lan e correspending to  p = constant in  the t -p la n e



a,re c l r c l o c .  I f  q is  h eld  coriste.n.i then G = constant 

and the l in e s  in  the s-plcm e costeapondin^: to  q -  CGnst-;:,nt 

are r a d ii  fron  the- oripain o f  the z--pj.ane. Thus a r e c 

tangular mes}:, in  the t-p la n e  transform s in to  o,n orth ogon a l 

r.ie.sh o f  co n ce n tr ic  c i r c l e s  o.nd r a d i i  in  the z -p la n e .

This is  shown in lip u re  ( 3 .4 ) .

:u r e 3 .4 Transform ation t = lOvP

I f  r  < 1 then p is  n eg a tiv e , and th e re fo re  the area 

Inside  the c i r c l e  c f  u n it ro-dius in  the z -p la n e  c o r r e s 

ponds to the n egative  upper cuedrant o f  the t -p la n e , and 

the area outsioie th is  c i r c l e  corresponds to the p o s it iv e  

upper quadrant.

I f  the conductor to  be in v e st ig a te d  i s  fonned 'oy a 

com bination o f c ir c u la r  arcs  e.nd co rre sp o n d ió ; ra d i.i, then 

i t s  transfcr.m ation in to  a re cta n g le  bv th is  metii.od can 

o fte n  s im p lify  the in v e s t ig a t io n .

.n iectn on

This method in vo lves  us.ing nart o f  the conductor or
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f j .e ld  o f  a knovii problem to  obtain a nca p rcb loa  ah icb

cannot be so lved  d ir e c t io n  li'igure (p.op,) shans the 

condnctcr ABO in  the a-plane a ith  (die l ie lc l  o f  in te r e s t  

e x te rn a l to  the con d u ctor . By the th eory  o f  cu r v il in e a r  

t r ia n p le s , vrliich r i l l  be expla ined  in the next s e c t io n  

the o u t lin e  o f  the condnctor is  t^ransformed on to  the 

r e a l  a x is  o f  the t-p la n e  u ith  the f i e l d  ex te rn a l to the 

conductor becoming the upper h a l f  o f  the t-p ].an e. This 

is  shown j.n fip iire  (3 .6 b ).-

(a) 1  - PLAdt

(b) t ' plane.

(d) new CDnducbr. (C) C-PLKNt.

r i 'u r e  -3.6. New conductor shape bp s e le c t io n .
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I f  v'8 s e le c t  the quadrant CBD in  the t -p la n e  and 

transform  the o u tlin e  o f  the pcl:7oC'rx OID on to the re.al 

a r is  o f  the c -p la n e  then vro u i l l  have e f f e c t iv e l y  tra n s

formed the f ig u r e  CfD hi the r,-plane on to the re<al ax is  

o f  the c -p la n o . The shaded areas o f  f ig u r e s  ( p . 6a ) ,  

(3.''Sh) an 'l(ecD c) shou the transform ed f i e ld s  in  each ca>S9. 

Thus ue have found, the s o lu t io n  o f  a neu problem 13’- s e l 

e c t in g  p art o f  the f i e ld  o f  a hnoun one. The neu con

ductor shape is  shown in  f ig u r e  ( 5 , 6d ) ,

3 '̂1 Method o f C u rv ilin ea r T ria n g les

This .method w i l l  f in d  the transform atio.n  fo r  a con

ductor whose tra ce  in  the s-x;lane is  formed from tliree 

in te r s e c th ig  c i r c l e s .  Two of these c i r c l e s  may have in 

f i n i t e  r a d i i ,  so that the r e s u lt in g  f ig u r e  can have two 

s tra ig h t  s id e s . The method is  to  fin d  the trensfor.m ation  

from, the z-p lan e  to  the c -p la n o  u sin g  the in te g r a l s o lu t io n

y -  ^ 'P

This s e r ie s  is
tj 713 1  ̂ 2B B i ) . x

1 ! X f

{ 3 .17)

This is  denoted bp- y = x)

I f  oc a,nd p are negative  the se r ie s is

then i t  i s  i n f in i t e ;  assuming  ̂ is not

The d i 1fe ren t i a l equation  o f P (k

, p/, \ d -yX ( 1 -  X ) , — ^ -r  ̂ -  (k 1)
dx'^

ny . = 0 

(3.12)

31



The inte.^^cal c o lu t io n  c f  th is  d i f f e r e n t ia l  eq\:!ation i s

-̂ r = . (1 -  . (1 -  x . y )r ' 
\ ■J’ . 1
-'o

av

nhere A is  a r e a l  constant cjid p i s  n o s it iv e  and ^ ^ p .

T h e re  are 23 oth er inte^^ral s o lu t io n s  uhich can ho obtained 

fror, equation  (3*19) by nanijJuJ-ation.

It  is  shown by I'ors3,rbti. [it)] that the eleinents <x, p 

and  ̂ 01 the h3U)erqeom etric in te g r a l  a.re connected u ith  'the 

in te rn a l o r  ex tern a l cngles o f  a cuu'V.i.linear tr ia n y le  in  

the a-plsine as fci-low s . I f  the an gles o/b the corn ers o f  

the t r ia n g le  are XlT , IT -and '̂ Ti , then
9

2
(1 )
(cc p j'

2

/ *-7 \( o . noj

' i  '“- -  ( X -  K  -  p )
2

From these ve.lues we coni obta in  va lues o f  oc,. p and . 

These values must oaticf^^ the cupproiiriate co n d itio n s  such 

that p must be p o s it iv e  end that or whatever the con 

d it io n s  are fo r  the v e rs io n  o f  the integra.1 equation  to

be used. he then Tiick two in te g ra ls  from the 24 p o s s ib le
2s o lu t io n s  and put z fo r  y and l e t  x = c , where c = h‘' 

and k i s  the m odu lu s 'o f the e l l i p t i c  fu n c t io n s . he snre 

th e re fo re  trans'form ing from the z-p lan e  to  the c -p la n e .

Me do th is  because the in te g ra l equation  fo r  z w i l l  be 

e l l i p t i c  in  eacn case . ''ie obtcuin two equations o f  the 

form ^

z -  A ^ v ^ " ' . (1 -  v )^ ” P“  ̂ . (1 -  c v ) “^ .d v
0

-  ( 3 . 21)



This t 3'-pe Ox equation  is  so lved  puitinq; v -  sn” u 

;.nd tho l i jn it s  a i l l  change to Ic and. o . Thus ue ob ta in

tx.ro values o f Z o f  the form -- f., (u;};:) and ^2   ̂ ■[•p (u

To com,p].ete the t r a n s í ornatio.n a b j.lin e a r  ecuat ion is  ■used

i(3- the f  in .al tra.nßfor matio.n i s 01 the form

z  ̂ T7 U-i ' A '1 1 t T7 
'"2''2 ____ _ ____ _ ,- (2 9 9 ̂* t- —

idle re A T) 
•'-2 ancL 3^ are co.nstant.s to be determ ined.

Of theîse .1 our const ants onlrr ’chree are independent and
a a , ,o

V x  i .  V-« O  'n_/ can be f ound frojTi the va,lu es o f z and c fit the three

corners ox the t r ia n g le  in. the z--plane.

Thus the com pleted tra n s fo ru a tio n  ■̂JJ:lich u i l l  transform  

the boundarvi- o f  the conductor in the z~plaiie onto the re a l 

a x is  ox the c--plane i s  ob ta in ed . The method is  lim ite d  

to  fig u re s  havinp three corn ers and i s  fu rth e r  liraited. in  

that the in te g r a l  eoxiation (3 - 2 1 ) can on ly  be evaluated  

uhen i t  s im p li f ie s  to  become am in te g r a l  in v o lv in g  the 

e l l i p t i c  fu n ction s  ra.ised to whole number povrers.

3 .2  The E le c t r i c a l  Transform ation

The o b je c t  o f the e . le c t r ic a l  transforxiation . is  tn'o- 

f o ld .  f i r s t ly -  i t  i s  to  change the problem from a i-)urel3?‘ 

georaetrica l transfox'.mation in to  an e le c t r i c a . l  one b̂ ?- 

in trod u cin g  an e l e c t r i c a l  u--plane where w = u -i- i  v  . 

Gecondl^X; i t  i s  to ests ib lis li the c o r r e c t  boundar;/ con

d it io n s  fo r  the co-nductor.

To f u l f i l l  the f i r s t  o b je c t  :i c is  neccosari'- to tranis-

. part o f  the 'w-plane on to  the upper h a l f o f  the ■’w „  1 p'. Q

imple probier :s where the conductor 1n the z-p lan e j.s
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reoreBOiitcd Dt a sirì^^lc i n f in i t e  nl^ane,. tlie eex 'ineter o f

concluotor ie  transformed on to the r e a l axj.s o f  the

t -p le,ne and the f i e ld extern a l  to  the conductor is  made

the upper ha]. f  c f  the t “ p ].ra n G c .

I f  the poten'(nial o f  the c onducto:r in  the z plane is

V tnen txie e 'le c t r ic a l trans form ation nust mahe the b o r io
sent a l  l in e  ’tr 

r e a l  a x is  o f  the t-p la n e

u iv^ in the n--plane transform, on to  the

h th is  nay the p o te n t ia l  o f

the conductor has obtained i t s  c o r r e c t  raD-ue r e la t iv e  

to  the aero a x is  o f  the e l e c t r i c a l  u -p la n e . This is  

i l lu s t r a t e d  in  fjgm :'e ( p , 7 ) which shows the t~plane and the 

vr-plane and the a p p rop ria te  p a rts  o f  ea ch .

fiy iire  p . i h l c c t r i c a l  fra n s fo rn a t io n  fron  v:~plane 
tc  t “ plane.

A ll h o r is o n ta l l in e s  drawn in  the w-j: I ÍP -O  I ' '  P -represenu

v̂  ̂ ana a

,nd tho se 13 în^ he

r osent p o te n t ia ls

.re the f i e l d  hett?
; p p •[; ze i’o poten t

T- ■' GjLIu. o .-. J_n

'G il V and z e.ro0

.e conductor at

p 4



'list *: • Í--l/.L V,.nsform tiie r ecta ■Aguiar area .r'..In

l:o p:xrt o f  the uppel ' hsfLf  o f  the t -p la n e

i l l v o r t i c a l  l:i .ncs in the ir~-:dane e

in  the v-~pla on

dovmwords represen t l in e s  o f  fo r c e  enanating fro '-  the con 

ductor in  the z -p la n e  tiaia conpletj.ng the e l e c t r i c a l  tra n s - 

I ornât ion c The recta n g le  Í 3i  the n~plane nay be f i n i t e  or

in f in i t e  depending on the conductor system , as e x p la in e d  

la t e r .

The second recu iren en t o f  the e l e c t r i c a l  tran sform âtion  

•is to  set up the c o r r e c t  boundary co n d it io n s  o f  th e  p rob 

lem. At the conductor i t s e l f  th is  i s  e a s i ly  done as 

above by transfcrm ing j.n d ire c t ly  the perim eter o f  the co n 

ductor on to  the h o r iz o n ta l lin e  n = u + i  on the 

\r~plane. The other boundary concerns the terinim:'.c o f  the 

l in e s  o f  f o r c e ,  íToví in. the case o f  a s in g le  is o la te d  con

tinuous conductor in  the s-plo,ne the Ij.nes o f  fo r c e  issu in g  

from i t  must term inate on the "p o in t a t in f in i-ty " .

The boundary co.'suition used in  conform al t r a n s fo r 

mation is  to regard in f in i t y  as a p o in t . Thus the l in e s  

01 fo rce  must be regarded  as t  ermi.nating on a p o in t  con

ductor a t in f in i t y .  I f  \re rega rd  the conductor in  the 

z~plane to be x :o s it iv e ly  charged, as i s  n.sual, then the 

p o in t at in f in i t y  m il l  have a p o te n t ia l  o f  -  oo. The - 

l in e s  o f  fo r c e  emca.nating from the conductorr in  the z-p lan e  

n i l l  have to  pa.es through, a su rfa ce  o f  zero  p o te n t ia l  

b e fo re  continu ing to -  . This is  i l l i i s t r a t e d  in  fig u re

( b , 7 ) nhc':rc v e r t i c a l  l in e s ,  rexjresenting l in e s  o f  f o r c e ,  

tra v e l downwards from v -  v through v = 0 to  v = ~oo.

In. the case o f  a conductor extending to  I n f in i t y ,  me must
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ima^iine ’bhat thivr:; is  a s n a il  in f in i t e  s in a l hroai: betneen  

the p o in t ropz'esentinp the corner o i  the condu ctor at oo 

and the p o in t vrhose p o te n t ia l  is  -co because the su rfa ce  

o f  zero p o te n t ia l  must pass through t h is  break . Thus to

so]-ve th,e pi'ob len  o f  a s in g le  conductor ne .mist t r a n s forn

the uhol,e o f  the lon er h a l f  o f  the u -p lane plus the upper

b u l f  up to  the l in e  v - V on to  the up>‘oer h a l f o f  t.ae

t “ p lane. This r iv e s  us the e l e c t r i c a l  tra n s fo ra a t io n  

vr = f ( t ) .

In the case vniere there are tuo or raore con d u ctors  in  

the s~plane at d i f fe r e n t  p o te n t ia ls ,  the e l e c t r i c a l  con

d it io n  changes. As in  the co,se o f  the s in g le  con d u ctor, 

the Ociiuarz-Chr i s t c f  fe], equation  uil.1 tra n s f c m  the ou t

l in e  o f  the conductors in  the a~plane on to the r e a l  a x is  

o f  the t-pla,ne so that d i f fe r e n t  poirts o f  th is  oocis r e p r e 

sents d i f fe r e n t  p o te n t ia ls .  On in trod u cin g  the e le c t r ic e .]  

vr-plane re rust transforra the apprcx^riatG p o t e n t ia l  l in e s  

on to the rea.l is  o f  the t -p la n e .

For exam ple, con s id er  v;e have a tuo conductojL* sp'sten 

;ln the z~plane and r e  t r a n s íorra one on t o  the n ega tive  

h a l f  and the othei:* on to  the p o s it iv e  h a l f  o f the r e a l  

a x is  o f  the t -p la n e . This is  slioxn in  f ig u r e  (o .S a ) .
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'he two oen i“ in f in i t e  l in e s  AB and CD sQ  , 0  O t  p o te n t ia l

and V, r e s p e c t iv e ly .  Tlie e l e c t r i c a l  tran sform ation  2 1
i  Vp and n = u -i- i  in tiietransfoj-'Tis the l in e s  n = u

; 0-- ■■''3 ^  res ijective 'lj'' in  the t--plane th e re 

by m aintaining the c o r r e c t  re la .t iv e  n o te n t ia l  vajcaes o f  

the condu ctors. As regards th e  boundary cen d :ition s  we do 

not need to  introd\i.ce smother conductor' at in f in i t y  s in ce  

the l in e s  o f  fo r c e  emanating from one conductor w i l l  f a l l  

on the other and not go to  in f in i t y .  Hence the f i e l d  we 

are in te re s te d  in  extends, in  the w -p la n e , fj"om the h o r i 

zo n ta l l in e  AT3, represen tin g  the condn.ctor at i^ oten tia l 

V2 , to  the h o r iz o n ta l l in e  CD rep resen tin g  the conductor at 

p o te n t ia l  v̂  . This is  shown in fig u re  (3 -Ob).

Having obtained  the e l e c t r i c a l  tran.sfcxTiation \-i = f ( t )  

we can now use i t  tog eth er  w ith  the g eom etr ica l treansfor- 

mation z = f ( t )  to  e lim in ate  the in ierm ed ia tc  t~plane and 

e s ta b lis h  the d ire c  f o r  my.t i  o n z -  f  (w) .

In G.hax;tor 4 we w i l l  sec tvro exa;uplos o f  the e le c t r i c a l  

tran sform ation  being  em’Dlcyed in  p a r t icu la r  conductor 

system s. In the L e e 's  ’w all problem ve have an e xample 

o f  an is o la te d  conductor ’where the l in e s  o f  fo rce ' term;ina.te 

at a "p o in t awb in f in i t y " .  In the oap cic itor  problem we 

have two condu ctors at d i f fe r e n t  p o te n t ia ls  and hence a l l  

l in o s  o f  fo r c e  go from one to  the oth er .
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Cf t - (i m TT'"̂ ,'"T)'T ““̂ "n
.'.. . /■ :w ^-L  .1 V. .V ■«. ^  ..'-ji- . ?>

[n th is  cho.oter vie in v e s t i- :a te  tv"o aroblens

Ui•a*'-' ■('•oU3in^

variou s f i e l d  proper

nr es t̂■i'offel fran s form ation  and shoii liov/

; ie s  can be obtained, from tiie b a s ic

The f i r s t  problem is  an ezauple o f  the s in p le  

conductor sy stea  orhere the l in e s  o f  lo v c e  are assured to 

term inate on a p o in t o b je c t  at in f;in .ity . The second 

problemi in v o lv es  t\ro conductors >1133:0 the l i i ie s  o f  fo r c o  

o f  one a l l  tGrùiinate on tlie o th er . These problems 

i l lu s t r a t e  the d i f fe r e n t  c le c t3 " ic a l  boundary co n d it io n s

» ri s' p "r* p cl00- Ú 0 "ha orb er 3

l o o s ’ " a l l  Prob].e::3S

This is  a s e r ie s  o f  problems in v e s t ig a te d  bp" Lees |̂ ltj 

in  1315 to  fin d  the e le c t r o s t a t ic  f i e l d  near a v a i l  or 

s e r ie s  o f  v a i ls  due to the p o te n t ia l  g ra d ien t o f  the 

e a r th 's  atmosphere. The v a i ls  and ground are regarded as 

one ca-pacitor p la te ,  the other p la te 'b e in g  a,t in fin itp a

Tb e G5'3teri is  thus equ iva len t to  a polygon in the s-p la .n e ,

In OUU’ oiial.ysis  V8 \J X  0 ̂ ''cà T* v5 the v a i l  ond O’  “V'̂0 ound as

being  at some a rb itra ry  p ote^ itia l and in v e s t ig a te  the 

f i e ld  o f d ir iin ish in g  p o te n t ia l  above t h is .

Figure (''-.1a) shews the groi:nd as î iie V — P "Ì c? p :

z -p lane and a sirnnle v e r t i c a l  v a i l  e^itendiny up the

to a height l i , The perim et er c f the podgrgon <-S - T —<>.ij 0 (jem is

thus FyhcT vibb. P and T at in f in it ;y . Since and T meet
/■j -Í-
CA U i 3 f  ■' n i -*• -̂- but trc,vel in  op p osite d i r o c t io n s , th 0 angle

OX contact is  IT, The , ... ITana S ar e y CtiiO. at 1

39



(C) W-PLAÌC.

-.qur o 4-. 1 Traiißforipation o f  Le e ' s  L a ll

40 .



the eji^le is  21T.

'Je ï 'enu ire to  transfor:;i the perim eter o f  the

polypon  on to thè r e a i  a x is  of thè in  oerme'’  ̂

and f i j id  thè peoraetrical trans fo r n a t i  

t ì i is  v;e use

riz

the J: c im a re ,- ■Chris

A (t "  TI

-1
/ .1- 
V

h
t o /T""

te t -p la n e

on z -  f i , t i '  f o  do 

on:

rt t  V~n
hi '

(4.'1)

where tp ----- are the v a lu es on the r e a l  a x is  o f  the

t -p la n e  that correspond to  the corners ox the p o l3''pon on

pi PTC’' ''—o

-p i .ane 1 <x
2 — - cJ ar e n the in te rn a l s ox the

on oilCi L> <_i co n sta n t.

I f \i3 l e t -L.u “ ± oo xrhen z = 1 iX) Tfe ar e l e f t u ith  till’ es

rs at n p 1 "Tri _tind S . X OX’ simp l i c i t y  ire l e t  C cori’ e s -

to u.U = -1-, ■Q correspond to  t = 0 and C corn espond to

t = +1 .

The mapping tab le  thxis becomes

P o i n t  Q = -1 h TT
2

ti "̂ 2
= 0 = 2TT

c<
" a

-  1 « 3 r
2

S u b s t  i t u t  inn t h e s e v a l u e s in.t 0 e o a i a t i o n  (4

^z __ ( t  1- 1 . (t- - 0 ) ^ ( t  -  1 ) " ^

Ĝ'G

d iere fore  z dt

(4 .2 )

Hence '4 .4 )
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v'hore B is  an in te g r a t ic ;n constan t. To fin d  the v a i ue s

o f  the t \7o c on.stano3 V70 ru st in  trod'ucG boundary condi tio .

into eqn ation (4 .5 ) .

1 . At the p o in t R, z = i.h and t “  0 hence ■

ih  = A, > T> ~r ; j

th e re fo re  A “  i Ti . 1. h ----------------------  (4 .4 )

2. At the po in t Q, t ^ “■1 and z -  0 hence

0 - A  i  1 -  1 + B

th e re fo re  3 -- 0 ----------------------  (2 .5 )

Hence from equation  ( /i >

A..1 -- h.,
T 'i c "{■' p "T 1 ■) *!" 'T rr* Vi ,o o'-L 0 U. lo ._u.̂  ̂ va. lue s o f  -A and 3 in to  equation

(5 .3 ) "ie se t

p—o—
z = h 'j t^ -  1 — ------------------ (4.'S)

This ±s the geo.netric cal trans form ation ecination z = f ( t )

\ih i  ch t  r  an s f  o rm. ,s t h e o u tlin e o f  the pc lygon  in the a~plane

on to the r e a l  a x is  o f  the t - n lane - The f i e ld  in s id e  th e

polygon , i . 3 .  the upj)er h a lf o f  the z~ p la n e , becomes the

upper h a ll  o f  the t -p la n e . This is  shovm in f ig u r e s  

(4 .1 a ) and (4.1 o) uhere vie see the o u tlin e  on the r e a l  

a x is  o f  the t -p la n e . The re leva n t f i e ld s  are shaded.

he nust no\'T in trodu ce the e l e c t r i c a l  u"-~plane and fin d  

the e le ctr ica .1  transform ation  \r = f ( t )  in  order to  change 

the ijj^odlen from o. -geom etrica l case in to  an e l e c t r i c a l  one 

u ith  the re levan t boundary c o n d it io n s .

I f  the p o te n t ia l o f the ground .and uPc11 is  Y^ then 'i-re

nmst tra n sforn tli.9 hor izon b a l l in e  v i  Y in 0 the

U"pla.,n.e on to the re a l. a2-:is o f  tlie t -p lan e and the f i e ld

be lou  the l in e  u -  u -i- i  in to  the un per h a l f  o f  the

A 2



t~'OlR The w--xiIano i s  Sh

f i e ld  shaded. It

xiô -rn in  fi-RUx (■■'.1c) \rith tlie

(4 .1 b ) and (4 .1 c )  that the o u t lin e  o f  the pol^^ncn ?iI:ST 

has to be ro ta te d  throu^;h 100'  ̂ in  order to obta in  the 

c o r r e c t  f i e ld  o r ie n ta t io n . In the o r ig in a l  l e e 's  V 'all 

Problem th is  was u n n e c e s s a r ^ r  s in ce  the w a ll and around were 

at zero p o te n t ia l  with p o te n t ia l  in cre a s in g  upwards iro n  

the ground. Eonce i 

foinaed on to  the uppi

wa,s requ ired . The requ ired  tran sform ation  equation  can 

be seen to  be

‘ upper ha.lf 0X the w--p lcjie  vjas trans

h a l f  o f the t--'ola.ne. aiid no r o ta t io n

w -  - t  + IV
0

(4 .7 )

'fe Luist now brin g  equo.tions (4 .7 )  and (4 .7 )  tog e th er  

to  e lim in ate  the in term ediate t-p lsc ie  and e s ta b lish  the 

d ir e c t  tran sform ation  z =; f(w ) between the z and w plaxies 

he have from equation  (4 .6 ) 

z i - 2h  ̂ t

from eq_uation (4 .7 ) ge 

t = i  V

th e re fo re

- t

z ”  h 1 (i V ~ \r'^ 1̂V -  • Q --------------  (4.G )

This is the d ir 3ct transform ation  z = f (w ) . But z -

X -i- i  y cO.nd \j = u -1- iv ,  hence i f  we expand equation  (4.G )

we get

X -- 'i M h ( i  -  u -  i  v )2 -  1

ĥ l V, -  2 i  u V -i- 2v;  ̂ -i- u^ -i- 2 iuv -  v^o o o

squaring bosh sraes g ives
9 O

-i- 2 ixy  -- -  h' (-Eg -  2iuY + 2vY -t- u" + 2 iuv - v ” -1 )o u 0 r\ r\ '0



t in ¿  rcea,! and.
2 2 , -  y 1 (,„Y

h^(-^2uY^
■ o
2a-y)

2 2u -  v̂ - -  1 ) ------- (4 .9 )

-------  (4 .1 0 )

Prom these oQiia,tions we con se e  that i t  would be d i f f i c u ] ,t  

to  obta in  x and y d irectl^r as fu n ction s  o f  u and v on ly , 

th e re fo re  we wd.ll use these two equations to obta in  f i r s t l y  

y a,s a. fu n c t io n  o f  x and v in  G'rde:c to fund the shape>s o f  

the e q u i in t e n t ia ls , and secondly  x as a. fu n ctio n  o f  y and u 

in order to fin d  the l in e s  o f  fo r c e .  To s im p lify  the 

matheraatics we v.nll l e t  h equal 1 unri.t o f  hoi^yit end 

equal 1 u n it o f  p o te n t ia l  d if fe r e n c e .

(4 .1 0 ) we have

: -- 2u -i- 2uv 

- u ( v -1 )

' ~ (4.11 /’

Hence from equation

r xy 

xy

T herefore u
v-1

S u b stitu tin g  th is  in to  eq_ua.tion (4 .9 ) p iv c i
2 2 . , o , 2 2' -y  = ~i + 2v + X V

2
X -y -  1

(v-1 )'

y 2 2 2 X 2 2
(v-1 )

Then 0 3: ore y

and

v2 -  X" -i- 2 -  2v -!- V

( v - 1 )? [ x ^  ^  2 - 2 v  - 

x^ + .(v -  1 )^

A

(v-1 ) . [x ^  -i- (v -1 )^  l ]
2 , / o 2: + (v-1 )

(4 .1 2 )

I f  we rearcrange enuatio.n (4 .1 1 ) we ¿-et

V  -  :^y -I- u

u
— -  (4 .1 3 )
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2 -

; i . n g  t h i s  i n t o c  q u a t i o n  ( i . o■ y

p p -<rn;r o
'\r'' =  - 1  a ••!■ 2  u " ' —

u

9  9
9-r--T i_. c~

o
•- u u ""

V.
0 0

9 2
-  u f " -1- 0 1

u

u

T h erefore x '
iT l /  r -U (u ± 1

2 , 2 u -H y

inci X

2 f 2
i__ i] i_p

u“ H- y
-y- 1)

-  (4 .1 4 )

liquations (4 .1 2 ) and (4 .1 4 ) u i l l  yi,ve us the eqviipotentia l; 

and l in e s  di fo rce  in the upper h a l f  o f  the z -p la n e . By 

suostitu t;jn .r d i f fe r e n t  ualues ox x fo r  a y iven  value o f v 

in  equs,tion (4 .1 2 ) vre can fin d  the cerrespondiny y co 

ord in ates and hence p.lot that eq_u ipotentia l in  the s—plane 

B im ilarly  by su b st itu t in g  d i f f e r e n t  valines -of y f o r  a 

g iven  valu.c o f  u .in eq u a tion  (A. 14) ue c oni fin d  the c o r r e s 

ponding X coord in a tes  and p.lot that ,l:Lne o f  fo r c e .

A cor.'puter pi'ogram uas sm itten  to c a lc u la te  the valuoi 

o f  X and y fror: equ-nbions (4 .1 2 ) and (4 .1 4 ) fo r  eq u i- 

p o te n t ia ls  f r o r  0.75 to  -1 .2 5  v o lt s  in  step s  ox 0 ,25  and 

fo r  the l in e s  o f  fo r c e  over the re lev a n t area. A x^lct 

o f  these values con bo seen :i.n Iraph 4.1 , uhere the e f f e c t  

o f  the n a i l  on the ipterrbial fd.eld i s  seen by the curvature 

o f  the eQ 'u ipotentia ls and l in e s  o f  fo r c e .

Having obtained the d ir e c t  trans form at ion  equation  

7, -  f(v /) UG can nov; u.se i t  to  c a lc u la te  variou s f i e l d
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p ro p e r t ie s  re to in Ghepter 2. The f i e l d  strength

h uas y iven  a
*nL

du I 
dz| .......................... 71,15)

hut from GQuat io n  (■ 7)

Z-
o

T herefore

=: h . 

1 -

( iV  ̂ 0

( i  V

-  w )- -  1

0 - ’" 7

and u = i  Y 0 j  S  '

He rice dv?"
dz ~~

O ry¿J
““o
h.-

:i e . r>*y.j ______________  f .1.16

a

íiubGtitutir}.:; t i l ls  in to  equation ( t . t 5 )  qivon 
 ̂ 1 ... r / i -  "■\ -' • I ■ j

can non fin d  the f i e l d  strsn qth  at any p o in t alon.'-

me "'round and \ieJJ. by su b st itu t in g  the value o f  z re cu irod

This uas done fo r  variou s va lu es o f  z alony the yround Tt 

and up the i-uill ill in  fii^ure {4= 1a ). ■ The ca lcu la te d  va,luos

are ta b u la ted  in Tables 4.1 and 4 .1  and the p lo t  o f  the 

r e s u lt s  can be seen in  Graph 4 .2 .
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t/)

¿.5 ?  <:!:k

V-

p̂
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z / '-'

0,10
/-s, Of-

0.5i

1 .CO 

1 .50 

2 . 0 0

0 -

>.00

co

0 .0  

0.10 

0 . 2/| 

0.45

.71

G. 00

.50 I 0 .55

0.55 

1 .00

0. c

0.10
r\ 9̂ 1

*  C-. s./

0.25  

0 .50  

0 .60  

0.75

7, /h

1 .00

0 . 0 

0'. 1 0 

. 20
'Z'' OiT, . f-O

o, r, q

q'

1.14

2.07

5.16

OO

Taole '4 .1 V a ria tion  oj 
0 alonf<
.'■round TO

ToVle 4 .2  V a r ia tio n  o i
R alon^ u a l lcm

Three p c iu ts  can be rioted froni the 2rap>h. "Pirstl^r 

the Tie-Id Gtrenptli on the "round tendo towards a value o1
i
h as the d istan ce  from the w all tends to  in fin ity '- .

Oecondly, the value o f  f i e ld  streiipth  at the In tern a l part 

o f  a corn er, i . e .  at po in t S, i s  aero and t h ir d ly ,  the 

f i e l d  stronpth at the externa l part o f  a corn er, i . e .  at 

R, is  i n f in i t e .

The charpe c

O"

lensiti'- CT'i 3 ,';iven a.s

71 a' (A .,] o

where n is  the d ie l e c t r i c  constant o f  the niediur 

fo r  th''3 L e e 's  '/o-ll problen

O'
7Hh

l.'.ence

(4 .1 9 )
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r'f'V,
.L  i  1-0 Va r ia t i e r  in charg

the f i e lid stren gth R. The

ground or vrall. i s  g iv C - i i  Cv>_)

T7 - 1
0 7yjf 1

hence i f  vre want the t o t a l  charge on the n a i l  ne have to 

r e fe r  to  figujre ( ' ' .1 c )  vjhere the vralD. is  represen ted  on 

the n -p lane by the s e c t io n  flld . The Ih n its  and u,

are g iven  as h and S r e s p e c t iv e ly  and thus

1 -  ( -1 )
T r

TiT

In ere to re  ')
2Tr

It vrou]-d appear from th is  that the tobo.l charge on 

the n a i l  nas independent o f  the h eigh t o f  the vfall or the 

p oten tia l, but on ly on the d i e l e c t r i c  con stan t o f  the

medii^D,.

Anotl'ier problem in v estig a ted  by Lees nao the r s ta in in  

n a i l  con figu i-a tion  shown in fig u re  (4 .2 a ) .  Here ne have 

tno h o r iz o n ta l plane su rfa ces  PQ and IT separated by a 

lonp v e r t i c a l  reto.inj.ng vro.ll fd . The z--plane

(a) s~plane (b) t -p la n e

HiCTire 4 .2  Transform ation o f  re ta in in g  n a i l
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v/as chosen as shown in :L3.¡;jnre (4 .2a)  v:ith the h a l f

un uxie tnus we r oourire to  trans":om

icter  P^'hlT ir, llie z-::lane on to the r e a l o.xis o f  the

Die napping; ta b le  bocones:

xnri'c

-  1

2JI
C.

IT

iro n  the S chw o.rz-C hriotoffe l T ran síoraation  we ge

d t
- A(- - - 1 rj At

t 1
A J 'u -  1

r t 1
Kence ' z - a \ - d t

' 0 j

Tf we l o t  t ceshG and su b s t itu te  we get

C O S h.0 1
coshG -- 1 hnhe . d9

I-Iultiplying tog and botton  b̂ r \ cosh9 -i- 1 g iv es

z — - p O' P-V) 0 ']• A.

sinh Q d.0
J p

cosh“ 0 “ 1

=z (ccsh9 -t- 1 ) ■ 0.0

Thus z « ̂ hs. ( sinh0 0) W B

he turning to on r z -  f ( t )  r o la tion sh ip  :■'s get fr o

z r- A { J h
)

A 1 i -I- cosh ’” ' t ) ■t- 3

To evaluate the tiro constants A and B we have to  

subst itu tf:•>tnf.o boundary co n d it ie n s .
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At p o in t >J p z -- -  ih. o,nd t =

- ih  - A f r\. ^ cosh”  ̂1 )

Hence B ”■ — ih

At p o in t -d 5 z = il'i arid t = -1

i.h. = u L (0 -i- COSh~̂  -1 ) ~

2ih A iTT

Therefor 0 A - 2h
‘tt

in

The r e o n e t r ic a l  tran sforria tion  z ~ f ( t )  is  •thus

z I 'i I- --1+ cosh' th- (h .2 0 a ;■j-j V -i ‘ u;

The e lo c t r ic c . l  tron is fom a tion  :hi th is  pro'bl.era i s  

id e n t ic a l  n ith  that oi the la s t  one and th e re fo re  i t  n i l l  

he on itted  in th is  a n a ly s is . The f i e l d  stren gth  R i s  

siven  as

X l.  ----
an
dz

Takhny hi
dt ■ d.2

“ 1 fro n  the la s t  exaiaple no yet
■D
J-L

TT t~1-j

2h t-M
t-1

Nt-M■?h

As a te s t  we know that the fieJ-d stron yth  a t ' the e x te rn a l 

part o f  a corner is  in f in i t e  and at the interricil part is  

z e ro , The?oefore n should he in f in i t e  at l  and 2',ei''o at S

2 At 3

t ” 1
TT a 2
2h '

r= CO

t  = 1
■O — TT i

2h I > 2

— 0
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Hence the equation  h olds at these tvro p o in ts .

There arc a nunoer o f  other com binations o f  h o r i -  

zont.al raid v e r t i c a l  v a i ls  tha/t can be investi£ ;a tod  by 

th is  process^ the main d i f f i c u l t y  be in g  the in te g r a t io n  c
O  7 ,the S ch w a rs -C h iio to ffe l ccai.ation

"  Cl C

4 ,2  P a r a lle l  P la te  O apacitor

This i s  the second o f  the tno examples which i l lu s - -  

trsitss a d if fo r e n t  set o f  boundary c o n d it io n s . In th is  

c.ase we have two id e n t ic a l  p a r a l le l  p la te s  held  at 

d i f fe r e n t  p cten tia .ls  betwoen w^hich there is  an e l e c t r i c  

f i e l d .  I f  th is  is  a uniform  f i e l d  then the l in e s  o f 

e rm ip o ten tia l a,nd l in e s  o f  fo r c e  between the p3.ates form 

a recta n gu lar g r id  as shown in f ig u r e  (4 .3 a ) .

f ig u re  4 . 3o- i f  ea 1 fig u re  4 . 3b .ctu a l Gapacitoi:
Cap;wcit or

In fa c t  the f i e ld  i.s ro-ther uneven duo to the end 

e f f e c t s  as illiis tra .ted  in  fig iu 'e  (■■.3b). The extent to 

wiiich the f i e l d  i s  d is to r te d  i s  deCendant on i t s  d is ta n ce
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from the end and; as we s h a ll  see la t e r ,  the d is ta n ce  

he toreen i. t e s ,  ''iJe ’.r i l l  con sid er  on ly tins fn c ld

hetneen a se n i-.i.n fin ite  p la te  and an in f in i t e  one s in ce  

the ca p a c ito r  is  symmetrica], about the x and y a x is  in  the 

plane o f  the p a p er .

■piano is  chosen as shown in fi¿j;aro (4 .4 a ) ,The

lonnts n. C and C ' re  at in i in i■■ B-iid the p o i“

i s  e f f e c t iv e l y  a tr ia n y le  w ith corn ers at h. C and A,

Since 0 ’ and A meet at in fin i-ty  the anple at A is  ze ro .

C and E a ls o  meet at in f in i t y  a lthough  they t r a v e l  by 

op p os ite  r o ’u tos . The angle at 0 i s  th e r e fo r e  Tf , T.he 

angle at D is  2TI.

’ie ren u iro  to  transform  uie boundary o1 

onto the r e a l  a x is  o f  another complex plane which we w i l l  

c a l l  the t -p la n s . The S ch war z -C.h.r i  s t  o f  f  o 1 transform ât ion  

b ccomes

n j — i ̂  . 0 “   ̂ Ja ‘G I

«4
ï ï ‘

-1 ^T-■1 Af- •"-  ̂V Í-'“  ; I f "(t   ̂ t^ }

The t-pla.no is  drovwn .so th at the poi.nt t = 0 c o r r e s 

ponds to the p o in t z = A in  the z -p lrr .e . For sirurrlicit;' 

ore l e t  T) correspond to t  -  -1 , The t -p la n e  caxi be seen

been tr o r

(4^4 r.. j
T  r V )  ’Y> 0 the upper h

;icr"i ed G 0 "oil 6 upper h a lf

.appl ~̂o ta b le becomes

: D j . -  -1

"R ''2 (fò Ck2
* t - = 0 (X ;5 ^

the z -p la n e

2JT

V
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liap;re 4 r.3 T r a n s i on ox C apacitor

r -  r -5:;



i.iC3j. o .!. (>>J. Uxo-t? • j C:.xV» ■,. ..l a  — wix.L .i.;:j v O j-.-A -'..'. '.-.l A l i ::. .x vJ. :

i l l
cl 1j

rr

1 ) " ' f \TTc "  «5 )

;’rca i:j.o ri OGCO’-;ec 

-1
(t  -  C) TT

Hence z 1  ̂— 0- C 4- : ;

t  -;- l i l t  ] + B ----- ----- -----------  ( a  22)

n/iere A and B are com plex 'conctantcn  To fin d  tlie valuee 

o f tiiecc constants no m o t  n̂ ->-.inC!'-n'>-r ‘̂ r̂ nĉ T:•;; o t i t n t e  b o r jic ia ry  concLn:.ions,

These are found as fo l lo v /s .

1 . At the corner

ilO 1/ aX‘;''14106111

z chonues in  sn -ilitu de  b'v ill hut

t changes in  arpuaeiit or TT

t h e  c ’l a n a e  ;i.nout not in  a/;.plitudG. lieucc „

am plitude in  tlie z-p lan e must ,equal the chanq;o in 

argument in tlie t-p la n e  .

le
-W-r ill

-oonO .

9 = IT

Let

A
t -  |t[ GXpfiO)
” iO--rih

-cO-'rO

01 i l l  -'■  OC) — 0 1 1

dt
0 Li

dt =r. i  1 t 1 .exp (i9)dG
TT
o

t 1 0X1 (
V. j /nm- h f

•; a 'i
11 e xp (10) d01

0 - ■TT H
lt| oxp ( _iQ) 1 dO

jti 9XC^;-A) TT

n A  0

iUt O',' d e f in i t io n

Tlier e f  ore :Ln.

0 at th e  corner

iATr

Tf
- —
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Z = ih and -i- — u --
h r

an .. ^ In
h -1 •i- ili

3 j,h ,b.  ̂ p "la
 ̂ lx

“  7T

Thus

(4 .2 4 )

\Je can now GUijstitute the va luec o f  A and 3 in to  

the tr.ansforr.ation  equo-tion
n
it Int 1J (4 .2 5 )

This onuation th e re fo re , trancfcr-''S  the s o n i- in x in io e  

p3.ane and the in f in i t e  plane in tho z~plane onto the r e a l  

ax is o f  the t - p l a n e T h e  s o n i~ in f in it  o p la n e , which is  

e f f e c t i v e l y  OJie ox the p la te s  o f  the c a p a c it o r ,  has loeen 

t;ransforiiied onto the ney.ative h a l f  o f  the r e a l  a.x,is 

l i i i l e  the in f in i t e  p lane, vjhich is  the c e n tra l en u i- 

p oten tia ,! o f  tne ca p a c ito r  sy s te r , has 'been transform ed 

onto the p o s it iv e  h a lf .

\‘Je must now in trodu ce a th ird  complex plane to set 

up the c o r r e c t  e l e c t r i c a l  tra n s fe rm a tion . This is

n ecessa rj/'■ s in ce  the conducter cp'stem, wliich in  the a--x)lano 

i s  at teo p o te n t ia ls ,  occu p ies the same stx ’a iyh t l in e  in  

the t -p la n e . "'e req u ire  tiio n egative  cxid p o s it iv e  p arts  

o f  tho rea l a x is  o f  the t-p la n e  to  be transform ed to  

d i f fe r e n t  p oten tia .ls  on the e l e c t r i c a l  w~plane. The 

e f f e c t  o f  th is  can be seen in  f ig u r e  (4 .4 c )  which shows 

the two halves o f  the re a l a x is  o f  the t-p la n e  transform ed 

to  two separate in f in i t e  l in e s  on the xj-plane. The toro 

p o te n t ia ls  are and .

To fin d  the co x re ct  tr.aasform ation eouation  \ie again
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employ the n ch w a rz -C h ric to ffe l r o la t io n s h ip  th is  t i r  

tran sforoiiny  the tao p la te s  on the n -p lan o onto the
lO t -p la n e .

t i ne there

req u ire  to  s e le c t  only tuo p o in ts  i.n the t -p la n e . The 

tab

?o in t A

mapping x fio ie  Dec ornes

0

2
CO

=: 0 

(f 2 ~ 0
T h erefore the T chv/a .rs-C hristoffe l tran sforia a tion  bee

0 . '
:0’n0S

du
dt

/ N TT-  h (t  -  0)

and sine e any fa c to r  w

dT-7 -  ! t T “  ̂dt

or V = I[ In t -!- L

T-a in ue must fin d  the

s t  i tu t in g boundary conj

1 . At the corner A, '

( t
•1

}

-  (4 .2 5 )

and L by su2o--

but not in  arguinent, orhilo t changes in  arguiaent 

by TT but not in  am plitude.

-í»+iY 2 Q:=n

Therefore dw dt 
\ t

-to-i- iV 9 -0 '

net t  = |t( exp(i9 )^  dt =-■ i  | t{ exp(.iO)dS

Therefore
-ftô -:Lv

-cO-i-iY

■Y

0

i  d9

j-Y. iJs [ g ]
TT

Yp ~ Y. TT
tno.,/
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ina T,̂  _
 ̂2 “  ! i  

i f (4 .2 7 )

,:k Ü l)o;int D, t == ~1 , vr 1 \i9

There4ore '̂■̂9 V.

TT
In -  1

iV2

L

■ ' TT
I T T

(4 .2 8 )

he can now su b st itu te  the values o f  K  and L in to

the tran sform ation  eauation fo r  v .

l i s  ! i .
IT Int -r ±1 (4 .2 9 )

he have now e s ta b lish e d  the trarisforelation  equations 

between the s and t planes and betvreen the w and t p lanes 

Iron  equa,tions (4 .2 5 ) and 4 .2 9 ) vre ^can nov/ ej^irainate t to  

finid the d ir e c t  r e la t io n s h ip  between the z and w p lan es .

?rom ( 4 . 2 9 ) w ’t  -
'  n In t

In t

t  -- exp
rr(w iV. )

■ 1

Hence su b stitu tin g  in to  (4 .2 5 ) we vet

Yi
it exp

n(w -  iv^ ) lT(ir -  W p
1 ^

-  ''̂ 2 "  ''h - ■J „  V
— '2  '1

fo r  s im p lic ity l e t  \T -  0 and -- 1
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T h erefore  z = —IT
TexplivT -t- TTvr •!- 1 J (4 .3 0 )

I f  re separate the r e a l  and ira p in a ry  p a rts  o f  t h is  

equatioii \ie can yet the and y coord in a tes  in  the z-pl.ani 

correspon d in g  to the u a,nd v coord in a tos  in  the n -p la n e . 

Thus

X + ly

T herefore

TT 
h 
TT L

exp>]T(u -Í- iv )  IT(u -r iy )  + 1 

erqoTIu (cosTTv i  sinlTy) -i-iiu .ITTv 1

and
TT

h
tf

xp (Ffu). cosJ]y a TTu 1

exp (ITu). sinlTv -i- TTv

-  (4 .3 1 )

(4 .3 2 )

By s a h s t itu t in g  d if fe r e n t  values o f  u fo r  a given  

value o f V ue can p lo t  the e q u ip o te n tia ls  in  the z -p la n e . 

By using  tho so.rne values o f  u hut varying the value o f v , 

VJ9 can a lso  obta in  the l in e s  o f  fo r c e .

This uas in  fa c t  ca rried  out fo r  the ca p a c ito r  syster. 

slioun in fig u re  (4 .4 a ) . A sim ple computer prograia uas 

v iritten  to c a lc u la t e  the coord in a tes  x find 3̂ f o r  d i f fe r e n t  

va lues o f  u and v . These uere p lo t te d  and the re s u lts  

can be seen in Graph 4 .3 .

Having found the tran sform ation  equ ation  ve can 

uue i t  to  c a lc u la te  other p ro p e r tie s  o f  the e le c t r o 

s t a t i c  f i e l d .

R =

The f i e ld ength R is  g iven  "03̂

C VJ
dz

This can be v.Titton as

áii
dt

n
ds
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;ut

ana

(\f^ 
 ̂ ■ 2

dt
dt
dz

IT
h

IT

T h erefore  PL
( v  -  Y )V ■ p  'i  ' AJ.

1;
n
h

ru'D re  l o t  = 1 and V^-0

1nence

h

1 an

1
h U -r

Tt~i~Ty

he can th e re fo re  find, the f i e ld  stren gth  at anv

p 0 in t in the v ic in i i

quick checic o f  our r
o /-s-i -s *1 P, be in f in i t e  c

hence afe p o in t I) in

At p o in t D, from fig u re  ( 4 .4 t ) ;  t =-- -1 

T herefore  R = ■—-J--;—--li — I *T I

O O

Thus the equation  fo r  R holcLs at th is  p o in t . By 

s e le c t in y  suitable- va lues o f  t \re can p lo t  the f i e l d  

stren ijth  along the in s id e  ouid ou ts id e  su rfa ces  o f  the 

cc.po^citor cud c ls o  along the zero e q u ip o t e n t ia l . This 

w i l l  in d ica te  hovr f a r  in  fror. the end o f  the ca p a c ito r  

one has to go b e fo re  the v a r ia t io n  in f i e l d  stren gth  is  

n e g l ig ib le .

Tables 4 .1 , 4 .4  and 4 .5  show the r e s u lts  obtained 

fo r  f i e ld  stren gth  along the three su rfa ces  o f  the 

ca p a c ito r  systen . The va lu es o f  thy r e a l  part o f  z 

corresponding to  the chosen values o f  t  were a lso
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cí^.lculatea fro u  eau^aticn (•1.25)^

C-rap-'i 2 .4  aliow'S a p lo t  o f  the end o f the c a p a c ito r . 

I t  can he seen that in s id e  the ca p a c ito r  sy sten  the 

f i e l d  ctren pth  tondc everyv/here on o.nd hota’ een the tuo 

p ].ates to cC sin gu la r va.lue equc3,l to  the re c ip ro ca l, o f  

the d is ta n ce  oet'ueen the tuo pD.ates.

i s  ue approach the end o f  the ca p a c ito r  the f i e l d  

stren gth  in crea ses  to in f in i t y  on the insi.de and ou ts id e  

su rfa ces  o f  the upper p la te . This is  due to  the e f fe c t s  

o f  a sharj.' corner at D. Along the zero eop.iipotent.ial 

the fiei..d s t .rength at the end o f  the ca p a c ito r  d ecreases 

to  a p p rox in a te ly  80p o f  the h ite rn a l va lu e , compared 

u ith  a sudden drop to  zero in  the ideo.! co .p a citor  ca se .

t z / h R h
J-u z / h R h

0.00 -  CO 1 .0 -1 .00 • ipU OO

- 0.003 -1 .37 1 .005 - 1.10 - 0.001  6 10.0

- 0.01 - 1.15 1 .01 -1 .50 - 0.03 2.0

- 0.02 - 0.93 1 .02 -1 .70 - 0.054 1 .43

- 0.04 - 0 . 72 1 .04 -1 .90 - 0.0825 1 .'1 1

- 0.05 - 0.6  5 i e q  II .  I 
I

- 2.00 - C .093 1 .0

- 0.07 - 0.53 1 .075 ! 1 - 2.5 - 0.186 0.6  6

- 0.09 - 0.475 1 .10 - 3.0 - 0.286 0.50

- 0.1  0 - 0.4  5 1.11 1 - 4.0 - 0.51 5 0.33

- 0.20 - 0.26 1.23 I  - 5.0 - 0.76 0.25

- 0.50 - 0.06 2.0 i - 10.0 - 2.1 3 0.11

-1 .00 0.0 CO _  oo -  cO 0.0

■hie A .z Yi.ii''iation o f  
n along in s id e  
suxaface o f  
l,-)latG

Tahle 4-,4 V a r ia tion  o f n 
along ou ts id e  
sui’fa ce  o f  p la te



J.L.- z /h - O / n  e, Cq

0 .0 -  bO 1 .0 , 0 .0 oO

0.01 -1 .1  1 0 OQ 0.25 5.01

0 .02 -0 .9 2 0 . 9S 0 .5 0 2 . 256

0.05 -0 .6 2 0.552 1 .0 1 .77

0.10 - 0 . 58 0.31 2 .0 1 . 475

0.1 1 ” 0.55 0 . 90 'T2 . w 1 .555

0 .20 -0 .1 5 0.055 5.0 1 .245

C.30 -i 0.055 r~y ry *
• / Í 10 . 0 1 . 1 4-5

/ O 0.154- a i e• 1 i ^ 15.0 1 .105

0.50 0.257 0 . 6 7 20,0 1 , 082

1 .0 0.655 C . 50 5 0 . 0 A O. r~ oI .Cp9
Cv3 DO 0 .0 oo 1 . 0

-e 4 .5 V o.riaticn  o f Table 4 ,6  V a r ia tion  o f
h along zero c/cr^ ■'.’•ith le:
eci uip 01 ent i a l o f  "■'■elate r

(see p .6 6 )

I'/hat '•re r e a l i ; /  xrant to estabn.isli in  th is  ana-lrrs

a c o r r e c t  matiienatica3_ fornu la  fo r  the ca,pacita,nce o f  the 

p a r a l le l  p la te  capacitor^  which takes in to  account the 

fr in g in g  f i e ld  at the end o f  the p la te s . To do th is  

we have to  fin d  the t o t a l  charge on the requ ired  s e c t io n  

of- the s e m i- in f in ite  p la te . Since in  oust transform 

a t io n s  we s p l i t  the p la te  in to  upper and lower p arts  we 

w i l l  d e r iv e  from f i r s t  p r in c ip le s  the t o t a l  chaxge on 

the low er side  o f the p la te  and m erely in d ica te  the 

correspon d in g  va3-ue on the upper s id e .

The t o t a l  charge Q, on the lower s id e  i s  found by 

inte-o-rating the charge d en sity  along a chosen length  o f
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p la te  desip-nated by two values o f  u on the w-plane 

T hu s fr o  V e qua t i  o n (2 .1 p)
r '^

h
{

4 (u, u,p (4 .54

requ.ire  to  f in d  the corresponding ve.lues on the

z-p la n e th is  is  acc oiiipdished v ia  the t -p la n c  - Fr on

equation (AV • ®29) with 7p = 1 and V.| = 0 \-re have
T,T

A1
= Y\ In  t

S ince q -  0 on the surface o f  the co.oductor

u
A

-  -- l.np
•S' . T “ .  ̂ J -I-- - L'U t ^ U -1. w ' tin g ■ in to  eouation (4 .5 4 ) Tives

n. 1  ̂ , h 1
5-it' p:;h.

I f  wc5 srich to  fin d

the p la te to sonc va.lu.G

p UBO 1

-1 , CXid 2̂ :rn.e n eyativs  vg.1uo where --1 <

-2 <  0 ,

Heiic G 4TT̂
o in

2

wo ere 1
Op .

- ------------------- (4 .3 5 )

A,

G iy n ifio s  the ab so lu te  value o i—p

The probleia nov/ is  one o f  fin d in g  p in  terii.s o f  x.

This can be seen froo: f ig u i ‘3 4 .5  which shows the length  o f

p ln te  in  qu estion  in  both the t and s p lan es . At the

moaent ue have the t o t a l  charge Q,, on the underside o f
»

tlie p la te  frun 1 on the t-p]..ane to sorie a rb itra ry  value o f  

p \'herc -1 p K 0. he have to  f in d  the corresponding 

p o in t X on the z-p lan e  m ere  -  <» < x < 0 . The transform 

a t io n  eous.tion between the z rnd t p la jies eras given  as 

z -  S r t -  In t -r 1
TT L
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■̂T J. U T en

TT

o r , oiiice n i s  ;T.fe.'?Q,1;xv

" rr -i- i ï l

T T  .Ij. -̂ 11n V' r: e.
ff

...-■) — l ! .1 ,e35)

K

À y■ axis

x-ax5
--------3i—

t-?LAND.

m')

K

p-ax-is

F '! : 'uT0 A,jl1 T e n q yjxi o f p l a t e f o r  ' i i i .e h
C,h a r < y '*i *i C2'

—  kJ c a l c u o . a t e d  .

\ J  e h a v e n on f o u nd t h e l a t i o n b e  tUG e n  2T .and P a n d

r  e q u :i r e •n o c{ x' f  u n e t i o n o f X » ? r o nv t l i e ■ ofo o v  e r e l L a t i o n

GxiJ. S CO u l d  02TOv e r a h i e r d i -L -I. ..i.c u l t , Oal"G -LJl - 'iO r-a p l*l X

O  ̂ -* '  1 -!-
O v J - i i . i L >  L; ne f in d  that fo r  va in es  o f

»  l ^ l
.L

can non n r ite

p [ f  C.02 -and .he.nce In i\ .L'

,n
T f

1
1

00’

In xiT

S u b stitu tin g  t h i s  in to  equation. ('1-.35) 
1

h ?
4 r ' *-

hJT
h

M >

•net
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or since n v iill  be no¿-?,tivo

^ r r
___ f. '7 >I 1

v m e r o  j

r r i  I'.'' 1 '*•« ', I  'i- '' .C.LlL.- • J UJ. - 'V

2.ÚÍ' tne :n;jne};-:,ca_L varue o i z as 

7 D in  tne z -p ia n o .

Giae C l  in e  

pondinp le;-i¿:th 

is  a iven  as

•cA V ^ X ou■'i n the t o t a l  charpe i,. 01̂

.a te . Th0 C'ca.l char¿j e Ç) 0 '■'} tne

O'P tixe u s id e  is found s:Lrnil

■̂ 2
4 I T "

! IT
h p G ( 4 . 3 8 )

Zeno 0 ili' charge on tlie p la te  is  siniplj’’ the sum

01 i., ana •

le
OTT

I n  ( 1
TT TT (o o 9 )

The cap U.C i t  ance C l  th is  2.en ybh oF ca p a c ito r  i,s found

by d iv id in g  the t o t a l ciia2 ¿̂;e f Tb-irj the p o te n t !.a3_ d if fe r e n c e

between the p la te s ,

c = ^

fo r  our c a p a c ito r  7 = 1 , t h e r e fo r e , assumine: u n it

thj.ckness o f  ca p a c ito r

9
4 T T  L

J . S L '  I
TT P )  0  11-' ( 4 . 4 0 )

m e capacitonc.8 o f  an id ea r  

i s  p i  Y en G.3

c a p a c ito r  o f  equal lenptb

""0 4 ï ï h ( 4 . 4 1 )

Thus C c 0
Vi A 1

"1 n  ̂1 _ IT 1 -1 ) A

L f r /i. 1 , 1 ‘ hl-^l ^ '7 X 1)

be seen thcit the variab3_es i ,n the a.uove

the til Cl the p la te , and h, the

d ista n ce  betv'eer, the p.lato:.a A pra.ph o f  C/C, .  a.gainst

ÜÜ



i / Y i  W 3 . l l  ¿ ; ; i v e  a n  i n d i c a t i o n  c i  t h o  e f i e c t  o f  t h e  f r i n g i n g

fu e l .n.U on the t o t a l cap::.citanc

csipa.ci t  o r . Cbvlo u sly in  the

1 .0 . , I f  we l e t  h := 1 and va

:ngth, ox

!p should bo

peaph o f  ( !n'/

chould  tOiid to 1 .0  as x-> co.

J . t i .h lo  1 .6  and

The r e s u lts  are shown :.n 

Tt w i l l  De seen  from Iranh. l . a

that C/C tends t o  .in fin ity  as x tends to  z e r o . ' This is

u a l ca u a c ita n ce  C is  reiver frosi

to the :ra.c't that

In fa c t  'biie a.c't

equ.-ition ( I . 4 0 ) as

As a p r a c t ic a l  a p p lic a t io n  o f th is  tn e o r 5̂ we w i l l

ejiamine b r ie f i .y  the su b je c t  ox d i e l e c t r i c  h eatin g  and

the concept o f  " s a fe  d is ta n ce " . D ie le c t r i c  h eatin g  is

a method o f  r a p id  a.nd uniforia heatin.g by an e l e c t r i c a l
/

method in v o lv in g  the use o f  ra d io  fre q u e n c ie s . The high 

frequency output is  fed  to  the p3.ates o f  a c a p a c it o r  

b e t ’ixeen. which is  p la ced  the m a teria l to be heated , -v/hich 

tlie re fo re  beco.mos the dielect3,:’i c . The ra p id ly ’' a l t e r 

nating e l e c t r i c  f i e l d  causes the d ip o le s  in  the d ie l e c t r i c  

to  v ib ra te  and o s c i l l a t o  thereby' generating  heat in  the 

m a te r ia l. f o r  a g iven  'frerquency i t  can be shown tlxat 

tho ra te  o f  g e n e ra tio n  o f heat per u n it voliune at a.;3y 

p o in t in. the f i e l d  is  T )roportional to  the square o f  the 

f i e l d  otrenq;th a t  th.at poi'o.t, and th e re fo re  u n iform ity  

o f  h eatin g  i s  dependent on. the uniform d is t r ib u t io n  o f

s t r eng th between the pi;_A- V./ >n ox the ca p a c ito r .

From. tb.e a. 1 f  r  fpi -1
J. J. ^  ..L. V.U of d is tri'i:j'ution o f  f i e l d

gth in th e c ajjaci' tor i t  ^ ■bOL-LD-Ci

6 7



iriiere h in  the d is ta n ce  hetnecn the p la te s .  Proa Iraph 

4 .4  viQ see that P ten ds evorynhene on ana betneon the
Ip la te s  to  a si'\ya.lar value equa3. so t; .  As v:g approach 

the end o i the c a p a c ito r , a in crea ses  on the in s id e  

su rfa ce  o f  the upper p la te  but decreases a lon g  the equi-- 

p o te n t ia l .  I f  u n ifo r ia it 3̂ o f  h eatin g  i s  to be ach ieved  

1-re ru st avoid  th is  area o f  changing f i e l d  s tren gth .

To do th is  vjs set an upper l im it  o f  a ccep ta b le  f i e ld  

stren gth  v a r ia t io n , saj  ̂ ' i - ' , and ca lcu l-a te  how fa r  in  from 

the end o f  the c a p a c ito r  we have t o  go b e fo re  R in crea ses  

or d ecrea ses  by th is  m ou n t. be^rond thj.s the v a r ia t io n  

w i l l  be l e s s  than 11’ and u n ifo rm it ;' can be a.ssured.

Prom Table 4 .3  i-re see that fo r  Rh = 1 .01 vmich is  a 

incree.sG in  R the va lu e  o f z is  given  as -1 .15h. Pron 

Table 4 .5  v:e see sin ilarl^^  th a t a i f ’ decreiise in  R ePLong 

the zero  e q u ip o te n t ia l  occu rs Mhen z -  - 1 .1 4h. This 

shows that f o r  uniform  h eatin g  the m a teria l should  be 

p la ced  a d is ta n ce  c f  at le a s t  1.151 from the end o f  the 

c a p a c ito r . Ponce 1 .1 5h becomes the sa fe  d is ta n ce  fo r  

the c a p a c ito r .

This com pletes the snni.ysis o f  the J o e 's  P a ll  and 

caapo.citor p ioblem s and the in v e s t ig a t io n  o f  the use o f  

the Schw s,rz-G b.ris'boffel Trarisforr.ation  in  s o lv in g  two 

d i f fe r e n t  forms o f  the e l e c t r i c a l  tran sform ation .

In the next chapter we w i l l  in vestig .a te  se v e ra l 

corner c on f ig u r  at ions ox em p lif3Hn.g the range o f  methods 

o f  s o lu t io n  o u tlin e d  in  Chapter 5.
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Graph 4 „5 Increase in Capacitance with Length of Plate
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A T  A  C C R I T E R

This chanter fo rn s  the main bod.y o f  the th e s is  and 

in v o lv es  a study o f vanious r iA n t-a n y led  corner shapes.

The corn er shapes p ro v id e , in  th e ir  anci.lysis, an example 

o f  the use o f  each o f  the methods o f s o lu t io n  l i s t e d  in  

Chapter 3- The an a lys is  in  th is  chapter in vo lves  fin d in g  

the tran sform ation  equa,tion z = f(w ) fo r  each o f  the 

corn er shapes and using i t  to e s ta b lis h  the f i e ld  stren gth  

around the corn er.

Because o f  the com plexity  o f  some o f  the xjroblems and 

to  avoid  unnecessary;" r e p e t it io n  i t  was decided  to  r e s t r i c t  

s e c t io n s  5.1 and 5 .2  to  e s ta b lish in g  the f i e l d  stren gth  in 

equation  form only w hile p rov id in g  a, f i e l d  p lo t  o f  the area 

around the corn er. S ection s  5 -3 , onid 5-4 con ta in  no 

f i e ld  T)lot but a more deta.iled onalysi.s o f  the f i e ld  

strength  vo .r ia tion s  in clu d in g  graphs. S ection  5.5 con

ta in s  only tlic f i n a l  equations,

5.1 f i e ld s  o f  sim ple r ig h t-a n g le d  corner

he w i l l  analyse b r i e f ly  the in te rn a l and e x te rn a l 

f i e ld s  o f  the sim ple corner.,

C-eometrical Transfoinjatio-n fo r  In tern a l F ie ld

This transform s the conductor ABC in the z -p la n o  o f 

fig u re  5.1 onto the rea l a x is  o f the t-p la n e  with the 

re lev a n t f i e ld  becu.mi.ng the ux>per h a lf  o f  the t -n la n e .

Using the och vra rz -C h risto ffe l equation  \/e see that with 

o.nly one an^le TT/2 the equation  reduces to :
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dz
dt ~ 

z =

D(t -  O )"- 

D \ —— dt
J JT

---------------------- (5 .1 )

T herefore Z 2D IT  + E

when z = 0, t  = 0

Therefore F = 0

I'dien rfa — 1 , t  = 1

th e re fo re D = 12

hence Z = i t ---------------------- (5 .2 )

S]. e c t r i  c n, I  T !■ s f  o rina t  i  o n

To oütí.iin the c o r r e c t  boundary co n d itio n s  we transform  

the t -p la n e  onto the e l e c t r i c a l  w -p lan e . From fig u r e s  

5.1 and 5-2 we see that the e l e c t r i c a l  tran sform ation  is  

the same fo r  both  in te rn a l and e x te rn a l f i e ld s .  I t  

in vo lves  ra isin ¡j, the conductor su rface  by a value o f  ? 

where V is  the p o te n t ia l  o f  the con du ctor, and ro ta t in g  

about 180°. The equation  that ach ieves th is  i s :

t =; -W  -h iV -------------  (5 .5 )

F inal Traiisfor.mation fo r  In tern a l F io ld

By s u b s t itu t in g  equation  (5 .5 ) in to  equation  (5 .2 )  

we get the f in a l  transfor.nia.tion z = f (u )

z = J iV^ -  w ------------------  (5 .4 )

But z -  X + iy  and w = u + iv ,  th ere fo re  

X -t- iy  = ii\T -  u -  iv

By su b s t itu t in g  d i f fe r e n t  values o f  u and v , the c o r r e s 

ponding values o f x and y can be found and a f i e l d  p lo t  

o f  the corner made. This can be seen in Iraph 5 -1 .
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]-eonetrice.l T ran sforn âtio r  fo r  ex tern a l 'F ield

Aga in only one corner in v o lv ed , th is time w ith angle

3TT/2 and hence the 3 ch w a rz -C lir is to ffe l eô uat ion  becomes:

cl
d

r7 —
t

D(t
1

0)=̂ --------------  (5 .5 )

z = D  ̂ [IT dt ,

Therefore z - 2 .  
3 “ t"  ̂ -h E

vihen z = 0, t = 0

th e re fo re 3 = 0

\fhen ry — /.j — Ì— ? t  = 1

th e re fo re D =
z i2

henc e z = 1 3 ----- -  (5 .6 )

F inal Troais form ation fo r  E xternal F ie ld

By su b st itu t in y  equation  (5 .3 )  in to  equation  (5 .6 )  

\ie get the f in a l  tran sform ation  z = f(vx)

---------------------- (5 .7 )( ì Vq -  w)"'

Hence z + iy  = i Si {±Y^ -  u -  iv )^

A f i e l d  p lo t  was m de using d if fe r e n t  values o f  u and v. 

This can  be seen  in  Graph 5 .2 .

F ie ld  Strength fo r  In tern a l B io ld

From chapter 2 we r e c a l l  that f i e ld  stren gth  R was 

g iven  by

R = dz

From equation  (5 .4 )  we get
2w = iV  ̂ -  z
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To fin d  c in  terms o f  z we r e f e r  to equation  (5.13)  
 ̂ 1

2 In 1 - 1

1 -1P cosh c

1 -12 cosh c

T herefore R

c = cosh ( 21)
J-U = In  z

c = cosh (2 In z)
■D 2 sin h (2 In (5.21 )

F ie ld  Strenq;th fo r
■ dw ' 

dz

ch-T . ^  ^
dc dt dz

-1 2
3 c^ - 1 1

z (5.22)

To f in d  c in  terras o f  z we use equation  (5.18)
T̂7

I iTTx

In
” 2c + c -  1 +

-1cosh c

T herefore c 

But t 

T herefore c

f m= cosh 

= In  z 

= cosh

S u ostitu tin ^ ’ c in to  equ ation  (5-22)  ; ;ives 

R

■ O TT '^ (In  z -  -^ )

2
3

, 2 cosn (in  z ■2 ______ - - I )
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Therefore Sinn (ln  z
(5.23)

Squatj.ons (5 .21)  and (5-23)  ¿ iv e  us tiie requ ired  f i e l d  

stron r ’th eauations f o r  the two corn ers.

86



,e ld  P.lo'ü Por

/



r'-T'n yiTra'on. 9»■;!: [PiGld Plot/ Pol*

88



5.3  Analyr;iG o f  Corners ina

These corners are obtained by in v e rs io n  and s e le c t io n  

from s im ila r  shaped conductors. The yeometrica.1 tranis- 

form ation s in l)oth cases have beexi in v e s t ig a te d  by lan gton  

and Davy [ 15] j j *"?] c-nd A'nill be y iven  b r i e f l y  in  th is  

a n a ly s is .

/  ̂/ /le o m e tr ica l Transform ation fo r

The oriynuia]- conductor is  shovrn in  the z-p lan e  o f  

f ig u re  5-5.  he have to transform  the o u tlin e  ABDEA' o f  

th is  conductor onto the rea.1 ax is  o f  the c -p la n e  n ith  the 

f i e l d  en closed  by the conductor transform ed to the upper 

h a l f  o f  the c -io la n e . The tra.nsform ation equation  given  

by lan gton  and Da.vy [l5 is

E ’ ) /E + h ( i  -  1 ) / 2  ---------------------- (5.24)z = ih (K

where K’ is a

and E and E f .

k in d ; h is bj

As i t  stands the conductor in  the s -p la n e  is  o f  l i t t l e  

use to  us, but i f  we perform  a complex in v ers ion  a,bou.t I) 

w ith a ra d iu s  o f  in v ers ion  o f  h/2 we obto.in inie conductor 

DEAED' in  i;lie -p lane . The interno.1 f i e l d  in  the

z-p lan e is  transform ed to  the area below tlie conductor in  

the -p la n e . The in v ers ion  equation  is

z ̂  = h' /  4 (5.25)

Eroin the z^-plane we see that the deshred corner 

shape is  g iven  bj'' the fig u re  DBAPGf where APG is  the 

negative iinaginary a x is  o f  the z^ -p lane. By su b st itu t in g  

equation  (5-24)  in to  equation  (5.25)  we get

39
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h/r.1-i[(.:' - + 2(1 ~ 1)1 ---- (5.26)

v.lilcla l3 tiie transform ation  equation tetueen  the and c

p la iie s .

The neqa.tive ima^;inar3r a x is  of th e  z^-plane is  tra n s

formed to  the Gerui-circ3-e APG- in  the c-p]-ane between 

c = 0 and c = 2 vritli cen tre  at c -- 1 . Thus the requ ired  

corn er becomes the se ra i-c ir c le  ABDPA with the in te rn a l 

f i e l d  o f  the corner b e in "  the in s id e  o f  the s e m i-c ir c le .

The re lev a n t condu ctor ou tlin e  in each plane is  

co lou red  and the f i e ld  shaded in  figu re  5 .5  f o r  c l a r i f i 

ca t io n .

le o m e tr ica l Transform ation fo r

In th is  case the f i e ld  ex tern a l to the o r ig in a l  

conductor is  rrequired. This is  shovm :i.n the z-pla,ne o f  

figu r ’e 5 -6 . To transform  the conductor AEDPii' in  the 

z-p lan e  onto the r e a l  a^iis o f  the c -p lan e  with the f i e ld  

ex te rn a l to the conductor becoming the upper ha.lf o f  the 

c -p la n e , we use the transform ation  equation g iven  by 

Davy and Lang ton  [it] .

z = ihp/o< + h (l + i ) / 2  ---------------------- (5 .2 7 )

where '.p c)P cJI (X (2 -  c): 2 c ' K and c '

1 -  c , where c = k , k  be in g  the e l l i p t i c  modulus-

Using the same comqDlex in vers ion  as b e fore  we crea te  

the z^ -p lane with the re lev a n t f i e l d  th is  time transformed 

to  the ares, above the conductor in  the z^ -p lane. The 

desii'ed  corner is  g iven  by the fig u re  GPASD, with APG 

bein g  the p o s it iv e  imaginarji' a x is  o f  the z ,j-p la n e . 

Combining equations (5 -25) and (5 .2 7 ) we get
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z = h/[A±p/0( + 2(1 ■ i ) ] (5.28)

The p o s it iv e  ima^incirir oocis o f  the z^-plaaie is  

traaisfoniied in to  the same s e m i-c ir c le  as b e fo re  and the 

in te rn a l f i e l d  o f  the corner becomes the in s id e  o f  the 

s e m i-c ir c le .  'bsain the re levan t conductor is  co lou red  

and f i e ld s  shaded.

E le c t r i c a l  Transform ation

Since the in term ediate  c -p la n e  is  the sarue in  both

ca se s , the fo llo w in g  e l e c t r i c a l  tran sform ation  a n a ly s is

vnill apT)l5̂ to  both corn ers .

he have to transform  the conductor o u tlin e  ABDPA

or AEDPA onto the l in e  u = u + iV on an e l e c t r i c a l
0

Vi-plane, with the p o te n t ia l  o f  the conductor surfa,ce. 

This is  accompiliBhed in  a nujnber o f  steps as shown in  

f ig u r e  5 .7

Prom the c -p la n e  to  the Cp-plane c -p la n e  Cp-plane

Vie see from the corresponding q ^

valvies g iven  in  the ta b le   ̂ ^

op p os ite  tiiat the equation  2 q

f i t t i n g  these ■'/alues i s ;  1 -   ̂ -1

c = 2 /(1  + C2 )   ( 5 . 29 )

From the Cg-plane to  the c^-p lane vie use the equation

C2 =   (5 .3 0 )

vihich vias e s ta b lish e d  in  one o f  the e a r l ie r  co rn e rs .

The c^-plane is  a r e f l e c t i o n  o f  the c^ -p lane about the 

r e a l  a x is  and hence

c  ^    ( 5 . 31 )4 3
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where is  the comx^lex con jugate o f  c^.

To ob ta in  the f in a l  transform ation  c ^ —> w -p la n e , 

we must in v ert about the poajit D s in ce  in  the con -

ductor plane the p o in t D appears at oo The conductor

p o te n t ia l  has a ls o  to  be ra ised  to  Y^. The transform 

a t io n  becomes

w = + IV
C4 o ( 5 . 5 2 )

vihere A is  a r e a l  co.nsta.nt.

V/ith equations ( 5 .2 9 ) —> (5 *32) vre can fin d  the 

o v e r a l l  e l e c t r i c a l  tran sform ation  c = f ( w ) . This is  

found to  be

2

1 + A (5 .3 3 )
w iY

This equation  can be used with equo.tions (5 .2 6 ) or 

(5 .2 8 ) to  produce a p lo t  o f  the f i e ld  in s id e  the corners 

but due to e x ce s s iv e ly  ted iou s  a r ith m etic  th is  w i l l  be 

om itted and adi a n a lysis  o f the f i e l d  strength  around the 

corn ers w i l l  s u f f i c e .

F ie ld  stren gth  o f

The f i e ld  streng-th E. i s  g iven  as

R =

i.. e . R =

d̂ -r 
d

dvf
dc

1
(XC
dz

dz
dz ( 5 . 34 )
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i h  i d ’ 1 / t7h n. 1 1 Ì

O.C
,1.

dc

1i.La J-t) j i v e n  ’e y  C a y  103?- 18 an

da lIL-lo
dc A .-V '■ .• J. ‘ ; 'l

The rbrivcrcio a ecu'
h 2

z -  —
'̂1

da
da,

i

0
-  hd"
.dr?
'■‘"1

o u u s t it '^ t in j on lie/

e o u a t ic ’i  ( 5 . 3d) s:

ir" r* ^
V ‘  J  ' '  J

(5 .37 )

Lnto

idc ''I c ,- i

{ O '• iTTli /•̂■"'1

4 \h
TT

o o

^9 -  C
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In terms o i z . / h  ne /;;;et

In
T T h

? Pn r "Lx .¡.J

(2 ~ c)^  (z^ /h ) 2
(5 .3 8 )

IJitli th is  equ.^tion \re can find  the f i e ld  strength  along 

the sun’fa ce  o f  the conductor or at 3113'' p o in t in  the f i e ld ,  

he u i l l  con fin e  our anal3rsis  to  the conductor su rfa ce  

DAPCt in the z^-plane o f  fig u re  5 -5 . Table 5.1 shows the 

f i e l d  stroiigth  values fo r  the corresponding c and z^/h  

v a lu e s .

P oint on 
Conductor c z^/h "D

4A

A 0 0 0
0. 25 ‘ -  0.0802 -  0 .1 82 5 i 0.628
0 . 5 0 -  0. 129 -  0 ,2 1 9 i 2. 092

0.75 -  0.1765 + 0 .2 5 8 0 i 4.788
0. 9046 -  0.2172 -  0.2431 6.95
0 .9 7 -  0. 259 -  0 .2 4 9 8 i 7.795

B 1 .00 -  0. 2 5 -  0 .2 5 i 8 .0
1 .05 -  0.264 -  0 .2 5 i 8.568
1. 157 -  0 .514 -  0 .2 5 i 9.756
1 .554 -  0 . 4 7 -  0 .2 5 i 15.54
1 .705 -  1 .551 -  0 .2 5 i ẑ n 0 0 J)) 0 •

D, C 2.00 00 cX3
0.11 n- 0 .4 5 8 i -  0.2451 0. 155

0.295-1- 0 .7 0 7 i -  0. 5051 1. 254
P 1 + i -  0 .4411 6 . 962

1.588+ 0 .0 1 i -  0.0921 17. 57
1.82 + 0 .4 5 8 i -  1 .7 i 27.06

m
Table 5.1 F ie ld  Otrength v.alues fo r
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A "raph Siiovring the e ''fe c t  o f f i e ld  strength  v a r i 

a t ion s  around the corner vas made and th is  is  reproduced 

in Ira.ph 3 .5 .

f i e l d  ftron p th  o f

The only d if fe r e n c e  in  th is  ca.se l i e s  in  the value 

01 d z /d c

z = lhp/(X -h h (l -i- i ) / 2

f i =

(5 .3 9 )

This is  g iven  by Cayley

in
dc

3cT[ih
■ 24K

Using enuation (5 .3 9 ) w ith equa.tions (5 .3 5 ) and (5 .3 7 ) 

g iv es

T?
_ L

4Ac p4 «-
(2 -  c ) " 3cTTih

O
44h (X "

3tt
(2 -  c)^

bt
4s.

in  terms o f z^ /h  ire get

P

3Tih (2 -  c )^  (s ^ /h ) '

---------------------- (5 .4 0 )

Again no fin d  the f i e ld  strength  along the surfa.ee o f  

the conductor GPAED in the z^ -plane o f  figu jfe 5 .6 . Table 

5 .2  shows the f i e ld  stren gth  va lu es . Since the fig u re  

is  sym m etrical the values along G-A w il]. be s im ila r  to  

those along SD and hence are om itted.

98



Graph 5.6  shows the o"j'i‘Gct o f  the f i e ld  streii^^th 

v a r ia t io n  around the corn er.

P oin t on 
Conductor c /h .. pTTli

A 0 0 8 .0

0 .50 0.0026 - 0 .0 5 6 i 6.705

0.667 0.0156 - 0 .0 8 7 i 5.85

0.75 0.0555 - 0 .1 28i 5.494

0.80 0.0568 - 0 .1 58Si 5.555

0.8284 0.0758 - 0 .1 7 7 3 i 5.2

0.85 0.0351 - 0 .1 9 i 5.55

0 .50 0.1 31 5 _ 0 .2 2 i 5.604

0.9592 0.1925 - 0.2451 6.166
IT' 1 .0 0 .25 - 0 .2 5 i ^.0

1 .05 0.285 - 0 .2 5 i 9 .58

1 .157 0.405 - 0 .2 5 i 14.19

1 .705 2.1 - 0 .2 5 i 72.17

D, G 2 ,0 00 00

To.ble 5 .2  F ie ld  Strength va.lues fo r
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5 .4  A nalycio o f  Corners and

ThooG corners can "be obtained  by in v e rs io n s  ox knovin 

condxictor sliapos, one o f m iich lias been studied  in  

Chapter 4.

C eom etrical TrarisfoiTaation fo r

The o r ig in a l  conductor is  shown in  the z-p lan e  o f  

f ig u r e  5.Q w ith the re leva n t f i e l d  iiis id e  the serai- ' 

i n f in i t e  re cta n g le  ABCD. To ti'’aiisforin the perim eter 

ABCD o f  the conductor onto the r e a l a x is  o f the t -p la n e  

we use the S ch v ia rs -C iir is to ffe l t r a n s fo m a t io n . h ith  

two corners we have
C<1 0(2

da _ , J- ' ’r' "  ' (t -  tg) IT ' (5.41)a t  = A ( t  -  t p  F

The mapping ta b le  is

p o in t B t.j = -1 ^1 “

C t. 1 (X JL
2

S u b stitu tin g  in to  equxition (5 .4 1 ) g ixves

dt
Therefore

A ( t  + 1)  ̂ ( t  -  1) 

dt
z = A + 3

t 2  -  1

where A and B are con stan ts . In te g ra tin g , we get

z = A cosh”  ̂ t  + B ---------------------- (5 .4 2 )

To fin d  the value o f  the constan ts we su b s t itu te  boundary 

c o n d it io n s .

1 , vrhen z = 0 , t  = 1 

Therefore 3 - 0

1 0 2



X-0XI5

p-ûxh

1 0 ^



2, when z = i l l , - 1

th erefore  =

i:a = Aiir + 0
"’I
TT

S u b ctitu tin g  loack in to  enuation (5 .4 2 ) we ^et that

z = ^  cosh"^ t ----------------------  (5 .4 3 )

he noif have to  in v ert the z -o la n e  about C w ith

rad ius o f  in v e rs io n  h. This ¿’iv e s  the -plo.ne which 

p rov id es  the requ ired  corn er. The in v e rs io n  equation  

is

z h —  (5 .4 4 )

The geom etrica l tran sform ation  equation  from the 

z^ -p lane to  the t-p la n e  is  obtained  by su b s t itu t in g  

equation  (5 -43 ) in to  equation  (5 .4 4 ) .

Hence
_1

ẑ  = hir/cosh t (5 .4 5 )

F igure 5 .0  shows the z^ -p lane with the p o in ts  B = ih ;

A, I) = 0; and C = . The conductor ou tlin e  is  colou-red

and the f i e l d  shaded on each p lane.

Q-eometrical Transform ation fo r

The o r ig in a l  conductor shown in the z-p lan e o f  

f ig u r e  5 .3  i s  the step  problem examined in  Chapter 4.

In th is  example the o r ig in  o f the z-p lan e has been 

lowered so th a t  the low'er part o f  the step becom es the 

p o s i t iv e  h a l f  o f  the r e a l  accis. The h eigh t o f  the step  

i s  h. The geom etrica l tran sform ation  equation  g iven  in 

equation  (4 .2 0 a ) row becomes

t^ -  1 + cosh“ ”' t  ------------- (5 .4 6 )z TT
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Fif.-urc [3.9 G eom etrical Transform ation fo r  
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The z-p lan e  :io in vert d about C as b e fo re  \ - r l t h  

rad iu s o f  in v ers ion  h. This g iv es  the plane w ith 

the G e .n i-c irc le  now reversed  as req u ired . The d iv e rs io n  

equation  is

z . z ̂  -  h

and when equation  (3 .4 6 ) is  su b s t itu te d  vre get

= hir/ q 2t ' ~ 1 + cosh (5 .4 7 )

This i s  the geom etrica l tran sform ation  equo.tion fo r  the 

req u ired  corn er. Fig'ore 5 .9  shov/s the conductor and 

f i e l d  in  each xjlane.

The E le c t r i c a l  Transform ation

S ince the t-p la n e  is  s im ila r  in  both corn ers , one 

e l e c t r i c a l  trcn sforiiia tion  w i l l  s u f f i c e .

he have to transform  the r e a l  a:cis o f  the t -p la n o  

onto the l in e  w = u + iV in the e l e c t r i c a l  wr-plane 

w h e r e i s  the p o te n t ia l  o f  the conductor su rfa ce .

Again Me have to in v e r t  the t -p la n e  about the p o in t C 

so that C = on the w -plane, to  corresx>ond to the 

z ^ -p la n e .

The trails form ation  equation becomes 
A

\ r  = t -  1 + « 'o (5 .4 8 )

Figure 5.10 shows the e l e c t r i c a l  plane with the 

p o in t B a t -  ^ + The f i e l d  p lo t  in s id e  the

corners has been om itted in  th is  c iia ly s is  and the f i e l d  

stren gth  v a r ia t io n s  g iven .
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? ie lc l S trcn -th  o f
'/// 

^  ^

The f i e l d  strength  R in given as 
dn

This can he '.T itten  as
dn dt dz 
dt ’ dz ■ dz (5 .4 9 )

From equations (5 .4 8 ) ,  (5 -4 5 ) and (5 .4 4 ) get resriect- 

iv e ly

d \ i
dt

ds
dt

dz.

TT

h.̂
z.'1

k ih s titu tin g  in to  equation  (5 .4 9 ) givec
A

F = V..- ir TT
IT
n t 2

1
h^ 

~ 2

T herefore

Ah'
h

t2 -  ,
(t  -  1 )^(z,| /h)^ (5 .5 0 )

Table 5 .5  shows the f i e l d  strength  c-alcula-tions 

a long the su rface  CABO o f  the corner and Iraph 5 .7  

i l lu s t r o .te s  the v a r ia t io n s .

F ie ld  stren gth  o f

From equations (5 .4 8 ) ,  (5 .4 o ) o.nd (5 .4 4 ) wc get 

r e s p e c t iv e ly

car
dz (t  -  1)
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dt
h
TT t -  1

da
da.

.2
2

S iib stitu tin .3 in to  equation  (5 .4 9 ) q ives

2,
A

J .L

(t  -  1
II
h

t -  1 h‘-
'l t  + 1

and hence R M
h

1
(t  ~ 1 ( z^/ h) ^

-  1
t  + 1

---------------------- (5.51 )

Table 5 .4  l iv e s  the f i e l d  s tro iiit l i  ca ,lcu la tion s  

alonq CA13C o f  the z^-plane and irap li 5 .2  i l lu s t r a t e s  the 

v a r ia t io n s .

In usinq equations (5 .4 6 ) and (5 .4 7 ) care raust be 

taken in the s iir i o f  the r e a l  p a rt . The z-p lan e o f  

figu i-e  5 .9  shov/s that fo r  -  oo < t < -  1 , the r e a l  part 

o f  z i s  nei'cative end althouqh equcition (5 .4 6 ) might in d ica te  

otherv7ise, the c o r re c t  s jg n  nuist be a,pplied. The reason
- I

f o r  th is  l i e s  in  the square r o o t  and cosh fu n ctio n s  o i 

equation  (5 .4 6 ) uhich  can be p o s it iv e  or n eg a tiv e . This 

a ls o  a p p lie s  w ith  equation  (5 .4 7 ) where the z^ -plane has 

a n egative  r e a l  part fo r  -  oo < t  ( -  1 .

09



J..
i» z /h z^ /h R ATT

o O oO 0 0
100 1 .69 0.59 0 .287
7.0 0.858 1. 19 1 .54
5 .0 0 . 75 1 .57 1 .6
5 .0 0.56 1 .73 2.2
1 .5 0.506 5 . 27 4 . 1 4
1 .25 0.22 4.55 5.76
1 . 1 0 . 1 4 7.14 9 .0
1 .0 0 o O

n 0V. • 0 . 1 44 i -  6 . 9 4  1 3 .8
0 .7 C .25Í -  4 .01 5.0
0 .5 0 .5 5 Í -  5 . 0 1 5 . 3
0 .5 0 .4 i -  2 . 5 1 5.1 2
0.1 0 . 471 -  2. 151 2. 65
0 . 0 0 .5 1 -  2.01 2 . 47

-  0.1 0.551 -  1.391 2.5
-  0 .5 0 .61 -  1 .671 1 .98
-  0 .5 0.671 -  1 -491 1 .69
-  0 .7 0.7471 -  1 .541 1 .56
-  0 .9 0 .351 -  1.181 0 .87
-  1 .0 1 .01 -  1.01 0
- 1 . 1 0 .14  + 1 0. 1 5 7  -  0 .981 1 .05
-  1 .25 0 .22  + 1 0.21 -  0 . 9 5 1 1 .55
-  1 .5 0.506 + 1 0 .2 8  -  0 . 9 1 1 1 .95
-  5 .0 0 . 5 6  + 1 0 .45 -  0 . 7 6 1 2.5
-  5 .0 0 . 7 5  “*■ 1 0 .48  -  0 . 6 5 1 2.06
-  7 .0 0 .353 + 1 0 .49  -  0 . 5 9 1 1 .32
-  100 1.69 + 1 0.44 -  0 .261 0 . 5 7
-  OO oo + 1 0 0

Talóle 5 ■ ’ l e id  Streric-:th C a lcu lâ t ione, fo r
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5.5 Ancil.YGjs o:C Corner I
This example req u ires  no le s s  than 6 tran sform ation s 

and in v o lv es  the use o f  e l l i p t i c  f im ct io n s , s e le c t io n ,  

in v ers ion  and the Riclimond method. The fundamental part 

o f  the problem in v o lv es  transform ing the f i e ld  ou tside  a 

square onto the upper h a lf  o f  smother plsme, and a more 

d e ta ile d  a n a ly s is  o f  th is  can be found in  a paper by

B ick ley The orip ;in a l paiper involved  a r e c ta n g le , 

the square c o n s t itu t in g  a s p e c ia l  case .

f ig u r e  5.11 shows the square A3CD in  the z -p la n e ,

the mid-po;i-nts o f  the s id e s  being ? ,  Q, 1 and be

req u ire  to transform  the perim eter o f t h is  square onto the 

r e a l  a x is  o f  the t -p la n e . The transform ation  formula is

g iven  as

dz
dt

0 (t^ -  a^) ( t "  -  a
(1 t ’ )

(5 .5 2 )

Vihere a i s  the va.lue o f  t a,t the p o in t A in the t-p la n e  

and C is  a con sta n t.

I f  we l e t  t -  -  tan 4-s and a = tan {-a we get

dz
ds •j cosec  0( I 2 (cos  2e cos 2« ) ]

---------------------- (5 .5 3 )

To in te g ra te  ŵe req u ire  to  in trodu ce an interm ediate 

u -plane and transform  the f i e ld  ou ts id e  the square in  the 

z-p lan e  in to  the f i e l d  in s id e  a square in  the u -p lan e . 

This is  done vrith the use o f  Jacobian  e l l i p t i c  fu n ction s  

where the modulus is  k = s in  0( . he w rite

s in  s = -  k sn (u , k) ---------------------- (5 .5 4 )
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so that cos s = dn (u,k'.- —

S u b stitu tin g  in to  equation (5 .5 3 ) li'e se t 

dz :

(5 .5 5 )

Ch 2 —̂  on u du
C fA. 2 
2k ^ 1- i2 ) du (5 .5 6 )

Therefore  ̂ (2)(u) -  k '^  u) + D ------------  (5 .5 7 )

Where E(u) is  an e l l i p t i c  in te g r a l  o f  the second kind and 

D is  a constant. how the Jacobian  zeta  fu n ction  zn(u) 

i s  d e fin ed  as:

zn(u) = S(u) -  ^  ---------------------- ( 5 . 5s)

V/here K and B are complete e l l i j ) t i c  in te g ra ls  o f the 

f i r s t  and second kind r e s p e c t iv e ly . T h erefore  f o r  z 

we get

 ̂ “  fk  ^  -  k ’  ̂ u) + D
---------------------- (5 .5 9 )

To fin.d the values o f  C end D we must use boundary 

values between the z and u p la n es .

1 . At P , u = 0 and z = b 
C
2k (0 + 0) + D (5 .6 0 )b =

Therefore D = b .

2 .

b -  ib  = -  I p  (E -  k ’ '̂K) + b.

C -  2 ib k /(B  -  k ’ ^K) ---------------------- (5 .6 1 )
2I f  we l e t  L = (E -  k ' K) and »substitute the constan

At A , u = IC and. z = b -  ib
C , , , 2,

■fcs

in to  equation  ( 5 . 5 9 ) we get
ibz = ^  (zn (u ) + “ ) + bi.\.

hence (5 .6 2 )z = p L -  i  (zn (u ) -i- Lu/K)

This equ/.tion transform s the f i e ld  ou tside  the square 

in  the z -  p>lane in to  the f i e ld  jjis id e  the square in  the
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M  1 .

j.v -.L u r^  r'~co  '','iiOvï':"' n.''' o ì i ù  i ± ' - ’ü j- 'G

; O l ’j-iô 'ir .'Jfor.’.la,tien f ■f’ (u) ' :g r o cG ll tiiat

t n

GUÜ

arici rance eus a;'iu ?.nci '"jji ' T' :. ' O

r:rm r r -y  \ J !

h r - . n o : C o r " ' ’ r:i t l i o 0  ", ■> n • ••' 0  "I5 0  '.2* ■V  i  0  n  ; 1'̂  0 “2 ’^ na . J j

!n 0  b j l 0  ' P O o ' : , 1  a r i e  0 1 •J-' N /  .O i i O t —  . ' i l  a » ’' G  ‘ ^ f ‘fc

Lraiae 'one Ganare tranaioriaiina t e  aie n /r;er e a li  c i tiie
4 -
L . - n > Ian e . Equat ione ( 5 •  0 2 ) 0,ild ( 3 . 33 ) top;ether provide

tile pceii'e tr i.co .l trans foriiiation f r o ’n a to t planera

the n-plane in  fijpai'e 5.11 - 0 can Goe tlxat the

n ¡  r \ a ired corner is  in fa c t  one qa„n'to]’ c f  tlie  f i e l d  and

heixc? -'C mioi; c e lc c t  tiii.ü :̂ar1; fo i ' fa rtiie i' ""ncilysio.

The roquirecl 'Tieifi i c  ahaded i>i each o f  tiie T pn.aneG Tn 

fig u re  5.11 n ith  hie co.nductor ru r fa cc  -ihhTT colou red  fo r  

cl'-.rix  .ic e t io n , The .in terestin g  part here i □ the rolevanl; 

f i e l d  in  the t -p la n e , r in ce  th is  .!.e one o f  the corners 

er.o.iLriied e a r l ie r  in  tne th es is  (roe  '^ection 5 .2 ) - l"o 

renuixo to  trc.iisfora the o n tlin e  c f  the co rn er  P.Z3TC2 in

the t-u la n e  onte tiie r e a l  c.nÌG o f  the  c -  f.c.nc '- ith ;ne

■f îeld in c id o  t-LC aeri’cr boccn inp  the Uj_:pex' '’■■’ai.f 0 ;̂^

c -p la n e . do th is  ’ lo r e fe r  be a--ai..‘. t i c ’'!S (n .lO ;

(5 .1 5 ) vdiere, n it ii the re levan t n o tâ t i o ’i 

t e;; a p

ujLie

cna

■1 1
c p T b l  j
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p is  an interraed ia te  p lano. This c>^vec

\j ~ c + , c -  1 (5 .6 4 )

Adding equo.tion (5 .6 4 ) to  equations (5 .6 2 ) and 

( 5 . 6 5 ) com pletes the g eom etrica l tran sform ation .

B le c t r i c a l  Tro.nsformation

We now transform  the r e a l  ax is  RBoR in the c -p la n e  

onto the l in e  w = u + iY^ in  the vr-plane. We n ote  a lso  

that the p o jjit  B on tho o r ig in a l  conductor in  the z-p lan e 

i s  at in f in i t y  and we th e re fo re  must in v ert the c -p la n e  

about E to  s a t is fy  th is  requirem ent. The in v ers ion  

equation  is
A

Therefore the com plete e l e c t r i c a l  transform ation  becomes
A\-r = iY

0(c  + 1)

Figure 5. 12  shoxfs the t ,  c and w p lanes with the 

re lev a n t f i e ld s  shaded.

(5 .6 5 )

F ie ld  otren /;th

F ie ld  stren gth  R is  given as

d.\-J
dz

dc
dc
dt

dt
du

du
dz

:5.66)

From equations (5 .6 2 ) ,  (5 .6 5 ) ,  (5 .6 4 ) and (5 .6 5 ) vre 

get r  es^ jectively
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gz
du

ibi'; 2— . cn u 
Jj

du
?  2. 2 2 (k - cnu sn u -  cnu dnu + cnu dn"" u)/ksn^'u

dc c + c2 -  1 7  2 c2 -  1

t o
dc a/ ( c + 1 )

Gubstitutinu; in to  equation (5 .6 6 ) ue ^et

A 2 ,
lLc 1 ii'^ cnu

9
"sniu-cnu dnu

(c + 1 )^-‘  ̂ 2 c + ^C --1 i j
2c sn u

2 A
O<i

C ^ 1 L (k ^  sn^u -  dnu (1 -  dnu))
blr^ (c  -1 1) 2 ‘ c + , c^ -  1 _

2sn u cnu

2 2xbk cn u

(5 .6 7 )

—  1e x p il  cosh c

I?rom equation  (5 .6 4 ) ue g e t  that 

t :

Therefore c = c o s h (2 In  t)

s u b s t itu t in g  fo r  t  from equo.tion (5 .6 3 ) g iv es
1 -  dnuc = cosh 2 In k siiu (5 .6 0 )

Equations (5 .6 ? )  and (5 .6 0 ) togeth er enable us to

determ ine the f i e l d  strength  along the su rfa ce  ShRn in

the u -plane corresponding to  the corner ERDSS in  the z -p la n e .

Because o f the com plexity  o f  the a r ith m etic  i t  uas 

decided  to omit the c a lc u la t io n s  o f  f i e l d  strength  in  th is  

example.
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I t  is  on ujideniable fa c t  that most f i e l d  problems 

that a r is e  in p ra c t ic e  cannot be so lved  by r ig o ro u s  

mathematics and some form o f  api^roximate method is  

req u ired . Tuo such methods; the re la x a tio n  and ex p eri

mental methods are commonly used in  th is  s itu a t io n .

6.1 R e la xa tion  hetliod

This method which was o r ig in a l ly  invented by 

Southw ell [lO] in  1936 was at f i r s t  used to  deterraine 

s tr e s s e s  in  a framework. The subsequent extension  o f  the 

method to  the so lu t io n  o f e l e c t r i c  and heat f i e l d  problems 

re ta in s  the o r ig in a l  n o ta t io n . Por th is  reason the 

method w i l l  be in troduced  here u sin g  the m echanical 

Biialogy o f  a stressed  framework.

Imagine a framei'iork o f  rods held  in  p o s it io n  aga in st 

a r ig id  background o f c o n s tra in ts  in  the form o f  pegs at 

each ju n ctio n . The framework i s  then loaded at variou s 

p o in ts , and w i l l  tend to deform under the a c t io n  o f  these 

fo r c e s .  Deform ation however cannot take p la ce  because 

the pegs at the jo in t s  prevent th is .  Thus the loads are 

taken up by the pegs. Imagine now that the pegs are d is 

p la ced  in  a convenient manner, determined by the co n d it io n s , 

so th at the load  is  gra d u a lly  tra n sfe rred  from the pegs 

to  the frsjtiev/ork. To do t h is ,  the peg which is  tak ing 

the gxea test share o f  the load  is  imagined to  be moved 

so that the jo in t  i t  i s  c o n t r o l l in g  is  f r e e  to  move so 

to  r e l ie v e  the s tra in . This tra n s fe rs  some o f  the load  

from the peg to the framevrork. The d is tr ib u .tio n  o f  fo rce s  

amongst the other con stra in in g  pegs w i l l  now be a lte r e d .
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The jo in t  which novr, ^̂ n.der the new fo rce  d is t r ib u t io n , 

bears the g rea test load  is  nezt d isp la ced  so tliat the 

2.oad is  lessened  and some o f  i t  tra n s fe rre d  to  the frame

work from the pO;p. This p rocess  o f imap'inary movements

o f peys is  ca lle d  the re la x a tio n  o f  the co n stra in ts .

This second r e la x a t io n  w i l l  r e d is tr ib u te  the fo r c e s , 

and maj'' oven make the con d ition s  at the f i r s t  pey w orse, 

but th is  does not m atter as i t  i s  on ly tem porary. The 

pey xdiich now bears the g re a te s t  load  is  in  turn d is 

p la ced  so that the constra,int i s  re la xed  at th is  p o in t .

This re laxo ,tion  p rocess  is  continued, yo in y  frora pey to  

pey, always re la x in y  that jo in t  which at any moment bscars 

the y re a te s t  loa d .

This is  ca lle d  the 'sy stem a tic  r e la x a tio n  o f the 

C on stra in ts ' and is  c a r r ie d  out u n t i l  tlio load  is  com

p le t e ly  tra n s fe rre d  from, the peys to the fr3,mework. At

the end o f th is  r e la x a tio n  p ro ce ss , the framework, c o r 

r e c t ly  deform ed, w i l l  be carry in g  the whole lo a d , so that 

the pegs at the jo in t s  can be removed. At any interm ed

ia te  stage the peys v rill be bearin g  a part o f  the loa d .

This value is  c a lle d  the res id u a l at that p o in t . b'hen 

a l l  the res id u a ls  are reduced to  z e ro , a3.1 the fo r ce s  w i l l  

have been removed from the peys. The o b je c t  o f  the 

system.a.tic r e la x a tio n  o f  the con stra in ts  i s  th e re fo re  to  

reduce the re s id u a ls  at a l l  p o in ts  in  the system to  zero , 

or as near to zero as req u ired . The r e s id u a ls  can be 

made as sm all as vre l i i :e  b5r C3.rry.iny out the re la x a tio n s
i

a s u f f i c ie n t  nujuber o f  tim es, and thus any degree o f 

accui*acy can be a tta in e d .
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In the carjG o i e l e c t r i c  or heat f i e ld s  \jq req_uire a 

s o lu t io n  of L a p la ce 's  equation in  t\fo dim ensions vrhicii is

0 (6 .1)

nliere \i uould he e le c t r i c  p o te n t ia l  in  the case o f  

e l e c t r i c  f i e ld s  or ternperature in  the case o f  heat f i e ld s .  

Instea,d o f carry in g  out a jphysical r e la x a t io n  in  the 

raaimer d escr ib ed  above, the sene procedur’c is  ca rr ie d  out 

m athem atically . At each p o in t in  the .ijnayinary fraiiie- 

uorh ue have an equation  con jiccting  \r w ith  the p o s it io n  

at that r^oint. Thus there is  an equation fo r  each p o in t 

in the meshwork. A ll  these equations must obey the 

govern ing equation  o f the system , nameljr la ,p la ce 's  

equ ation . V'ith the f i e ld  determ ined a t  each p o in t , the 

p o in ts  o f  equo.l magnitude can be jo in ed  by curves r e -  

p r e s e n t i ig  isotherm 8.1s, e q u ip o te n t ia ls  or whatever i s  

ap propria te  to  the system.

It must be p o in ted  out that the system of equations 

we have been r e fe r r in g  to  must a l l  be so lu tion s  o f  

L a p la ce 's  equation . S ince the re la xo .tion  method r e fe r s  

on ly  to  l in e a r  8.1gebra,ic equ a tion s, an e s s e n t ia l  part o f  

the problem i s  the conversion  o f  L a p la ce 's  equation  in to  

an equ ivalent l in e a r  equo.tion o f  the r ig h t  typ e . One way 

o f  doing t h is  i s  to  use T a y lo r 's  Theoi'em as d escr ib ed  by 

A llen  [ l l ] .

R epresentation  o f L s.p lace ' s Equation on a square L a t t i c e .

Figure 6.1 rep resen ts  a square l a t t i c e  o f  side h in  a 

tw o-djjnensional e l e c t r i c  f i e l d .  At corn er p o in t o f

1 24



i

?i;-;ure 6. j F ie ld  mesh o i  s id e  h.

Fi :̂care 6 .2 F ie ld  mesli o f  s ide  li/2 . 
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the raecli Guch ac the j^oin-l.G numhcred 1 , 2 , 5  e t c . ,  the 

c o r r e c t  p oten tia lG  w i l l  s a t is fy  L a p la ce 's  er^uation. I f  

e tc  represen t these p o te n t ia ls  then these 

va lues at neap^hbom'’ ing p o in ts  w i l l  d i f f e r  by some f i n i t e  

d i f fe r e n c e .  Cur problem is  to  express L a p la ce 's  

equation  in terms o f these f i n i t e  d if fe r e n c e s  in  such a 

way that we co.n obta in  a set o f  sim ultaneous equations 

which can be solved  by r e la x a tio n  methods.

Consider a typ>ical p o in t 0 v.liere the p o te n t ia l  is

T a y lo r 's  s e r ie s  i s :

f ( x  + h) = f ( x )  + h f ' ( x )  + ~  f " ( x )  + . . .

(6.2)

•’ ''0 f (z )Q , where is  the value o f

C onsider novi the p o in ts  0, 1 and 3, that is  the p o te n t ia l  

v a r ia t io n s  a.lony the d ir e c t io n  o f  the x -a x is  on ly . I f  

we take the p o in t 0 as the o r ig in , then, s in ce  w is  a 

fu n ctio n  o f

f ( x )  at the p o in t 0 , a,nd h = 0 s in ce  we are measuring h 

from th is  p o in t . At the p o in t number 1, w d i f f e r s  from 

Wq by the f i n i t e  d if fe r e n c e  -i- h , so tim t ŵ  = f ( x  + ^)o* 

At the p o in t number 5? w d i f f e r s  from Wq by -h , so  that

w.. = -  li)r, Hence from equal ion  (6 .2 )  we obta in :

+ h (^w/c\x)|  ̂ + (¿S r /ó x “̂ ) + hi (¿"w /^x^) + . .0 0 21 51

2
21

o
w ^  =  W q  - h  ( 0 w /(^x ) q  +  h i  (c)‘“w/c1 x “̂ ) - h i  (cl-^w/ciix-^) +  ...

51
3 '

Adding these 3,t o  equa.tions g iv e s :

W.J + w^ = 2Wq + h^ (^^w/^x^) + ...

1 2 6



9 /I f  \ie denote the terms ¡ipreater than h by ^(h ) then:

h^ ( d ‘̂ vr/6x^) ■'1 _ 2 -q -  ? (h ^ )

I f  h , v/iiich is  the mesh s ide  len y th , is  sm a ll, then 

as an approxim ation \re can -i-rrite:

h^ ( d^x/bx " ' )  = + W- 2\r0 (6 .3 )

I f  the same reason in g  is  repo.ated when the v a r ia t io n  o f  

w is  taicen a lon g  the y -a x is ,  so  th a t  xe con sid er  the 

p o in ts  nurabered 0, 2 and 4, ne can obta in :

h'" (^"^w/(^y^) = Xp + n . -  2ir0 (6 .4 )

0-gain w ith an error  o f  F(h'^) , Adding equations (6 .3 )

and (6 .4 )  g iv e s :
.2. n2y~x
V 2 ■ \ 2cix

X + x-T H- >r
2 3 ^

4x0 ------ (6 .5 )

ITovr i f  L a p la ce 's  equation  is  s a t i s f ie d  by the value 

Wq at the p o in t 0, the l e f t  hand s id e  o f  equation (6 .5 )  

becomes ze ro . Hence i f

X ,  +  x ^  +  Xy. -r X .  -  4 w4 '0 0

the w -values o,t the f iv e  p o in ts  con sid ered  must be 

c o r r e c t ,  ign orin g  the errox- teivm F(h' '̂") , I f  one ox- mox̂ e 

o f  th e  p o te n t ia ls  x  are incox'’r e c t  then:

X^ -!- X^ + = H0 (6.6)

whex'’e Rq i s  not ze ro . Thus Rq i s  the r e s id u a l at the 

p o in t 0 , a.nd the equation we have obtaiLned is  the 

a lg eb i'a ic  equation  conn ectin g  the vr-values fox'* the gx^oup
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o f  f iv e  p o in ts  nujiioered 1 , 2, 3, 4 and 0. There i s  a 

s ira ilar  ecxuo.tion fo r  each poin.t in  the f i e l d ,  and the 

re s id u a ls  Rq , , R2 e tc  fo r  each o f these p o in ts  must 

he reduced to zero to  ohtc?,in the c o r r e c t  p o te n t ia l  d is 

tr ib u t io n  .

I t  should  be noted that i f  v e  fin d  the c o r r e c t  values 

o f  Uq , and so that Rq is  z e ro , th is  is  only

a t emporo.ry s o lu t io n  as these va lu es , w hile bein g  co rre ct  

fo r  the poi_nt 0,  w i l l  not necessa-rllj^ be co r re c t  fo r  the 

f i e l d  as a whole. The residu .al vrith the p o in t ŵ  as the 

ce n tra l p o in t o f  a new groux) f i v e  x^oints must then be 

reduced to zero and th is  w i l l  a f f e c t  i t s  neighbouring 

p o in ts , and so on.

In fig u re  6.1 we see part o f  the f i e l d  o f  a conductor 

system. The conductor su rfa ces  x'^̂ ôvide the boundary 

values o f  the system which must be marked on the diagram. 

Values o f  p o te n t ia l  at the mesh p o in ts  are then guessed 

and w ritten  a.t eo,ch p o in t so that au approximate f i e ld  is  

e s ta b lish e d . Talcing each poin t in  turn the r e s id u a ls  axe 

calcu3-ated using  equation  (6 .6 ) and w ritten  beside  the 

p o in t . The p rocess  o f  r o la x a t io n  can then beg in ,

tJhen the res id u a ls  a,re a l l  zero , or as c lose  a,s 

req u ired , the mesh can be reduced l)j drawing d iagona ls 

through the corner p o in ts , seen in fig u re  2 as d otted  

l in e s .  The new mesh p o in ts  are formed a.t the in te r 

s e c t io n  o f  th ese  d ia gon a ls , Ry drawing v e r t i c a l  and 

h o r iz o n ta l l in e s  through these p o in ts  the mesh is  r e 

duced to  s id e  h /2 . f ig u r e  6 .2  shows the new mesh p o in t 

Wq ' formed in  th is  way. The fu n ction  va lu e at th is
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p o in t is  equal to  the a r i t ’ imetic mean o f  tiio four 

sujrr oundinq mesh p o in ts , in  th is  case w-;,, xr^. x-r̂  and xr^. 

ijiy  remainder in  th o  co ,lcu la tion  hocomes the r e s id u a l. 

Corner p o in t xr̂  ' i s  equ a l to the mean o f  xi  ̂ ouid xi2 , and so 

on.

The p rocess  o f r e la x a tio n  can now 'beqin s.gain g iv in g  

a more accurate p ic tu re  o f  the f i e l d .  The degree o f 

accuracy requ ired  v i i l l  determ ine the nmfoer o f  red u ction s  

and when that has heen reached the l in e s  o f  e q u ip o te n t ia l 

can he dranni in .

6 .2  experim ental Ilcthod

By fa r  the most u se fu l experim ental method employs 

e l e c t r i c  conduction . Bor a plo.ne d is t r ib u t io n  we maj'" 

measure the p o te n t ia l  in  a sheet o f t i n f o i l  or specialD.y 

coated  conducting x^^P^r. The e le c t r o d e s  are sim ulated 

by heav;/ copper x^lates mc.de to s ca le . I f  the system 

co n s is ts  o f  tw o or more p la te s  at d if fe r e n t  p o te n t ia ls  

then these p la te s  are sim ply so ldered  on the t i n f o i l .

I f  on ly  one x)late e x is ts  then onother p la te  m.ust be in t r o 

duced at some con sid era b le  dista,nce from the f i r s t  to  act 

as a terminus fo r  the l in e s  o f  fo r c e .  Since the l in e s  o f 

fo r c e  are sux)posed to  term inate at in f in i t y ,  i t  is  

d e s ira b le  th at the second p la te  l i e s  along a known equ i

p o te n t ia l  .

The gen era l arrangement o f  a two conductor system is  

shown in fig 'o re  6 , 3 . The e le ctro d e s  are connected to  a 

b a ttery  and then to  a p a ir  o f  re s is ta n ce  boxes which act
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7i¡-cure 6 . 3 Exijerimenta,! Get up f o r  tuo conductor 
system.

as a p o te n t ia l  d iv id e r . I f  = R,, tlien the p o te n t ia l  

o f  the ijrobe when the la t t e r  is  not in  con tact with the 

t i n f o i l  u i l l  ho m.idua3' hetueen the tuo e le c t r o d e s . The 

prooe is  non touched to  the clieet and raoved about u n t i l

the galvanom eter 0^ reads zero This u oin t u i l l  be on

the e q u ip o te n t ia l l in e  Y /2 . Other p>oints on th is  l in e  

can be found shni3.arly. The p o in ts  coji bo marked 

d ir e c t ly  on the t i n f o i l  or the probe cp,.n be a tta ch ed  to  a 

pantograph do that the e a u ip o te n t ia ls  can be tra n sfe rred  

to  a dron ing. The r a t io  R.| 7^2 is  then changed a llow in g  

other e qu ip o tent t il ls  to  be napiped.

The 0. ccu.ro.cy o f  the method is  dependent among other 

th ings on the ujiiforia th ick n ess  of the t i n f o i l  and the 

q u a lity  of the conn ection s between the p la tes  end the t i n f o i l
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\íe have used the metjvd o f  Conformal Transform ations 

to  in v e s t ig a te  successfuD.ly sev era l corner co n fig u ra tio n s  

and illu r jtra te d  the Vcirious methods o f  s o lu t io n  most 

commonly employed. In con c lu s ion  i t  is  n ecessary  to say 

something about the l im ita t io n s  o f  the method and p a r t ic u 

la r ly  the d i f f i c u l t i e s  encountered in  some o f  the problem s.

In the attem pted a n a ly s is  o f the corner in  fig u re  7 .1 , 

i t  was i n i t i a l l y  decided  to use the Richmond Method but a 

d is c o n t in u it 3'- at the p o in t D made th is  u jisu ita b le . When 

the trailsforma/1:ion is  made from the z to  the t-iila n e s  the

c

C b L •6
■t-'pLKKlt.

A

Fi/:ure 7.1

p o in ts  A 02id D in the z -p lan e  both  transform  to  i n f i n i t 3r 

in  the t-p la n e  . Consequently vj-hen using the Richmond 

Method i t  i s  n ecessary  to avoid  im p in g iig  the u n it c i r c l e .  

S ection  5 .2  shows the two corner configuTcations that can 

be solved  s u c c e s s fu lly  with th is  method.

The use o f  the in te g ra l equations o f the h3rpergeo- 

m etric  s e r ie s  is  lim ,ited to  our a b i l i t y  to  in te g ra te  them. 

Vfhen the su b s t itu t io n  of e l l i p t i c  fu n ction s  is  made i t  is  

found tiiat when the powers to  which the fu n ction s  are 

ra ise d  are in te g e rs , then the in te g r a l can u su a lly  be
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eva lu ated , although in te g e rs  g rea ter  tha,n three are 

e x ce s s iv e ly  com plica ted . In most ca,ses f r a c t io n a l  poviers 

are not s o lv a b le . This means tiiat there must be a lim ite d  

number o f i^roblems that can be evaluated by th is  method; 

a p o in t more fu l l y  examined by langton  [ 22] .

The S chw a.rz-C h ristoffe l tran sform ation  is  a.gain 

dependent on our a b i l i t y  to  eva lu ate  the in te g r a l but is  

T)robs.bly the most iis e fu l method.

As was sta ted  in  Chapter 1, conform al transform ations 

are su ita b le  fo r  ti'io-dim ensional f i e ld s  where the th ird  

dim ension in to  and out o f  the paper is  cXS suraed to  go to 

in f in i t y .  In p r a c t ic e  however such an arrangement is  

u n lik e ly , and the end e f f e c t s ,  w hile in  some cases being 

sm all, would never the le s s  con trib u te  something to  the 

f i e l d  v a r ia t io n s . In a.11 o f  the problems in v e s t ig a te d , 

in clu d in g  l e e 's  h a l l  and the c a p a c ito r , we used in f in i t e  

or s e m i- in f in ite  p la te s  and hence p ro p e r tie s  such as fie3.d 

stren gth  only reach  th e ir  uniform  id e a l values at in f in i t y .  

Again in  p ra .ctice  uniform itj/' woul.d be reached a ft e r  a f i n i t e  

d is ta n ce  aiid fo r  a l l  p r a c t ic a l  purposes the e f f e c t s  o f  a 

v a r ia t io n  in the con fig u ra tion  o f  a corner would become 

n e g lig ib le  at a d ista n ce  le s s  than th a t  in d ica ted  in th eory.

he are fa ced  here with the in e v ita b le  consequences o f 

s a c r i f i c in g  p h y s ica l r e a l i t y  fo r  mathematical s im p lic ity .

In our attempts to  obta in  an exo.ct niathermatical s o lu t io n  

we have introduced such dubious concepts as in f in i t e  p la te s  

and p e r fe c t  corn ers . Having sa id  th is  we must assume that 

th is  in v e s t ig a t io n  o f the p ro p e r tie s  o f  variou s two-
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d jj’ioilcion::,! f i e ld s  ".ril.l y ie ld  reouJ-ts th a i are matiie- 

ra a tica ll3'' accurate  lu t  onl^" appro ::ira te  ir. p r a c t ic a l  

ca ses , becar.se tlie end e f f e c t s  prove-’t a ctu a l f i e ld s  

fro:;i beiPi; s t r i c  bl̂  ̂ tu o -d ira on sion a l-
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