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Abstract. An emerging topic in Quantuam Interaction is the use of lexical
semantic spaces, as Hilbert spaces, to capture the meaning of words. There has
been some initial evidence that the phenomenon of quantum entanglement
exists in a semantic space and can potentially play a crucial role in determining
the embeded semantics. In this paper, we propose to consider pure high-order
entanglements that cannot be reduced to the compositional effect of lower-order
ones, as an indicator of high-level semantic entities. To characterize the
intrinsic order of entanglements and distinguish pure high-order entanglements
from lower-order ones, we develop a set of methods in the framework of
Information Geometry. Based on the developed methods, we propose an
expanded vector space model that involves context-sensitive high-order
information and aims at characterizing high-level retrieval contexts. Some
initial ideas on applying the proposed methods in query expansion and text
classification are also presented.

Keywords: Information geometry, Pure high-order entanglement, Semantic
emergence, Extended vector model

1 Introduction

An emerging line of research in Quantum Interaction (QI) is on capturing the meaning
of words based on lexical semantic spaces (as Hilbert spaces) [13][14][17]. The
intuition is that humans encountering a new concept often derive its meaning via the
accumulative experience of contexts in which the concept appears. Therefore, the
meaning of a word can be captured by examining its co-occurrence patterns with
other words in the language use (e.g., a corpus of texts). A typical semantic space
model is the Hyperspace Analogue to Language (HAL) [15]. The semantic space
models have demonstrated a cognitive compatibility with human information
processing [15][16].

More formally, in this paper, we generalize a semantic space to a Hilbert space
induced by a set of words, in which all possible combinations of the words form the
basis vectors. For example, given a word set W={Napoleon, invasion, Spain}, we
have eight basis vectors [000),/001)....,[111), where the basis vector |001) stands for




the occurrence of ‘Napoleon’ and the absence of ‘invasion’ and ‘Spain’. A pure state
of this semantic space can be written as a,,[000)+...+q,,[111), where the linear

combination coefficients «, meet the normalization condition |ay,[ +...+|a,,['=1. In

quantum mechanics, the squared norm of a linear combination coefficient is
considered as the probability of the corresponding basis event observed. According to
this interpretation, it is clear that we can readily recover the marginal probability of
any word occurrence from a given pure state of the semantic space. For example, the
marginal probability of the occurrence of the first word (Napoleon) can be given by
lasool” +|asn|” +|ayso|” +]a,| - In this sense, a pure state of the semantic space gives a more

comprehensive description of the space than the conventional Vector Space Model
(VSM or VM for short) [1].

A kind of quantum states of particular importance is the entangled state [2], in
which the quantum states of two or more objects are dependent on each other so that
one object can no longer be adequately described without a full mention of its
counterparts. Technically, several objects are entangled if the state of the
compositional system cannot be expressed as the tensor of individual systems’ states.
Recent study by Bruza el. al. revealed some initial evidence that the phenomenon of
entanglement also exist in semantic spaces [12]. Then, the next fundamental research
question arise: how to characterize and utilize the entanglements in semantic spaces?
This is the very aim of this paper. We are particularly interested in the pure high-
order' entanglements in semantic spaces, i.e., high-order entanglements that cannot
be reduced to the compositional effect of lower-order interactions, which often
indicate the emergence of high-level semantic entities.

For illustration, let us consider the example semantic space shown earlier. Given a
pure state of this semantic space?,

) =+/0.3296]000) ++/0.0002 |001) ++/0.0900010) +~/0.0001|011)
++/0.3000{100) +~/0.0001|101) +~/0.2000 110) +~/0.0800111)

it is easy to check that |y) cannot be expressed as the tensor of the pure state of its 1-

order subsystems, i.e.,

) # (x[0)+x,[1)) ® (34 [0) + (1)) ® ([ 0) + 2 |1))
for arbitrary Xo, X1, Yo, Y1, Zo and z; meeting |xo/+Hx,[*=1, [yo*+ly:[*=1 and |zo/*+z,*=1.
Hence, we conclude that |y) is an entangled state.

In this paper, we focus on the pure high-order entanglement, i.e., the high-order
entanglement that cannot be expressed as the tensor of any lower-order systems that
might be entangled too. For example, it is easy to check that the above |y) cannot be

expressed as the tensor of state vectors of any two subsystems, e.g.,

w) = (5 |0) + 21, 1)) ® (v | 00) + vy, [01) + 13 [ 10) + v, [11))
where [ug|*+Hu; =1, [vool™+Voi+vio/*+vi1’=1. In this case, we conclude that |y) has
a pure 3-order entanglement.

! In this paper, the “high-order entanglement” corresponds to the “multipartite entanglement”
in Quantum Mechanics.
2 Note that the coefficients of |y) meet the normalization condition, i.e.,

0.3296+0.0002+0.0900+0.0001+0.3000+0.0001+0.2000+0.0800=1



The purpose of this paper is to characterize pure high-order entanglements and
investigate their semantic implications in semantic spaces. To this end, there are two
fundamental issues. One is how to measure entanglements, and the other is how to
distinguish pure high-order entanglements from the compositional effect of lower-
order entanglements so that we can illuminate the semantic implication of pure high-
order entanglements by a computational method.

For the first issue, there are several well-known statistics measuring 2-order
entanglement of a pure state, e.g., Von Neumann entropy [2], relative entropy of
entanglement [3], robustness of entanglement [3] and squashed entanglement [3]. The
measurement of high-order entanglement is more complicated. Some measures on
high-order entanglement are derived by a direct generalization or a simple
combination of 2-order measures, e.g., relative entropy of entanglement [3],
robustness of entanglement [3] and global entanglement [3]. In addition, there are
high-order entanglement measures that do not inherently depend on 2-order measures,
e.g., Tangle [3] and Schmidt measure [3]. Although they are useful in general, most of
the above statistics have some limitations in certain contexts. For example, many of
these statistics cannot effectively distinguish pure high-order entanglements from the
lower-order ones. Although, based on the above statistics, a rather satisfactory
understanding has been achieved in the bipartite case, there is a certain degree of
consensus that there is no universal way to define pure high-order entanglement, even
in the simplest case of pure states [18, 19]. The existing pure high-order entanglement
statistic often has to depend on some strong presupposition, e.g., symmetric
Gaussianity [20].

The second issue requires a method which can not only measure pure high-order
entanglements but also easily find or construct surrogate states so that we can
investigate their semantic implications exclusively. Here, a surrogate state refers to
the state that shares the same (k-i)-order entanglements, where 0<i<k, with the
original state but does not have pure k-order entanglement. Hence, by comparing the
manifestation of the original state and the surrogate state in a proper context, e.g.,
information retrieval, we can evaluate the semantic implication of the pure k-order
entanglement. In our opinion, the pure k-order entanglements are an important
indicator of specific semantic entities.

In this paper, we propose the use of Information Geometry (IG) [4][5] to
characterize the pure high-order entanglements. IG provides useful tools and concepts
for this purpose, including the orthogonality of coordinate parameters and the
Pythagoras relation in the KL-divergence [6][7]. For example, based on parametric
orthogonality, we can give a set of statistics and methods for analyzing word
occurrence patterns by decomposing the word entanglements into various orders. As a
result, pure 2-order, 3-order, and higher-order entanglements are singled out.

It should be emphasized that, owing to the lack of a proper quantum statistic, the
proposed IG method in this paper is classical in itself. The usefulness of IG method in
a quantum framework roots on the following observation: In a post-measurement
configuration, the entanglement degenerates into the statistical dependence between
the measurement results. Specifically, it can be shown that several objects are
entangled only if the corresponding random variables denoting the measurement
results of these objects are statistically dependent on each other (see Subsection 2.1
for details). Since the occurrence and co-occurrence patterns of words can be



naturally explained as the measurement results of semantic spaces, we believe that the
proposed IG method is sufficient for our purpose.

2 Preliminaries of Information Geometry

Information Geometry (IG) represents probabilistic distributions as parametric
coordinate systems, and hence could establish a connection between the properties of
statistical distributions and some well-known notions in differential geometry to
capture statistical dependencies from a geometric point of view. In this section, we
will first discuss the connections between quantum entanglement and Information
Geometry (IG), and then give a brief introduction to some relevant concepts and
theorems from IG. Note that most theorems presented in Subsections 2.2, 2.3 and 2.4
have been formally proved or implied by the pioneering work in IG, e.g., the work by
Rao [8], Jeffreys [9] and Sun-Ichi Amari [4][5]. Here, we restate and interpret them
for our purpose in the context of semantic spaces, as their original expressions are
heavily dependent on the notions and symbols of differential geometry and are thus
not easy to follow for readers without a strong mathematical background.

2.1 On the Connection of Quantum Entanglements and Classical Dependences

Although IG is expressed in a classical framework of probability theory and originally
aims at characterizing classical interactions?, it can be naturally applied in the
quantum framework because of the intrinsic connection between quantum
entanglements and statistical dependences. For illustration, let |) be a pure state of

a two-qubit system A. Then |y) can determine a joint distribution on the basis
events of A. For instance, if |y)=a,[00)+a,, |01)+a,[10)+4q,|11), then |y) determines a
Z,pH:\aH\Z} . Let X,- be the

(classical) random variable obeying the joint distribution P.. We call X, the
denotative random variable induced from |y), and denote the value of X, by x,.

2
sPio = ‘alo

joint  distribution: R, ={py =[a[", Py, =las

For example, if |y)=|10), then x,~10. The following proposition, which can be

generalized to general cases of multi-compositional systems, illuminates the
equivalence between entanglements and statistical dependences in the post-
measurement configuration.

Proposition 1: Let |y) be a pure state of a quantum system 4, {B,C} be a

bipartition of 4 such that 4=B®C, and |«) and |v) be the pure states of B and
c  respectively.  Then, |y)=|u)®|v) i Pr(X,, =x,0x)=Pr(X, =x,)-Pr(x, =x)

where x,,, X, and X, are denotative random variables induced from |y), [u)

3 In this paper, we use the term ‘interaction’ or ‘dependence’ to be the classical counterpart of
the quantum entanglement. The connection between these notions is shown in Proposition 1.



and |v) respectively, and o stands for the conjunction of x, and x , eg., if
x,=01,x,=10, then x,ox =0110.

Proof: Let |y)=ga, ,[0..0)+..+q |1..1) is a state vector of 2"-dimensional Hilbert
space A, |u)=h,,[0..0)+..+5 |l..1) is a state vector of A's 2*-dimensional
subspace B and v=c¢,,[0..0)+..+¢_,|I..1) is a state vector of A's 2'-dimensional
subspace 4- B, where n=k+1.

If |y)=|u)®v),1ie.,

ay o|0.0)+..+a, |1..1) =(by 4]0..0)+.. 4B ,[1..1))®(c, ,|0..0)+..4 ¢ ,[1...1))
it turns out that a, , =b_ ¢, forany x,..x {01}, ie., the probability of a basis
event |x,...x,) is equal to the product of probabilities of corresponding basis events
in subsystems. Sufficiency follows directly from this observation.

Assumes that denotative random variables induced by |v), |«) and |v) satisfy

Pr(X,, =x,ox )=Pr(X, =x)-Pr(X,=x,) . Based on the observation that

b, ’ " it is easy to check the

a

XX,

P =)

S Py =)=

and Pr(X‘U> = x‘_) = ‘Cx,

necessity.

The main tenet of IG is that many important structures in probability theory and
statistics can be treated as structures in differential geometry by regarding a space of
probabilities as a differential manifold endowed with a Riemannian metric and a
family of affine connections [4]. In particular, IG provides a novel method to
characterize pure high-order interactions among random variables. According to
Proposition 1, IG is relevant to the task of entanglement identification in the post-
measurement configuration. Note that most current applications of semantic spaces
are essentially in the post-measurement configuration. Hence we can directly
investigate the entanglement in semantic spaces using IG.

2.2 Statistical Manifold and Orthogonality

We represent a co-occurrence pattern of words by a random vector with binary
components so that the joint distribution of co-occurrence can be exactly expanded by
a log-linear model [10]. Let X=[X, Xo,..., Xn]T, X;€{0,1} be anX1 random vector
and let p=p(x), X=[X|, Xa,..., X4]', X;E{0,1} be its joint probability distribution.
Each X; indicates that the i word is present (X; =1) or absent (X; =0).

Each distribution p(x) is defined by 2" probabilities:

P, =PriX, =i, X, =i}>0 e{01},1<k<n> p =1

sl

Hence, the set of all distributions forms a (2"-1)-dimensional manifold S,, where the
subscript n of S denotes the number of random variables. Note that we require p(x)>0
for all x since the case of a various support set* of p(x) poses rather significant

4 In mathematics, the support of a function is the set of points where the function is not zero,

or the closure of that set. Here, the support set refers to the set of terms with nonzero
probabilities.



difficulties for analysis. This requirement can be met by any common statistical
smoothing method, e.g., Good-Turing estimator [11]. A direct coordinate system of S,
can be constructed by any 2°-1 terms among p(x). We refer to this coordinate system
as p-coordinates.

Another coordinate system of S, is given by the expectation parameters:

7; :E[x,.],izl,...,n;ni/. :E[x,.xl}i<j;~-;7712, " :E[xl~~~x”] 1)

which have also 2"-1 components. This coordinate system is called #-coordinates.
On the other hand, p(x) can be expanded by

log p(x)=" Ox, +Z’_</_6’U,x‘x/ ol XX, Y ()

where v is the normalization term corresponding to y=logp(0). It is easy to check that
the formula (2) is an exact expansion since all x;s are binary. In addition, if
x=[0,...,0]", we have logp(x)=logp(0). All Bijs together have 2"-1 components and
form the so-called 6-coordinates.

To characterize pure high-order interactions, we first introduce Riemannian metric
tensor which is derived from the Fisher information and orthogonality. We will first
give their mathematical definitions in general and then illuminate their meaning in a
specific context.

Definition 1 (Fisher Information and Riemannian metric tensor): Given a
probability distributions p(x;&) parameterized by &=[E,...,&] € E, the Fisher
information of two coordinate parameters &; and §; is defined by

g,(8)=E[(9/05)1(x:8)-(0/0¢ ) ! (x:8) | 3)

where 1(x;€)=logp(x;§) and E[] denotes the expectation with respect to p(x;§). If
Fisher information matrix G(§)=(g;(€)) is nondegenerate for any &§ € Z, the
parameterized family S={p(x;§)} is a Riemannian manifold, and G(§) is a
Riemannian metric tensor.

Definition 2 (Orthogonality): Two coordinate parameters &; and &; are orthogonal
if the Fisher information of &; and &; vanishes for any §E€Z, i.e.,

E[(0/05)1(x:8)-(9/04)1(x:8)] =0 4)

We explain the meaning of Definition 2 by a 3-word example. Using three binary
variables X;, X, and X; to denote the occurrence of the word w;, w, and w;s
respectively, the joint distribution of X, X, and Xj is given by p(X)=p;=Pr {x;=i, X,=],
x3=k}>0, 1, j, k€ {0,1}, where x=[x,, x,, x3]T. It is clear that we need seven free
parameters to characterize a distribution because of the constraint > ::pj=1. Hence,
the p-coordinates (Note that the p-coordinates is not unique), n-coordinates and 6-
coordinates of this system can be given by:

P= [Pom9pnmsPml:plooapmnpnwpm]T >N E[771a'729773977129771397723a77123]r 0= [‘91992993991296’1396’2399123]T .

Given any p-coordinates of a distribution, the computation of m-coordinates is
direct, and the 6-coordinates can be obtained by formula (2). For example, it is easy to
check that 0 = IOg(pmn/ponn)’le = IOg(plmpnoo/pmopmo)yem = IOg(plnpmopompnm/pnoplmpmlpnon)
etc. The components of m-coordinates, except the unary marginals, can reflect



interactions of words. For example, 1;, measures the co-occurrence between w; and
W, in the sense that the larger 1y, is, the more frequent the co-occurrence between w;
and w; is.

The effect of an interaction can be evaluated with respect to a likelihood or log-
likelihood function. To be specific, given a n-coordinates 1, 1, is natural measure of
the interaction between w; and w,. An increment Amn,, of 1, will result in increments
of log-likelihood function at different xs. It is convenient to write these increments in
the vector form AI(AN;5)=[Algo(AN12),...,Ali11(Any2) 1", where Al(Ann) =1, j,
K" )[4, 3, k1", i, j, k€ {0,1}, and q’ is the same as except that the parameter
N1z becomes Mp+A”N,. A natural intuition is that, if another component & of n is
irrelevant to the interaction between word w; and w,, then the vector AI(AE) should be
orthogonal to the vector Al(An;,). It is easy to check that the parameter orthogonality
given in Definition 2 is only a weighted generalization of the orthogonality between
the above incremental vectors of the log-likelihood function, and hence shares the
essentially identical meaning with the original one. It turns out that we have an
intuitive reason to consider a parameter & independent of all 2-order interactions if & is
orthogonal to all n;;s. More technically, this is summarized in Theorem 1.

Theorem 1: Given a coordinate system &=[¢,... &,]", if & is orthogonal to &, then
the Maximum Likelihood Estimation (MLE) of &; is independent of the value of &;.

Theorem 1 technically confirms our intuition on the independence between
parameters. It guarantees a nice property of orthogonal parameters, which remarkably
simplifies some common procedures of hypothesis test relevant to our purpose. We
will revisit this issue in later.

According to the above discussion, it is natural to require that any measure
reflecting pure k-order interactions should be orthogonal to all parameters reflecting
lower-order interactions. The requirement cannot be met by m-coordinates or 6-
coordinates alone. For example, there might often be the dependence between 13
and m;,. Hence n»; can not reflect the pure 3-order interaction. On the other hand,
Information geometry assures that the n-coordinates and 6-coordinates are dually
orthogonal coordinates.

Theorem 2: Let the n-coordinates and 0-coordinates of S, be n=[n,,....n.]" and
0=[0,...., 0,]" respectively, where 0,=[0,..., 0,]", 8,=[015, 01...., 0n.1)]" and so on,
and let le.E[m,---,T]k]T and 0,.=[0y.4,..., BH]T, then in the k-cut mixed coordinate
G=[Mk.,04+ ], any 0 parameter is orthogonal to all ) parameters, and vice versa.

Hence, we can construct the mixed-coordinates, e.g., 5=[N1, M2, M3, Mi2> Ni3> N23s
013]", such that 0,,; is orthogonal to all 1; and ;- It can also be shown that ;3 is
orthogonal to other common interaction measures, e.g., covi=n;-ni; and the
correlation coefficient p ;. Furthermore, it is easy to check that, if we generalize the
definition of cov and o to the high-order case, e.g., covji=n;j-ninink, the above
claim still holds accordingly. Another important observation is that the independence
of Xj,..., X implies 0; ,=0°. Hence, 0; x is a relevant measure of pure k-order
interactions. By now, we are able to construct the proper coordinate system aiming at
measuring pure high-order interactions. In practice, the measuring procedure of pure
high-order interactions can follow two threads: one is directly parametric estimation

> We should not require that the converse proposition holds, since 8, =0 does not entail the |
independence of X, X,,..., Xy if there are lower-order dependences among them.



of mixed coordinates; the other is computing the KL-divergence between the original
state and the surrogate state using the Pythagoras relation entailed by the dual
orthogonality of mixed coordinates.

2.3  Parametric Estimation of Mixed Coordinates

It is natural to investigate the pure k-order interaction in the (k-1)-cut mixed
coordinate Ck_lz[n(k_l),,Gl,,,k]T of Sy, since the dual orthogonality gives a simple form
of the Fisher information metric, and hence simplifies the estimation procedure of
0. k.

Given [n(k_l)_,el,,,k]T, let us consider a standard procedure of hypothesis test
concerning the null hypothesis Hy: 0, =09, against Hy: 0, .70, |. Let the log
likelihood of models Hy and H; be

. lng(Xl""7x.’v';“(lx71)7’91(.(.].)k ) 5 11 = maxq“,”,.a

lo =maX“(A7 » log p(xl""’X.N;“(kfl)f’el...k)

where N is the number of observations.

The likelihood ratio test uses the test statistic A=2log(l,/ly). It can be shown that
A ~y’(1), where the degree of freedom in Chi-squared distribution is determined
by the difference of the free parameter number between ly and 1. Since the
distribution of test statistics is known, we can obtain the estimated value of 0, .
However, the free parameters of 1; and 1y are often considerably huge. As a
consequence, the computational cost might be prohibitive for the coordinates without
dual orthogonality. In the mixed coordinates with dual orthogonality, the likelihood
maximization with respect to ng.). and 0, can be performed independently, and
hence we have

I, =log p(xw--'7x.v;;i(/\4)791(.%).)/‘ ) s b= max, log p(xl7"'7XN;;I(I:—I)791...A )
where ﬁ(H) can be estimated independently and kept unchangeable for both 1; and 1.

Hence, the parametric space is remarkably reduced and the likelihood ratio test
becomes feasible.

2.4  Kullback-Leibler Divergence and Pythagoras Relation

The properties of dual orthogonal coordinates entail the generalized Pythagoras
theorem, which gives a decomposition of the Kullback-Leibler divergence (KL-
divergence for short) such that we can examine different contributions in the
discrepancy of two probability distributions, or contributions of different ordered
interactions of words.

The KL-divergence between two probabilities p(x) and q(x) is defined by D[p:q]=
>« p(x)log[p(x)/ q(x)]. Given a distribution p €Sy, let p,, be the distribution that is the
closest to p and without pure k-order interactions, We then have
P, :argmianEw“’(O)D[p:q] , where E;.1):(0) is the set of all distributions having no k-

order interactions, i.e., 8; x=0. We refer to p,, as the m-projection of p to E.1)+(0).
Let the mixed coordinates of p be [n(k_l)_,Glmk]T, then the coordinates of py, is [N.1).
,01".



An important result of Information Geometry guarantees that KL-divergence can
been approximated subject to the Riemannian metric tensor derived from Fisher
information:

ds* =3 g,(8)d&ds; =2D[ p(x:8): p(x§+dg)] (5)

This approximation would remarkably simplify the computation of KL-divergence
between a distribution p and its m-projection p,. To explain the Pythagoras relation,
we need the following definitions:

Definition 3: A coordinate curve is called an e-geodesic if it is given by a linear
function O(t)=ta+b in the 6-coordinates, where a and b are constant vector. A
coordinate curve is called a m-geodesic if it is given by a linear function n(t)=ta+b in
the n-coordinates, where a and b are constant vectors.

Theorem 3 (Pythagoras relation): Let p, q and r be three distributions. If the m-
geodesic connecting p and q is orthogonal at q to the e-geodesic connecting q and r,
then we have D[p:r] = D[p:q] + D[q:r].

Based on Theorem 3, given any p, with the coordinate [n’(k_l)_,O]T, we have
D[p:pol= D[p:pml+ D[pm:po]- The first decomposing term of KL-divergence, i.e.,
D[p:pum] offers us another relevant statistic to quantitatively evaluate the level of high-
order interactions. Note that the D[p:p,,] can be computed by formula (5).

3  Characterizing High-order Entanglements in Semantic Spaces

3.1 On Semantic Implications of Pure High-order Interactions

In this section, we illustrate by two artificial examples the semantic implication of
pure high-order entanglements in semantic spaces. Our fundamental idea is: If a set of
words as a whole has a significant interaction that cannot be reduced to the
compositional effect of lower-order interactions, then this pure high-order interaction
implies the emergence of some semantic entity.

Example 1: Given a corpus related to the history of French wars, a word set
{w=revolution, w,=Waterloo, w;=Napoleon} and their occurrence/co-occurrence

probabilities:
n s% = 043001, 7,= TZ‘""Z =0.40011, 7, = id;””’;; =0.67000
chun. chun, chun.
Ny = ##"h:”k;; =0.18001 7, = ##Chh“”k]: =0.40000, 7, = ##Ch;:”k]f = 0.44000
chun. cnun cnun
= etk _ 6 18000
- #chunk

where 1; is the marginal occurrence probability of w;’s in all chunks (a chunk is a unit
fragment of text, e.g., within a window, a paragraph, a section or a document.), 1; is
the co-occurrence probability of w; and wj, 123 is the joint co-occurrence probability
of wi, w, and w3, ‘#chunk’ is the total number of chunks, #chunk; is the number of



chunks in which w; occurs, #chunk; is the number of chunks in which w; and w; co-
occur simultaneously and so on.

In example 1, there is a correlation between the occurrences of ‘revolution’ and
‘Napoleon’ since the early life of Napoleon is closely related to the France revolution.
There is also a correlation between the occurrences of ‘Waterloo’ and ‘Napoleon’
since the Waterloo battle ended the myth of Napoleon. Because both ‘revolution’ and
‘Waterloo’ are correlated with ‘Napoleon’, there is also a significant interaction
among these three words. We consider the interaction of these three words significant
if Mp3>nmens, e.g., the joint occurrence probability is significantly greater than the
product of marginal occurrence probabilities.

It is clear that the set {revolution, Napoleon, Waterloo} cannot be naturally mapped
to a realistic event or a specifically semantic entity even if there is an obvious
interaction among these three words. One may argue that the whole of these three
words is still meaningful since both ‘revolution’ and ‘Waterloo’ are related to
‘Napoleon’, and hence the combination of ‘revolution’ and ‘Waterloo’ offers a more
complete picture on ‘Napoleon’. However, this 3-word correlation is not a pure 3-
order correlation. Specifically, let us assume that we have already known there were
two significant 2-word correlations, i.e., the correlation between ‘revolution’ and
‘Napoleon’ and the correlation between ‘Waterloo’ and ‘Napoleon’, then it is natural
to consider that ‘Napoleon’ is related to ‘revolution’ and ‘Waterloo’ even if we have
no any knowledge on the 3-word interaction. It turns out that the extra knowledge on
the existence of a 3-word interaction offers nothing new for us. The above insight is
confirmed by the observation of mio; 2 1i3M;, which implies that the obvious
interaction of wy, w, and w3 can be explained by a coincidence of two pairwise events.
Consequently, in many applications, e.g., query expansion in information retrieval,
the 3-order correlation between {revolution, Napoleon, Waterloo} may not bring
much added value then the consideration of the individual 2-order correlations, i.e.,
between ‘revolution’ and ‘Napoleon’ and between ‘Waterloo’ and ‘Napoleon’.

Example 2: Given the same corpus, another word set {ws;=Napoleon, w,=
invasion, ws= Spain} and the corresponding occurrence/co-occurrence probabilities:

7= #chunk;, —0.5801, 7, = #chunk, —0.3701, 7, E#chunk5 ~0.0804
#chunk #chunk ’ chunk
#chunk,, #chunk. # chunk,
= =0.2800, = 35 =(.0801, =——%=(.0801
st #chunk hss #chunk s #chunk
#chunks,
=——3%=0.0800
hsis #chunk

The high-order interaction that makes better sense semantically is the pure high-
order interaction. In 3-word cases, roughly speaking, a pure 3-order interaction should
meet the condition M23>N12M23, Mi2s>MisM23, Nizs>Ni2Miz> Nizs>MN3, Mizs>NiMes,
Ni2s>NaN1z and Mpp3>NaNpp, i.e., the joint probability indicating a pure high-order
interaction should be greater than any possible compositional effect of lower-order
correlations. In Example 2, since Napoleon launched a series of famous invasions,
there is a high correlation between ‘Napoleon’ and ‘invasion’. On the other hand,
since Spain is not very important during Napoleon’s life except for a short period
during Spain war, there is only a relatively low correlation between ‘Napoleon’ and
‘Spain’. However, m345 is approximately equal to mzs and mys since Napoleon’s
invasion to Spain is the most important event relating Napoleon to Spain. Hence we



have 1345>134M35. Furthermore, it is easy to check that we have 1345>134M45, N345>M35M455
N345>M3N4Ns, Mzas>M3Nas and so on. Therefore, 1345 is significant greater than any
possibly compositional effect of lower-order interactions. Hence, we can conclude
that there exists a pure 3-order interaction of ws;, w, and ws, which cannot be
explained by a coincidence of lower-order events and implies an emergence of a
semantic entity corresponding to the event of Napoleon’s invasion to Spain.

It should be noted that we can also define n; to be consistent with the conventional
vector model if the 1; is computed with respect to the chunk of a word. In this case, all
the above discussions are essentially similar subject to a minor modification.

The above discussion seems to imply a method identifying pure high-order
interaction, i.e., by checking whether 1z45-13141s, M345-M35M45, M345-M34M4s, and so on,
are greater than zero. However, this naive method is in general difficult to be applied.
For illustration, let us consider the task of identifying k-order pure interactions by an
exhaustive search. First, we have to check whether the k-order interaction is
significant than any possible bipartition coincidence. Hence we need to compare

> Ci=2" configurations. Second, we have to check whether the k-order interaction

is significant than any possible tri-partition coincidence. It turns out that we also have
to check all possible 7-partitions (/< ). In summary, the number of configurations
that we need to check is given by the Bell number B,. Recall that the exponential

BN n

generating function for Bell numbers is " 2
"= n!

=¢"7, it is, in general, prohibitively

complex. Furthermore, the difficulty of an exhaustive search strategy also lies in its
intrinsic unstableness in practice, especially for small corpus since we can only
control the search procedure by a set of ad-hoc thresholds, which is lack of theoretical
guarantees. On the other hand, by IG method, the measure of any k-order pure
interaction can be given by a closed-form formula. In addition, we can perform some
rigorously-established estimation procedure, e.g., the likelihood ratio test introduced
in Subsection 2.2, to quantitatively determine how significant our decision is.

3.2 Characterizing Pure High-order Interactions by Information Geometry

Information Geometry offers a promising method to estimate pure high-order
interactions. The likelihood ratio test described in Subsection 2.3 can be directly
applied to estimate the statistic 6, j, which measures pure k-order interactions.
Moreover, as described in Subsection 2.4, we can measure the level of high-order
interactions by decomposing the KL-divergence with respect to a proper m-projection.
As a demonstration, we can directly derive 8-parameters from the p-coordinates as
shown in the following.

In Example 1, the n-coordinates is given. It is easy to obtain the p-coordinates from
n-coordinates by solving a simple linear system. According to p-coordinates, its 6-
parameters are 6,,=-0.0004, 0,3=5.3932, 0,;=11.264, 0,,3=-3.4584. The negative value
of 01,3 indicates that, although 1,3 is large in absolute value, there is no pure 3-order
interaction among the corresponding words. Moreover, the interaction level among wy,
w, and w; is lower than the compositional effect of lower-order interactions. In
Example 2, the 6-parameter are 0,=0.8926, 0;5=0.5991, 045=0.6049 and 0,45=6.4852.



The positive value of 0345 indicates that, although m34s is small in the absolute value,
there is still a significant pure 3-order interaction among w3, w4 and ws.

3.3 An Extended Vector Model with Pure High-order Interactions

To investigate semantic implications of high-order interactions, we extend the
conventional vector model so that it can incorporate high-order interactions.
Traditionally, the marginal distribution of words has acted as the language model in
IR (Information Retrieval), MT (Machine Translation) and NLP (Natural Language
Processing) because a general higher-order model is often computationally expensive
even in the 2-order case. However, in many practical applications, it is unnecessary to
construct a general high-order model involving all high-order interactions. On the
other hand, it is often sufficient to comprise only a small proportion of high-order
interactions in a context-sensitive way, e.g., the pure high-order interaction
corresponding to some specific subject. This idea is formalized in the following.
Definition 4 (Vector Model): Given a word set {w,...,w,} derived from a corpus
C, a text’s (corpus’s) Vector Model (VM) with respect to {w,...,w,} is the marginal
distribution [py,...,p,]" of this text (corpus), where p; is the marginal probability of w;.

Definition 5 (Extended Vector Model): Given a word set {wy,...,w,} derived
from a corpus, a text’s (corpus’s) Extended Vector Model (EVM) is composed by the
marginal distribution and some statistics measuring the pure high-order interaction,

. T T
and has the following form: [pl,...,p”,ﬁ,.lu_“,Hjl__ijh,..} or [pl,...,p,,,D,l_“‘A,D,.]“_,h,...} s

where ¢, , is the 6 parameter subject to the joint distribution of {w,.,,..-,w%} > D

i
1

is the KL-divergence between p and p,, subject to {w,,...,w%} (see Subsection 2.4),

P1,---,Pn 1S the marginal probability of wy,...,w,.

3.4  Practical Applications in Text Classification and Query Expansion

The remaining issue is to determine what 8 or D should be included in an EVM. This
issue can only be clarified in specific application backgrounds. We give two examples
to explain this issue.

In the task of supervised text classification, it is useful to extract a set of words for
each class representing the class subject so that the classification model can be
designed accordingly. These sets of theme words can be obtained, in principle, by
finding out the word set having significantly pure high-order interactions with respect
to the joint distribution of the corresponding class. This finding procedure can be
efficient by the aid of prior knowledge. For example, if a few initial theme words are
given, it is natural to only search possible pure high-order interactions involving some
of prior theme words. Even if there is no prior knowledge on class’ subjects, the pure
high-order interactions relevant to a specific class can be found by checking, e.g., the
mutual information between high-order interactions and class labels. Another method
evaluating the relevance between pure k-order interactions and class subjects is to
compare the class label of the original state and the surrogate state (see Section 1)



with vanishing pure k-order interactions. The surrogate states can be obtained by
direct searching over the corpus or manual construction. In the latter case, the
fictitious class label of a surrogate state is determined by the classification model
trained with respect to the EVM involving the pure k-order interactions.

In query expansion tasks, it is desirable to mine the pure high-order interactions
involving some of query words so that the marginal language model can be expanded
accordingly. We suggest that the pure high-order interaction involving query words
would be an indication of relevance of the query theme. The following is a brief
algorithmic framework:

1 Collect top ranked initial retrieval results into a set S;

2 Search word subsets involving some query words and other words_and compute
the pure high-order interactions.

3 Construct S;’s EVM by incorporating the pure high-order interactions mined in
step 2.

4 Get new search results based on the derived EVM. There can be a number of
ways to do that, for example, by using the EVM as a relevance language model to
filter or re-rank S; or to expand the initial query using words with pure high-order
interactions with query words; etc.

4  Conclusions and Further Work

Pure high-order entanglements in lexical semantic spaces indicate the emergence of
high-level semantic entities. To characterize the intrinsic order of entanglements and
distinguish pure high-order entanglements from lower-order ones, we develop a set of
methods in the framework of Information Geometry. Based on the developed method,
we present an expanded vector space model that involves context-sensitive high-order
information and aims at characterizing high-level context. Several examples with
specific application backgrounds, e.g., query expansion and text classification, are
discussed, and an algorithmic framework incorporating our method in query
expansion are proposed. The further work is to carry out practical experiments and
develop more efficient algorithms to implement the proposed framework. To this end,
some nice properties of pure high-order correlations, e.g., sub-inheritance, can be
used to improve the computational efficiency.
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